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I'"A TO MAGHTH

To teby0g MOV KPOTAG EYEL Hiat WOopopPia: cov divetar Le T cvoTACT VA [y TO
drafiaoeic: TovAdyoTo pE TV évvola mov StPadelg éva dAro BiPAio yio vo KoTavonoelg
T0 TePLeXOLEVO TOV.

Ipdypatt, ot aoKAGELG TOV GOV divel 0 KABNYNTNG GOV Elval Yo va EPYACTEIG LOVOC.
TNati to vo ADcELg pua doknon onpaivel ToAEG Popég Oyt LOVO OTL EYELS KOTOVOTGEL TV
avtiotoyyn Oewpntikn VAN oALd Ko 6Tt EEPELG VAL T XPT|CILOTOMGELS Y10, VaL OT|LLOVPYEILS,
va ovakodrtelg 1 va emPePordverlg kot kovovpyto. Kot avtd €xet idiaitepn onpocio yio
oéva Tov 1010. Agv umopel mapd va £XELG Kol 6L T @raodoio vo AOVELS Lovos yopig fordeta
TIG 0OKNGELG Y10, VaL VIODELS TN Yopd a0 TG TNG ONULOVPYIOG, TNG AvaKGALYNG.

[péner va E€petg 0Tt OTa duoKOAEDEGHL GTN AVOT oG GAGKN GG, TIG TTLO TOAAEG POPES
VILAPYEL KATOLO KEVO GTN Yvdon g aviictoyms fewpiag. [Iyoave tico Aomdv 610
S1dakTiko PifAio kKabe @opd oL ypeldleTal Vo EVIOTIGELG KOl VO GOUTANPOGCELG TETOLO.
Keva. OTOGONTOTE TPV KATATIOGTEIS L TN AVOT TOV ACKNGEMVY TPEMEL Vo, acbdvesat
KAToY0G TG Bempiag Tov S1ddyTNKES.

Extdg and v katavonon g Oswpiog pmopei va Bondnbeig otn Avon pog doknong
oo To TOPASEIY AT KOl TIG EPAPULOYEG TTOV TTEPLEXEL TO SOAKTIKO cov PifAio. Av map’
OAa aVTA OgV UTTOPELG VoL TPOY®PNTELS, 6TO TEA0G ToL BiPAiov cov Ba Ppelg pia chvioun
VILOJEET TTOV 0CPAADG B0l 5€ SIEVKOAVVEL.

211G eMAYLOTEG TEPITTMGELG TTOV EYOVTOG e&avTAncel kabe Teplddplo Tpoomdbeiag de
Bpioketal n mopeia Tov 0dMyel 6T AoN ™G AoKNONG, TOTE KOt 10 v o TOTE UTOPELG Vo
KoTapOYELG 6° aVTO TO TEVYOG Kol LAAMGTA Yio. Vo, S1oPACELS EKEIVO TO TUNLLO TNG AVCTG TOVL
G0V gival amapaitnTo Yo va cuveyicels LOVoG.

Ovo106TIKA AOTOV GEV TO "XEIG AVAYKT) QVTO TO TEVYOG. OV TOPEYETOL OUMG Y10 TOVG
e&ng Aoyovg:

o) o va propeig va cuykpivelg Tig AGELg Tov oV PBpNKeS.

B) T vo og Tpo@uAGEeL amd avedBuva «AVGapLo.

v) T va aroAld&et Tovg yoveic 6ov and avtioTolyn OIKOVOLIKT EXLPAPLVGT).

8) T va €yelg oV kat ot cvUPABNTEG GOV TNV {010 GLALOYN AGKNGEMV TTOL givarl £T61
emleypéves, mote vo e&acearilovy v eumédmon g HANG.

¢) INa va gpyalecat ympig o dyyxog va eacpalicelg otmcdNmote yio Kabe pabnua tig

AMGELG TOV AOKNCEMV.

To 1edy0¢ MOV KpOTAG eivar Aowmdv ilog. Na Tov cvprepipépecat dnmg 6” évay eiko
OV €YEL OEL TPV OO GEVA TNV TALVIO TOV TPOKELTOL VAL OELG [UT] TOV EMTPEYELG VO GOV
ATOKOADYEL TNV «TOBecT» TPV SELS Kat oL To €pyo. Metd pmopeite, va cvintioete. H
GUYKPLON TOV CUUTEPAGLATOV Ba £lvat EVALOQEPOVCO KO TPOTOVTOS ETMPEATNG.

(Am6 to Tunqpa MLE. tov I1.1.)
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KE®AAAIO 1

ININAKEYX - TPAMMIKA XYXTHMATA

1.1 A" OMAAAX

1. 1) O mivakag givot tomov 3x 7.
i) To ctoyeio o, , pag MAnpopopei 6tin opddo NIKH £xet 6 vikeg, evd to ototygio
o, nog TAnpo@opet 6t S opdda mETvye 13 éppata.
To ctoyyeio a,, pag minpopopet 611 N opuddo OYEAAA éxer 3 woonadiec.
Téhog, To otoygio o pag mAnpogopei 6Tin opdade AAPNH éxer 11 Babuove.

2. O mivaxog A = [aij] tonov 4x4 ce opboydvia dbtatn eivat:

Enedn o, =i — j|, éxovpe

o, =|1-1]=0, o, =[1-2|=1, a;=[1-3]=2, a, =[1-4/=3
oy =[2-1|=1, a,, =[2-2/=0, a,; =[2-3|=1, a,, =[2-4=2
ay, =[3-1=2, a, =3-2|=1, a;=3-3|=0, a;, =3-4|=1
oy =4-1=3, o, =[4-2|=2, o, =|4-3| =1, @, =[4—-4=0

Enopévag

3
2
Ll
0

N = O =
—_ o =N



3. 1) H w0t woydet, av Kot povo ov
2x—1=x
x+y=0
x—y=2"
2x+y=1
Avvovpe 10 cOoTHa TOV 000 TPOTOV elodoemy Kot Bpiokovpe 0Tt X = 1
Koy =-1.
Ot TIég aVTéG TV X, Y emoinBevovy Kot Tig GAleg dV0 EELCDTELG.
Emopévamg, ot mivaxeg givar icot av kot poévo av, X = 1 ko y =— 1.

i) H 160100 toydet, av Kot Lovo av

X +y=1
y=0
X’ +x=2
¥ =y

AVVOLLLE TO GUGTILLO TOV 60 TPOTOV eEI0DCEMY Kot Ppickovpe OTL

x=1  [x=-1
{y=0n{y=0'
Ot TIpég aTéS TOV X, Y dgv emainBgvovv v tpit e€lowon. Enopévag, dev
VILAPYOVV TIES TV X, Y Y10 TIG 0moieg o1 wivaxes avtol va eivar icot.

4. O mivakag eivat S10rydviog, av Kot Lovo av

In*x-1=0 (Inx=1 1 Inx=-1)
, S hx=1<x=e
In*X—Inx=0 (Inx=1 7 Inx=0)

5. H ioémta 1oydet, av kot povo ov
2np’x=l1
nu2x=1
epx=1 '
ouv2x=0

H tpit e&icmwon epX = 1 €yet 610 [0,27) Mboeig Tig %, 5771 Ot Tég autég Tov

X emaAnBevovy kot TG vroAowtes. Emopévac, ol mivakeg givat icot av kot povo
T 5z

avx="rfx=

| 8 |



1.2 A" OMAAAX

1."Eyovpe
) (5 -2 6 3| [11 1
)A+B = + =
|1 3} {—2 5} {—1 8}
(5 -2 6 3] [5 =21 -6 -3] [-1 -5
A-B= - = + =
|1 3} {—2 5} L 3} [2 —5} {3 -2
.. (6 7 8 9] 1[5 6 7 8] [11 13 15 17
ii)A+B = + =
5 6 7 8] |6 7 8 9| [11 13 15 17
6 7 8 9] [5 6 7 8 1 1 1 1
A-B= - =
5 6 7 8|16 7 8 9| |-1-1-1-1

i) A+B=[4 5 6]+[-4 -5 -6]=[0 0 0]
A-B=[4 5 6]-[-4 -5 —-6]=[8 10 12]

iv) Aev opilovtot To dOpoicpa kot 1 dtapopd

a B y] [1-a =B —-y] [1 0 0
V)A+B=|x y o|+|—x 1-y -o |=|0 1 0
xk A p] |-k -4 1l-p] [0 O 1
(a B y] [l—a =B -y] [2a-1 28
A-B=|x y o|-|—x 1l-y -o |=|2x 2y-1
|k A wu| |-« A 1-pu]| |2« 22 2u—1
2.’Eyovpe

o I O

3."Eyovpe



8 w-5
<l 1 —1-x|=|1 6
y—-1 10 7 10
w-5=3 w=8
S-1-Xx=6 <x=-7.
y-1=7 y=8

4."Exovpe
, 213 1 -2 6 10 515] [3 -6 18 13 -1 33
)5 +3 = + -
-1 41 0 53| -5 20 5/1]0 15 9| |-5 35 14
-3 5 11 1[—2 4 6
i) 4 - =
1 0 4/ 2/ 0 2 -4
[-12 20 4 N 1 -2 -3] [-11 18 1
1 4 0 16|10 -1 2| | 4 -1 18

{—}t y) 2/1} {—12 2 2/12}
iii) 4 = .

3 -4 A Ky R Y
5."Eyovpe
3 -1 6 -2
i)2A=2|2 1|=|4
1 0 2 0

6 -2] [-18 6
ii) 2(-34)=-3(2A)=-3|4 2|=|-12 -6
2 0| |-6 0

-2 6 6 -2
iii) S B-2A=5 0 2|-|4 2
4 8 2 0

Il
(e
.
(e
+

|
N

|
)

Il

|
I
L



3 -1 2 6
iw3A%B3% N R
10 4 8
9 3] [1 =37 [10 -6
=6 3+ 0 -1|=l6 2.
30| |2 4] |1 -4

6. 1) H e&lowon ypdpetar dtadoykd

5 -1 14 -4
3IX + =
5 oS
14 -4 |5 -1
3X = -
S
9 -3
3X =
[—9 3

ii) H e&iowon ypaopetat dtadoyikd

1 2 3]
6 —7X =5
3 -4 2 -2
3 ] 1 2
—IX =5 -6
2 -2 3 4
-15 571 [-6 —12
—7X = +
{40 -40} L48 24}
21 -7
—IX =
[—28 14}
a2t =7
7|28 14

{3
X:
4

|

|11 ]



7.’Exovpe

cuva  —nMua nua  ovva
cuva +nua =
nua  ovva —cuva  Mua
B [ suvia ~nuacvva | na nuacvva
| suvanua ocuvla | | -nuacvva npla
B [cuvia + npla —NUacLVA + NUAGLV L
| suvampa —Mpacvva ocuvia +Mpla
10 . , .
o , IOV &ivor S1oyGVI0G TivaKaG,

8."Exovpe
2X—5‘P:F4 —8}32{05 ﬁ}{—a 2[3}:[14 —8}
21 o -y 36 21 13
[ 2[3}{50: —10;3}_{14 —8}
28 S5y =156 21 13
-8B 14 -8
{ —135} {21 13}
a=2
{8[3 p=1

Ty = 21 y=3"
-136 =13 o=-1

1.2 B OMAAAX

1."Eyovpe

11 2 x+y 3y 1 -1
l) + = &
0 -1 x* y2 1 0
x+y+1 3y+2 1 -1
A 2 =
X y =1 I 0
x+y+1:1 x+y:()

3y+2=-1 y=-1 x=1
= = =
x =1 x ==l

Y —=1=0 y==1



| xP=3x x+y {2 —1} {0 1}
i1) + = =1
—1 y2 1 y 0 0

X2 -3x+2 x+y-1 [0 1}
<< =
0 Yy +y 0 0

x> =3x+2=0 (x=279x=1) _)
SX+y-1=1 oix+y=2 @{ )
, y
y’+y=0 (y=0mny=-1)

2. H npot e&icwon ypaeetot

30 3 0]
3X+Y = oY= -3X
[0 3} {0 3]

H devtepn e€lomon Adym g (1) ypdoeton
4 0 30 4 0
S5X+2Y = S 5X+2 -3X |=
0 4 0 3 10 4
3 0 4 0
& 5X+2 -6X =
0 3 0 4
4 0 30
< -X = -2
MM NN
2 0
< X = .
0 2
Emopévag, Moym g (1) éxovpe
30 2 0 3 0/ (-6 0 -3 0
Y = -3 = + = .
{O 3} {O 2} [O 3} [ 0 —6} { 0 —3}

3. H e&iowon ypdoeton

3(X +B)=2(%X +AJ—SB < 3X+3B=X+2A-5B

< 3X-X=2A-5B-3B
< 2X =2A-8B
< X =A-4B.

| 13 |
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Enopévag

-1 0 2 2
{3 5 1} 4
— 0 _

e e

3

—_ =

4. Etvan
(30 28 40| [38 30 42
I, +11, = +
125 32 36] |23 28 38
dot. Mny. Bwvt.  Tnieop.
_[68 58 82| v
- | 48 60 gpyacia
onoTe
dot. Mny. Bwvt.  Tnieop.
1168 58 &2 34 29 41| vhkad
(17 +11, )— .
48 60 74 24 30 37| epyoacio

O tehevtaiog mivaxag divel yuo tn Propmyavio To HEGO KOGTOG KAOE GLOKEVTG.

5. 1) Av n mapayoyn avEnbei katd 10%, tdte To nuepnoto eninedo Topaywyng Oa
dtvetal and Ttov wivaka B =1,1-4.

Eivau

B:I,I-A:Ll-{ =
80 40 120 120 88 44 132 132
ii) [ Tovg 60 TpdOTOVG PNVES TO eMinedo Topay®yNG diveTal amd Tov TivaKa
2(30A4) = 60A.
I Tovg GAAOVG TPELS UNVEG TO MITESO TaPOY®YNG SivETOL OO TOV TTivoKa
3(30B) =90B.
Emopévac, to cuvoro g mopaymyng ava Tpoidv yio Toug 5 punveg diveton
amd Tov mivoaka

200 180 140 60}_{220 198 154 66}

e8]
(e

40 120 120 88 44 132 132

| 31800 28620 22260 9540
12720 6360 19080 19080 |

200 180 140 60 220 198 154 66
6OA+9OB:60[ }+ { }

|14 |



1.3 A" OMAAAX
1.’Exovpe
2
1) AB:[3 2 1]3 :[3-2+2-3+1-0]:[12]
0
2 23 2.2 21 6 4 2
BA{ ][3 2 1]: 3.3 3.2 31{=|9 6 3
0 0-3 02 01 0 0 0

[42-224 41-22] [0 0
122414 —2.1+1-2] |0 O

S B
|

2:4-12  2(-2)+1] [6 -3
112 -6

4.442(<2) —2-4+2
30 11 -5 0] [3 -14 -3

iii) AB = 4 2 1 -2(=[16 2 -2
-1 3] |-7 -29 9

5 -3 1

1

4

0

1 =5 =0][3 0 -1 3 -20 -11

BA=|4 1 =2]l0 4 2|=|2 10 -4
5

10 -1 3]|5 -3 1] [15 -13 1
- 2 1 3
. 4 2 1 4 13 17
iv) AB = 01 2= .
-3 -1 3 -18 17 -8
- -4 7 1
Agv opileton to ywopevo BA.
2.’Exovpe
I -1 -1 10
. 011
i) AB=|0 1 =1 0 1
1 01
2 0 0 2 2



-1 10 -1

i)AB-I'=| 1 0 1|-| 1

0 2 2 0

-1 1 0

i) ABC=(AB)'=| 1 0 1

0 2 2
E5. Aved.

3.’Eoto K :{60 75} Kol A=
30 60

10 0 00O

0 1|=/0 0 0|=0
2 21 |0 0O
MT-11 0 2 -1 1
1 0 1|=|-1 3 2
1o 22 2
Amod.

(507 Ei8.
_40Avs18.'

Eneidn ot apoBéc oy o etarpeio givar 60-50 + 75-40 xor ot B’ etoupeio glvon
30-50 + 60-40, to chvoro TV apolPdv TOV epyaTdVv oTig 800 Tarpeies ekepaletat

e ToV mivoka
60-50+75-40
30-50+60-40

o

|

4. 1)'Eyovpe
2 3
1 2

|

60 75
30 60

50
40

[ ol

H

}:KA.
|-t

2
-1

-3
2

1
0

0
1

Enopévac o mivaxag B etvar avtiotpopog tov A.

ii) Exovpe
1 3 -2 14 -8 -1
AB=| 2 5 -3||-17 10 1
-3 2 4] -19 11 1
14-51+38 —-8+30-22 —1+3-2
=| 28-85+57 -16+50-33 -2+5-3
| —42-34+76 24+20-44 3+2-4
1 0 0
=0 1 0|=1I.
10 0 1

Enopévac o mivaxag B etvar avtiotpopog Tov A.

| 16 |



2 3
5. O wivakag A avtioTpépetat, 0pov D=‘ ‘ =4-3=1#0, ko &ye1 avtioTpoPo

2 -3
Tov A = .
-1 2

4 2
O zivaxag B dev avtiotpépetat, apov D = ‘2 { ‘ =4-4=0.

O nivaxkog I avtiotpépeTat, 0pov

covl —nub
= H =cuov0+nuid =120,
nuo cuve
. ) 4 _|ovve nuo
Ko éyet avtiotpogo tov [ = .
-nué cvve
- nuo —-ouva 5 5 . .
6. i) Eivan D = =nua+ovvia =10, ondte o Tivaxag
cvva nuo
OVTIOTPEPETAL KoL EYEL AVTIGTPOPO TOV
e —ovva | | npo cuva |
cuva nua | | —ovva nue |

i) H e&iowon ypaoetar dradoykd

nue ovva |[mue  —ovva |, [ Mua ovva |[oova nua
—ouva  nua ||cova  Mua | —cuva  Mpa || -Mue —ocvva

¥ - [0 mpla-ocvvia
| -1 —2nuacovva
[0 —ouvv2a
X = .
-1 —nu2a
1.3 B° OMAAAX
1. i)’Eyovpe
AP =xA+yl

P P PR P

|17 |



5 10 |x+y 2x
10 20| |2x  4x+yl|’

And v TELEVTOLN IGOTNTA TOV TIVOK®V TOIPVOVLLE TO GOGTILLOL

x+y=5
x=5
2x=10 = .
y=0
4x+y =20

ii) Hic6tta A> =x4 + yl pex = 5 xar y = 0 yiverau:
A’=5A.

‘"Etot éyovpe:

. , 1 2] [25 50
A=A A=5AA=5A=5.5A=25A=25 =
2 4| |50 100

6 a3a_ B 2 3 125 250
kw A" = A"A=25AA=25A"=25-5A=125A= .

250 500

2 -1 7 -3

3 1}{—9 4}

A3=A2.A{7 —3}{ 2 —1}{23 —10}
-9 4|3 1] |-30 13

H dob¢ica oot ta ypdosetat:

23 -10| |-20 10| |-x O
+ + =0
{—30 13} { 30 —10} { 0 —x}

2 -1
2.'Eyovpe: A>=A-A ={ H

3."Eyovpe:

St R



a’ = a=+1
Sa+f=0 J/R=4 a=1 L Ja=-1
a = a=-
p=-1"1p-1
b =1 p==1
Enopévacg, o1 intodpevor tivakeg etvar ot
1 1 -1 1
Kol .
10 -1 0 1
4. 1)’Eyovue
0 1 -1{0 1 -1 1 00
A*=A-A=|3 -2 3|3 -2 3|=(0 1 0|=I
2 =2 3|2 -2 3 0 0 1
Opoiwng épovpe B2=B-B=1
0 1 —-1] [ 4 -3 3] [4 4 -4
i)A-B=(3 -2 3|-] 2 -1 2= 1 -1 1
12 -2 3] |3 3 -2 5 -5 5
Ko
0 1 -1 [ 4 -3 3] [4 -2 2
A+B=3 -2 3|+ 2 -1 2|=| 5 -3
12 -2 3] [-3 3 -2 |- 1
Enopéveg
(4 4 —4][4 4 -4
(A-BY =| 1 -1 1 1 -1 1
| S -5 5 5 =5 5
[ 16+4-20 —-16-4+20 16+4-20
=| —-4-1+5 4+1-5 —-4-1+5
| —20-5+25  20+5-25 -20-5+25
[0 0 0
=|0 0 0|=0
0 0 0

| 19 |



(4 -2 2][ 4 -2 2
(A+BY=| 5 -3 5|5 -3 5
-1 1 1f[-1 1 1
[16-10-2 -8+6+2 8-10+2
=120-15-5 —10+9+5 10-15+5
| —4+5-1 2-3+1 —-2+5+1
(4 0 o0 1 0 0
=0 4 0|=4/0 1 0|=4l
0 0 4 0 0 1
iii) Eivon A*> — B® = O ko
4 -2 2|[4 4 -4] [-8 8 -8
(A+BYA-B)=| 5 -3 5| 1 -1 1|=[2 -2 2
-1 1 1| 5 -5 5| [10 -10 10

Apa, A>— B> % (A+B)(A-B).

-1 =2
Tov A = .
2 3

20
i) Bivan A+ A™" = =2I.
0 2

. 3 2
5. i) Eivm D = 5

| =-3+4=1#0, ondte 0 A AVTIGTPEPETOL KO EYEL AVTIGTPOPO

Apa (A+A™) =(21) =2"1,pe v e N*.

6. 1) Eyovpue
[ouvx —mux|[oovx —mnux
Ax=Ax)-Ax =T T M" " }

[MUX  CLVX || MEX  GLVX

B [ suvix—nu’x — NUXGVVX — IXGVVX
| NNHXGUVX+1 UXGUVX —ME’X+oLVviX
[Guv2x  —mu2x

-|° =21 A2
| MU2X  cvv2X

| 20 |



B*(X)=B(X)-B(X) = { s GUVXM nux GUVX}

GLVX —oLVX  MpX
NU’X—cuv’x 21 UXCLVX
—2NUXCVVX — oLV X+Mp’X

—GLV2X NU2X
—MU2X  —ovv2X

{cov2x —nu2x}
=— =-A(2X)
nu2x  ocuvv2x
i) Exovpe
AY(X) + B*(X) = A(2x) — A(2x) = O.
iii) H e&iowon ypapetat dtadoyikd:
AY(X)—B*(x)=2I
A(2X) + A(2x) =21
2A(2x) =21
A2x)=1

GuV2X —mu2x| |1 0
nu2x  oov2x | |0 1]
Amd ™V TteEAgLTOL0 LIGOTNTO TPOKVTTEL TO GUGTILLOL:

cuv2x =1
npu2x=0

S 2x=2kn,k€li<>Xx=Kn,k €L.

[0,6 0,6 0,2][5 6
7.)Eivu M-N=| 1 0,9 0316 7

1L5 1,2 0,44 5

E E,

[ 7,4 8,8] x6cTOC MhyKOL
=116 13,8 | k060TOG KOPEKADG
116,3 19,4 | xdctog tpaneliov

1

O mivaxag MN ex@pdlel To GLVOAIKO KOGTOG TOPAYWYNG Yo KAOE £va amd Ta
Tpia €idM TapaymyNg Kol 610 SV0 EPYOCTACLOL.
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i) To k60706 £pyaSing VIO TNV TOPOYWOYN [10G Kapékhag 6T0 epyoctdcto E etvar 11,6
EVPM KOIL TO KOGTOG TAPAYOYNG EVOS TAYKOL 6TO £pYootdoto E, givon 8,8 evpd.

8."Eyovpe

A*=A-A=| 5 2 6| 5 2 6

0 0 0
=3 3
-1 -1 -3

[ off 1 1 3
A=A A= 3 3 9|5 2 6
2 -1 -

-1 -1 - 3
[0 0 0]
=0 0 0[=0.

0 0 0

Avv>3,10t1e A" = A>A =0-A"° =0.
0 1 -1][0 1 -1 1 0 0
B*=B-B=|4 -3 4|4 -3 4|=|0 1 0l|=1
3 -3 4]|3 -3 4 0 0 1
B'=B“B=IB=B.
* Avv=2p (6pT10¢), 10T1e B' =B¥ = (B’Y =P =1, evd
s Avv=2p+ 1 (neprrtdc), to1e B = B*'' = B¥*.B=|-B=B.

9. i) Eivou A(=X) = ;{ 1 n“(_x)} _ 1 { 1 _TWX} .

oLvv(=X) | nu(=X) 1 GULVX | —NUX 1
TN va Seifovpie 611 A™(X) = A(—X), opkei va deifovpe 6Tt 1oydEL
A(X) AX)=1.
"Exovpe

AEX)AX) =

1 I —mux| 1 1 npx
GLVX | —MuX I |ovvx|nux 1
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1 1—nu’x 0
cuv’x| 0 —nux+1

1 ouviX 0 _1 0
oLV X 0 SLVZX 0 1

i) H io6tta A(X) = | ypdoetar:

1

1 1 0
A(x)=1 & el _
GULVX | WX 1 0 1
1 NUX
| OOVX  GLVX | _ 10
nux 1 0 1

L oLVX OLVX
! £QX

1 0

PN OLVX :|: :|

£QOX

oLVX

! =1 cuvx=l
& Jovve & S x=2kn,Ke€l.
_ epx=0

epx=0

10.1) 'Exovpe

1 x X1 y y 1 y+x YV +2xp+x°
AX)A(Y)={0 1 2x||0 1 2y |=10 1 2y+2x
0 1]/0 0 1 0 0 1

1 x+y ()c+y)2
=10 1 2(x+y) |=A(x+y)
0 0 1

ii) O wivaxag A(Y) eivor avtiotpopog tov A(X), av Kot povo ov

AXNAY) =l x+y=0 y=—x.

11
iii) Ilpopavog M = A(l) = 1 2
0 1

o o =
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1 -1 1
Enopévac M = A(-1)=|0 1 -2].
0 0 1
11.1) Eivau
s A 1+A 2 1+
e A"=AA=
-2 =AJ1-12 -2
B A+A+1)(1-2) A0+1)—-A(1+21)
AM1-)-21-1) (1-2)A+A)+A°
B A +1-47 0 _[1 O}_I
0 1-asar| |0 1)
o A=AA=A
Emopévag

— Avv =21 (6p110¢), 1018 A" = A% = (A%’ =1
—Avv=21+1 (mepurtdg), 161 A” = A% =A% A=A

. 2 1+2 2 3
ii) a4 =2 épovpe A = = .

1-2 -2 -1 -2
Enedn to 1993 eivon mepirtdg, éxovpe A = A. Enopévacg, n eéicoon
1993 1 1 r Ie
A7 X = 0 -1 Ypapetot S1ad0)yucd:

o -
AX =
0 -1
_{1 1}
X=A
0 -1
X=A ! ! VA=A
=Al, | (oo A" =)
2 301 1
-1 =210 -1
2 -1
-1 1

| 24 |
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i) [+ A+ A+ .+ AY=I+A+[+A+[+A+[+A+]+A+]=61+54

12.1) Eivau D = ‘1 1‘ =2-1=1=%0, ondte 0 4 AVTIOTPEPETAL KOl EXEL OVTIGTPOPO

1 -1
Tov A7 =
-1 2

2
ii) a) H e&icwon AX: —L O} YpapeToL S1odoyLKd:

y=a|? 7!
10

10
B) H e&iowon AXA:[O O} YpaPeTOL S10S0YIKA:

XA=A" 1o
00

yeart |t 0
00

S P
Ll

{ 1
X=
-1

o
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) H e€icoon AX = A* +2A ypaoetar Sadoyikd
AX=A(A+2])
X=A"A(A+2])

X=A+2I

2 1 1 0
+2
1 1 01
4 1
X = .
1 3

1{1 —\/5]1_1 —\/5}_1{—2 —2\/1
205 1| 425 -2

X

omote

Boo-12] 1

SEREE

I, v v dptiog

A3:A2A:l{_l —\/11{1 —ﬁ}

Tevikg: A =(A) =(-1)" = .
-1, av v nepirtdg

i) Enedn
1992 =3-664 ko1 1989 = 3-663
€yovpe
A1992 — (A3)664 — (71)664 =J ko1 A1989 — (A3)663 — (71)663 =_J

Enopévac:
XCA®? 4+ (x+2)A® =0 & X1 - (x+2)1 =0

S (X -x-2)1 =0
(X -x=2)=0

& X=-1Xx=2.
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1.4 A’ OMAAAX

1 1
1. Ovypappukoi peraoynpotiopot 7, T, kon T’ £xovv mivokeg Tovg { } ,

11
11 1 2 ,
Kot AVTIOTOTY(™C.
1 2 2 4

‘Etot

— Ovewodveg tov A(1,0) kon B(0,1), wg mpog tov 7' eivan T onpeior A'(1,-1) kon
B'(1,1) avtiotoiymg, Tov £X0VV GUVIETAYUEVEG TNV TPATN Kot SEVTEPT GTHAT TOV
TVOKOL TOV YPALUIKOD HETACYNHATIONOD T .

— Orewodveg tov A(1,0) kar B(0,1) @ mpog tov T, eivon ta onpeio A'(1,1) ko
B'(1,2) avtictoiymc.

— Orewoveg tov A(1,0) kar B(0,1) g mpog tov T givon o onpeior A'(1,2) ko
B'(2,4) avtictoiymc.

SR MEE
o)
st [ 2 O] ] 2 T[] exsrenatseron

gtvar to onpeio O'(0,0) ko tov A(3,4) to onueio A'(10,-3). Enopéveg
(OA) =3 +4% =5 xaw (O'A") =+10* +3* =109 ,
ondte (OA) = (O'A") . Apa, o T dev givar ioopeTpia.

4. O mivokog tov TeTpamAedpov A'B' T A’ tpokdntel, ov TOAAATANGLACOVLE TOV
0 1 1 0}

2 1
mivaxo L J TOV YPOLLUIKOD LETACYNUOTIGHOV LE TOV TTIVOKOL [O 0 1 1

ToV TETpay®VOL ABIA. Eival, dnAadn, o mivakog
2 1110 1T 1 0 B 0 2 31
1 1jlo o1 1) (o1 2 1]
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Enopévacg, n eikdva Tov 1ETparydvou

0110
ABIA pe mivaka Tov
0 0 11

eival to tetpanievpo A'B'T'A" pe
0 2 31

01 2 1}'

O1 gvbeieg A'4" ko B'T" éyovv
ovvtekeotés devhovong 4, = 1 kau

2-1
Ay = i =1, avtiotoiyme. Eival

VoK TOV {

R 1
omhadf 4, = A, ométe A'A'//BT". Opoiwg, ot A'B' kan A'T" &yovv cuvieheotéghy = >

Ko A, = ) = % avtiotoiyws. Eivon dndadn 4, =4, onote A'B'//A'T". Emmdéov

1
woyvel LA, = 5 # —1. Emopévac 1o A'B'I"' A" glvar TAGy10 TOpoAANAGYPOLLLLO.

0 1 1
5. 1) Ioyvet L} = {3 2} {x} . Emopévag, av ToAAOTA0GIAc0VE Kot ToL VO PEAN
y

-2
LLE TOV OVTIOTPOPO TOV TIVOIKOL L 2}, OV €tvoil 0 Tivakog { 3 J, £YovpE:
1 17'To] [x] [-2 1[0] [x
= = =

3 2] |5 y 3 —-1§|5 v

5 X
= =l |

-5 y

Apa, to TpdtuTo Tov A'(0,5) glvan To onpueio A(5,-5).

i) Apkel va Bpodpe v e&icmon 1 omoia exaAnBevetat LOVO amd TG GUVTETAYUEVES
TOV EIKOVOV TOV onueinv ¢ evdelag &.

4 Tt G T3

W' —y'=y

NN =

| 28 |



Emopévamg, av to onueio M(X,y) aviikel oty ¢, 10te Ba 1oy0€L
y=x+1
X =y ==2X"+y' +1
5X'=2y'=1.

Apa 1o onpeio M'(Xy") Ba aviket oty gubeioe: SX—2y = 1.

AMG ko aviopopmg, av to onpeio M'(X,y") aviket oty gubeia g': 5X — 2y
=1, 161€ 10 onueio M(X,y) 6o ovrikel otnv evbeioe: y =X + 1.

Suvendc, 1 ewdva g evbeiac e: Yy =X + 1 givarn evbeia &”: SX—2y = 1.

~[5) w5
w(5) =l

Emopévac, o ypoppikds LeTaoynHoTIoLOGC TOPLGTAVEL GTPOPT| LLE KEVTPO TNV

6. 1) O mivakog A ypaeetor A =

apyn tov agovav O kot yovia 0 = —% .
it) [Tapiotdvetl opoloBecia e kEvipo v apyn tov a&ovev O Kot Adyo A=2>0

iii) [Moprotdvel To petaoynUATIOUO TOV TPOKVTTEL, OV EPUPULOCOVUE TPATA TN
ovppeTpio ¢ Tpog a&ova v gvubeia Y = X KoL GTI GLVEYELX T GUUUETPI MG
pog TV apyn tov afdvav O.

iv) [Toplotdvel 1o PETAGYNULATIOUO TOV TPOKVTTEL, AV EPOPLOCOVLLE TPMTO THY
opotobecia pe k€vipo Vv apyn tov advav O kat Adyo 4 =2 > 0 kot 6t
GULVEYELD TN CUUUETPIO O TTPOG KEVTPO TNV apyn TV a&ovav O.

v) [Topiotdvel 10 PETAGYNLOTICHO TOV TPOKVTTEL, OV EPAPUOGOVLE TPMTO TN
cuppeTpia ¢ TPog A&ova TV gvbeia Y = X KoL OTN GUVEELD TN CULUETPIO OG
npog aEova Tov aEova TV X.

vi) ITapiotdvel T0 HETOGYNLOTIGHO TOV TPOKVTTEL, OV EPUPUOCOVILE TPMTA TN
GUULETPIO ™G TPOG KEVTPO TNV 0py1| TV 0.EOV@V O, 6T GUVEXELD T COUUETPIN
®¢ Tpog aEova tov GEova TV X Kot TEAOG TN CLUUUETPIO OC TPOg GEova TV
gubeila y = X.
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14 B OMAAAX

x'=x+2y ) ,
,omote y' = 2X'.

1. i) Etvou 4§ |
y'=2x+4y

Apa, o onueio M'(X,y") aviket otnv gvbeia y = 2X. Emopévamg, 6Aa to, onpeio
M(x,y) tov emmédov anecovifovton og onpeio g svbeiagy = 2X.

il) Av M(X,y) givan £va mpotumo tov O(0,0), tote Oo 1oyder

0 I 2| x x+2y=0
= <
0 2 4y 2x+4y =0
S x+2y=0

FY=—=X.
4 2

1
Apa, ta Tpotoma Tov 0(0,0) etvon Oha ta onpeio M (x, 3 xj, yeR, niadn
1
o\a To onpeio g evbeiag y = —Ex.
iii) To onueio A'(1,1) dev €xel mpdtumo g mpog to petacynuatiopnd 7, apov

dev avnkel otV gubeia Y = 2X otnv omoia anekovifovtat OAa Ta onueic Tov
EMIESOV.

2. 1) O petaoympartiopdg T dev givon woopetpio apov m.y. yuo o onpeio A(1,0) ko
B(0,1) kot 115 euwcdveg toug A'(1,1) ko B'(—1,0) woydet

V2 =(AB)# (A'B") =5 .

i) Exovpe
! 1 _1 ’ _
T X x - X fx-y
y' 1 0fy V' X
x'=x-
@{ 7 (1)
y=x
To péco tov AB givar To onpeio M(Xo,yo) ne
+ X y, +Y
X, =—1—2 kot y, =12
0 2 yO 2

Enopévag, n ewdva tov etvar to onpeio M '(x;,y,) ue
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X=X, — y, = X+x% Nty (=) +(x, = y,) _ X+

2 2 2 2

! r
' Xtx, ntn
Vg =X, =——=="—2,

2 2
Apa, to M '(x,,y,) €lvar to péco tov A'B’.
iii) Exovpe

XX

1 —— 1 1
E(OAB) = 5| det(OA, OB)|: El | = 5|x1y2 —y1x2|

1 2

1 AT AR’ 1 X, — X, —
By, - L ) [

X

1

1 1
= E'xlxz — VX, T XX, +x1y2| = E|x1yz —y1x2| .

Enopévag E 5y = E o

' o
L
vy 6]y
0 {nrovuevog petacymuatiopds. Tote

x'=ax+By
V=yx+0y

3.1)'Eoto

Ene1om 10 A(1,1) anewoviletor oto A'(0,1) xar to B(1,-1) oto B'(2,1), éyovpue

a+p=0
y+06 =1
a-p=2
y—-o06=1

omotea=1,f=—1,y=1kaud=0.

[l

| 31 |
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T va Bpodpe, topa, Tv e&icmon g ewdvag TG evbeiag : Y = — 2X, apkel
va Bpodpe v e&icwon, n omoia eraAnBedeTaL LOVO OO TIG CUVTETAYUEVES
TOV EIKOVOV TV onueinv g evbeiag &.

Etvan

D Ll )
S I M S e

Emopévmg 1o M(X,Y) aviikel 6tnv &, ov Kot povo av

1
y:—2x<:>—x'+y':—2y'<3y’z;x'.

1
Yovendc, n eikova TG evbeiog y = — 2X glvau 1 evbeia y = gx.

i) Av gpyaotolpe avaldyws, BpicKovpe OTL O HETACYNLOTIGHOG TOL OTEKOVILEL
ta onpeia A(1,1) ko B(1,-1) ot A'(6,3) ko B'(2,1) avtiotoiymg, ivat o

RN

x'=4x+2y
Y =2x+y

omote B £xovple

Av M(x,y) eivar éva onpeio g gvbeiag y = — 2X, tote Oa £xovpe
x'=4x+2(-2x)=0
Y =2x+(2x)=0

Emopévag, 1 evbeia y = — 2X amecoviletat oto onpeio O(0,0).
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4. i) Amd v 160mT0 TOV Tprydvev OBM kar OA'M' tpokdntet 6Tt
OB=0A"koua MB=M'A’,

omoTE EYovpE
0OA' = OB xa1 OB’ = OA.
Enopévac, etvan
X'=—yxoy =—X

omdTE T0 GLUUETPIKO TOL onueiov M(X,Y), og mpog v gvbeia y = — X, eivar
7o onueio M'(-y, —Xx). Apa

x'=-y x'=0-x-1-y x' 0 -1{«x
= = = 5

y'==x y'==1-x+0-y V' -1 0fy
omdTE 0 {NTOVUEVOG HETAGYNUATIGHOG ETvor O
x' 0 —-1|x

T: =

vt oLy

OV EVOL YPOUUIKOG LETAGYNUOTIGUOG LLE TTivoka. [ 1 _0}.

ii) A7 10 SIMAAVO GYNLLOL EYOVLLE
x'=x x'=1x+0y
=
y'=0 y'=0x+0y
x' 1 0«
= = .
v Lo 0Ly
Enopévag, n tpofoin méve otov
a&ova x'x etva YpoLLKOG PeTaoyT-

. . 10
O TLOLLO £ TTIvoKo .
HOTIHOG { 0 0}
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iii) Amo 10 dStmAavo oo Exovpe
x'=0 x'=0x+0y
<
yi=y  V'=0x+ly

=l 1)

Apa, n TpoPoin mhve otov dEova y'y
EVOLL YPOUIKOG LETOOYNLATIONOG e

) 0 0
TIVoKO .
0 1

iv) 'Eotw M'(X",y") n tpofolf tov M(X,y)
otV evbeia &: Yy = X. Tote Ba 1oy0eL

y':x' V=
e =
{ A=-1 |£2=Y_

AMM’ 4

+
f_xzy
=

, x+y
Y

N = N =

Apa, N tpofoin mévem oty gvbeia &: Y = X elvor YpapLKOS LETACYNLOTIGHLOG

pe mivaka tov

= =
N =
Il
N | =
1
—
f—
|



Onwg yvopilovpe, o mivakag tng IKOVOG EVOG TOADYDVOL TPOKVTTEL, AV
TOALATAQGIAGOVLE TOV TIVOKO TOV YPOUUUIKOD HETAGYTLATIGLOD LUE TOV
nivoke, Tov ToAVY®VOV. 'ETo1 0 Tivakag Tng 1KOVOG TOL TETPUYDVOL E TIVOKOL

01 1 0,
gtvo o:
0 0 1 1

0 0 -1 -1 , .
° 0 | : ol LLE TOV YPOLLLL. LETACYNLOTIGHO TOV (1)
° o 1 10 LLE TOV YPOULL. HETOAGYNHATIGHO TOV (ii)
0 00 0] '
[0 0 0 0 .
° , LLE TOV YPOULL. HETOCYNHATIONS TOV (iil)
10 0 1 1
o L1 1
° f f , Il€ TOV YPOLLUL. HETAGYNHOTIGUO TOV (1V).
0 - 1 =
L 2 2

5. 1) Apxkeiva Bpodue v e&icmon 1 omoio eraindedeTan poOvo amd TIG GUVTETOYHEVES
TOV EIKOVOV TOV onpsiov Tov kokhov C: X2 +y? =1,

"Eyxovpue .
X

’ ’ X=—

’ = <:> 1] <:> ’

y1oLo By y=py y=2

B

Emopévag, 1o M(X,y) ovijket otov kdKho X* + y* = 1, av kot povo ov

1, wodvvapa,

Avto onpoiver 6t1 10 M(X,Y) oviiket otov kbkAo X2 +y* = 1, av kot uovo av 1o
xZ y2
M'(x"y") ovikel oty EMretyn — + = = 1. Zuvenag, 1 £1kdva TOL KUKAOL

X2+ y2=1 etvon n EMAeym



1.5kar1 1.6

01 1 0
i1) To tetpbywvo OAI'B, mov éyel mivaka Tov {

, L€ TOV
011}ur

petaoynpoatiopd T éxet ewdva 1o tetpdmievpo O'AT B’ pe mivaka
a 0[]0 1 1 0 3 0 a a 0
0 Bllo o1 1|00 B B

Emopévac, (O'A'T'B") = off ka1 eneldn (OAI'B)
=1, épovpue (O'AT'B") = of(OAI'B)

1.5k 1.6 A" OMAAAX
L 2 -3 5] 1
-1 =
-2 117722
i lo| t
1 1 olfx] [2
i)[3 -2 6 y|=[12].
0 1 3|el| |6

X —y+3w=-2
X+2y+20 —-@=-1
. o |2x43y —o= 1
2.1) 12x +y+3w+4p= 2 i) .
3x +y-20= 3
3x +40-3p= 3
4x+2y+30= 1

Ot emawénuévol tivakeg avtiotolyo ivat:

1 -1 3|2
1 2 2 —-1|-1
2 3 -1 1
2 1 3 4|2],
3 1 -2|3
30 4 -33
4 2 31
x =3
3. 1) ¢ ¥y =-1.Apa10cvotua et povadikn Avon my (x, y,0) =(3,-1,2).
0= 2
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1.5kar1 1.6

. lx +3w=3 x=3-3w
ii) = .
y-20=4 y=4+2w

Apa 10 cvoT £XEL ATElPO TANBOG AVGEDV TNG LOPPNG
(3-3w,4+20,0), w eR.

xX—y =2 x=2+y
iii) o =3<<0=3
=4 |p=4

Apa 1o cuotnua £xet dmelpo TAnBog Acewv g popenis (2+Y,Y,3,4), y eR.

4. 1) Zynpotilovpe Tov emanénpévo Tivakae ToL GLGTHUATOS KOl EXOVIE S100YIKA

11 1]l 1 11,

i |y -2r, : 277502
1 -1 13 ~ |0 -2 0{i2]| ~
2 1 -1i0 -1 -3-2
1 101 S 11 1 1]n 0,
0 0i-1 0 1 0-1| -
0 -1 -3i-2 0 0 -3-3
11 1 1] 1 1 00

F1HF1 Iy : ry—I-T,

0 1 01 0 1 o0i-1| ~
0 0 1i1] 0 0 11
© o o0i1
0 @ 01
0o 0 @1

O teAevtaiog TivaKog avTIoTolEl 6T0 CHGTN A

X =1

y =-1.
z=1

Emopévmg 1o cbotnua £xet povadikni Avon v (X,y,2) = (1,-1,1).
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1.5kar1 1.6

i) Me tov oly6piBpo Tov Gauss BpicKOVLE OTL O AV YLEVOS KAMUOK®OTOG TIVOKOG
TOVL GLGTHHOTOG Elvar:

2(1

0o £z
O 33
1)1

0 ==
®33
0 0 0|0

Emopévac 1o svotua et anelpo mAnbog AGeE®V TG LOPENG

2 11 1
——72+=—,—72+—,2|,2€R
3 33 3

iii) Me tov adyopiBpo tov Gauss Bpickovyie 6Tt 0 TVOKOG TOV GLOTHLATOG Etvat
16000VaLOG LLE TOV TTivakaL:

1 2 -1 |2
012 |7

5 |5
00 0 |5

Enopévag to chotnua etvor advvato.

5. i)'_Exoupe: .
1 1 1 22|=>r2nf1 1 1 22|, 1,
Fy=>Iy-Iy H 2T
2 -1-1 11| ~ |0 -3 -3 -3-3| ~
1 2 2 -13] 0 1 1-31
1101 22 1 1 2{2].,1p,
0o 1 1 11| ~ |0 1 1 11| ~
0 1 1-31] 0 0 0 -40
1 1 1 22]%= 1 1 10 0i2]
- -2I I—>Ih=I,
0o 1 1 11| ~ |0 1 1 o0i1| -~
0 0 0 10| 0 0 0 10
@ o o o1
0 @ 1 0i1
0o 0 o @o

| 38 |



1.5kar1 1.6

O teAdevtaiog TivaKog avTIoTOrEl 6TO CUGTN AL

X =1 x=1
y+z =loy=1-z.
0=0 0=0
Emopévag 1o svotnpa €yet dmepo mAnfoc Moewv g popong (1, 1-z, z, 0),
zeR.

ii) Me tov alydpBpo tov Gauss PBpickoviie 0Tt 0 aviyEVOS KALOKOTOS TIVOKOG
TOL GLGTNHATOG EtvaL:

® 0 3 -3i3
0 D1 22
0 00 @0

Emopévag 1o suotnua £xet arelpo mAnBog Acemv TG LOPPNG
GB-3z+3w,2-z+2w,z,0), 7,0 €R

iii) Me tov alyopiBpo Gauss Bpickovpe 4Tl 0 TVOKOG TOV GLUGTILATOG Elval
1600VVALOG [LE TOV TV

1 1 -2 1 2
01 -+ 14
3 i3
0 0 O 0;—2
Enopévag 1o chotnua eivat advvato.
6. 1)'Eyovpe:
r : Iy—>I,=-3Iy ;
1 2 3 Fosrar, 1 2 2 .
3 —4 4|roran|Q 1015|770
1 -6-1 |0 -8-4|
'3 1413 0 8 4
(1 2i 3] 1 2i3]
i Iy—>T3+8T, :
0 1 1 [y>I,-8I5 | 11 ry—r,-2r,
2] - 2| -
0 —8;—4 0 0 0
0 84 0 0:0]




@ o0i2

i1
0 D=
0 0.0
0 0i0

1
Emopévac 1o cvotua £xet povadikni Aven my (x, y) = (Z,Ej .
ii) Me tov aly6piBpo tov Gauss Bpickove 6Tt 0 TVOKOG TOV GUGTILLOTOG EVOL

1600VVALOG LE TOV VoKL

1 -3 1 1

0 -3i-2

0 -3-2

0 0i-2
Emopévag 1o svotnua ivatl advvaro.
1.5k 1.6 B OMAAAX

1. Ene1dn to ovotpa €ret og Aon v (X, Y, o) = (1,-1,1) égovpe:
o-1+B(=D+y-1=0 a-pB+y=0
a-1+2(-)-y-1 =1 a-y=3
3-1-B(-D)+y-1=3 B+y=0

Av mtpocBécoupie katd PEAN Tig 000 TpdTEG e&lodoEls, Ppickovpie:

20—p=3 (1)
Eniong, av mpocBécovpe kKatd péAn t devtepn kot Tpitn e&icwon, Ppickovpe:
atp=3 2)

Av topa tpocBécovpe katd pén tig (1) kot (2), Bpiokovpe ot

3a=6<=a=2,om0te f=1kay=—1.
ETEOH?;VOJG’ (a’ ﬂs }’) = (2517_1)-

2. Apob n mapaforn diépyetar amd to onpeia (1,0), (2,0) kot (—1,6), wpémet ot
GUVTETOYHEVES TV oNUelmV avTdV vo emaindedovv v e€iomaor g. Apa, £xovpe
TO GUGTNLOL:

a+ p+y=0
da +2 +y=0,
a-pF+y=6
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1.5kar1 1.6

Me tov aAydpiBpo tov Gauss Bpickovpe 6TL 0 avNyHEVOS KALLOK®OTOG TIVOIKOG
TOV GLOTNHUOTOS Etvat:

© 0 0i1
0 @ 03
0 0 @2

Emopévog, a =1, f=—13, y =2 ko1 eéicwon g mapafoing sivary = x> —3X + 2.

Xy6io
To cvopa avtd propei vo Avbel Kot og €ENG:
Aopaipovpe v Tpdt e€lomon and Tig GALeG 3O OTOTE TPOKVTTEL TO GUGTN LA
3a+B=0
{ -2B=6"
Emopéverg f=-3 kona = 1.
Me avTIKOTAGTOOT TOV THAV TOV o, f 6NV Tpdtr eicmon Ppickovpe y = 2.

. Ot 1peig 106N TEG AMOTELOVY GUOTILLOL TOV £XEL OG OYVMDGTOVS TOVG MLLaL, GUVL Kol
€0y. Zynpotifovpe Tov eTavénuévo TivaKe ToV GUGTHHATOS KoL EYOVLLE dLAdOYIKAL:

I _ ] I 1! ]
2 4 1 2 1 1 2 __é 1 [ Y o
fim3h 2 [3—T5-2I
4 -2 13J3-1| ~ |4 -2 13/3-1] -~
2 1 —1; E 2 1 _1' l
i 2 | I 2 |
1 2 _1 1 1 2 —l. 1
2 I, T, 2 ]‘24)_}['2
H 26013 H 3 3
0 -10 33/3-5| -~ |0 -3 O - -
: 3
0 -3 o —2 0 -10 33/3-5
12 _% 1 1 2 _% 1|
[3—>Ty+107, F3”§F3
o 1 o I o 1 o0 S
2 2
0 -10 3i3/3-5 0 0 333




1.5kar1 1.6

1 2 -1 12 0iBu
2 1 |Fongt 2 [ >Ty-2r,
o 1 o0=| ~ Jo 1 ol ~
P2 P2
0 0 143 0 0 143
1 o0 o¥3
P2
o 1 ol
P2
0 0 13
a3
nu >
. 1 , T, T
Enopévag, <ouvp = 5 ko enedn 0 <a, B,y <E §poope =P =y = 3
spy =3
4. H eEiomon AX =4X ypdoetat:
2 2 3x X 2X+2y+3w 4x
1 2 1|y|=4Yy || X+2y+o|=|4y|.
2 -2 li|lo o 2X=2y+m 4o

A ™V 106 TO TOV TVAKOV EYOVUE TO GOCTNLLOL:
2x+2y+3w =4x 2x+2y+3w=0
X+2y +to=4y < x-2y +0=0
2x-2y +tow =40 2x-2y =30 =0
2x-2y-3w=0
< .
x=2y +o=0

Av apoapéoovpe Katd péAN Tig eElomaoslg Ppiokovpe 0TI X = 4w, ondte Y = B

S
Emopévog to chompa éyet dmeipo TAnBog Acemv g Lopeng [460,7,60), weR.
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1.5kar1 1.6

X
5. Or1{ntovuevol wivaxeg X eivar Tng Lopeng [ y} .
z o

Emopévac, n e&icwon AX = XA ypapetat Stadoytkd:
I =1]|x y| |x »y|[l -1
2 2||lo z] |lo z]|2 -2
X—o y—z | |x+2y —x-2y
2x—20 2y-2z| |w+2z -—w-2z|

And Vv TEAELTOL0 LIGOTNTO, TOV TIVOK®V TPOKVTTEL TO GUGTILLOL:

X—0=x+2y -2y-w=0

y—z=—x-2y x+3y—-z=0
=

2x-2o=0+2z 2x-3w-2z=0

2y-2z=-w-2z 2y+0=0

-2y-w=0

= x+3y—-z=0
2x-3w—-2z=0

Me tov aiyopiBuo tov Gauss Ppickovpe 6Tt 0 avYUEVOS KAUOK®OTOG TIVOKOG
TOV GLGTHHATOG ElvaL:

) 3 i
0 —— -10
0o 3
1
0 Z 00
® ;o
00 0 00

Emopévac, to chomua &xet danelpo tAndog AOGE®V TG LOPONG

zoreyoe
—0+2,-—0,0,1|, o,ZcR.
2 2
Apa, ot {nrovpevol mivakeg ivat TG LopeNg
3oz -Lo
2 2 |,ozeR.
) z
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1.5kar1 1.6

6. 1) Zynuotifovpe Tov emovénpévo mivaka TOL GLGTHIATOS KoL EXOVILE SL0O0YIKA

11 1] 11 1 1

1 2 4a|~[0 1 3a-1

1 4 100’ |0 3 9a’-1
1 1 1 1
-0 1 3i a-1
0 0 0a’-3a+2

e Ava’ —3a+2#0, mhadn av a #1 kot a # 2, TOTE T0 GHGTNU Eival
advvaTo.

® Av o = 1, 10T€ 0 TELEVTOIOG ETOVENUEVOG TTIVOKAG YPAPETOL SLOSOYLKAL:
1 1 1 1] © 0 - 2 1
0 1 30[(-|0 @ 30
0 0 0i0|] [0 0 00

Emopévac, yio o = 1 10 svotnua £xet drepo mAnbog Aoemv TG LopeNg
(1+2w,-3w,w), wekR.

® Av o =2, 10T€ 0 TELELTAIOG ETOVENLEVOG TTIVOKAG YPAPETOL SLOSOYLKEL:
1 1 11] @ 0 -20
0 1 31[~|0 @ 31
0 0 00| [0 0 00
Emopévac, yio o = 2 10 cootnpo £xet drelpo mAndog Aoemv TG Lopeng
2w,1-3w,w), w<cR.
ii) Zynuotiovpe tov emavEnpévo Tivake ToV GLGTLOTOG KOt £XOVLE SL000Y KA
11 1i6] [1 1 1 6
1 2 310-[0 1 2 4
1 2 2p| |01 A-1u-6

[y

1 6
2 4 L)
0 0 A-3iu-10

[N
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1.5kar1 1.6

® Av A # 3, and ) popoen (1) tov enovénuévov mivaka Exovpe dtadoyIKa.:

1 1 1i 6 1 1 OM
A-3
0 1 2 4 |~lo 1 ow
10 A-3
-
 _— u—10
0 0 1i,)_ 0 0 18 ——
I A 3_ I -3
J 24+ u—16 |
1 0i—
@ A-3
40 -2u+8
) [ Al
@ A-3
u—10
0 O —_—
. @ 1_3 -

Emopévac, av A # 3 1o chompa £xel povadikn Adon v

2A+u—16 44 -2u+8 u—10
A-3 7 A-3 T A-3)
® AvA=3 ko u # 10, tote amd 1 popen (1) Tov emowénuévon mivako TpokHTTEL
0TL T0 GVoTNHO Etvol 0dVVATO.

o Av A =3 ko u = 10, 161€ T0 VO givar GLUPIPOCTO Kot Ao TN LOPPN
(1) Tov emavENPUEVOL TTIVOKO £YOVLE SLOOOYIKAL:

11 11 0 -12
0 1 3i1|~|0 @ 24
0 0 00| [0 0 00

Emopévag, To chotnua €xet dnelpo mAndog AVGe®v TG LOPONG
Q+w,4-20,0), weR.

iii) Av TpocBécovpe katd péAn TG dVo TpmTeS EEIGMOEL BPIOKOVLLE

2X+(k+tl)y=r+1.
x+y=1
Emopévag, to chotnua eivat 1coddvopo pe 1o 2x+ (k +1)y = +1.
2x+(k+1)y =3
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o Avk +1+# 3 < Kk # 2, 10 chotnua givor addvarto.

e Avk+1=3 < Kk =2, 10T€ TO CHOTNUA YPAPETOL:

x +y=1
x +y=1
2x+3y=3< .
2x+3y=3
2x+3y=3

Amd Vv enidvon tov TelevTaiov cvotpatog fpickovpe X=0 koY = 1. Apa
70 cvotnua £xel povadikn Avon v (0,1).

1.7 A" OMAAAX
30 5 0
1 )| 0 =2 3|=30(=2)(50) =—-3000
0 0 50
e 1 5 )
o o0 1= ‘: e -e)=0
e e 8

nué 2 -—-ouvvl

6 —ouvl
iylo 1 0o |=1|™ R P S |
couvl nué
covl 2 nuo
1 1 1
a ﬂ 2 2
iv) B o=l , ' |=ap’-pa’=0f(f-a)
2 ﬂZ 0 a ﬁ
1 1 1
1 log5
v)| 1 0 log5=(1) 11 2:—(10g2+10g5):—10g10:—1
10 log2 o8
e 0 1
) e 1 ,
vi)[l T 1j=1 =e" —e" =0
) € €
ee 0 e




2.

x=1 1 1
i)He&iowon | 2 x —1{=0 ypdoetar d1adoyiKd:
0 1 X
x =1 1 1
(x=1) -2 =0
1 X I X

X=D(X*+D)=2(x-1)=0
X=X +1-2)=0
(x-1)(xX* =1)=0
(X=D1*(x+1)=0,
omote X =1 x=-1

ii) H e&iowon ypapetat dtadoyikd

1 X [x X

X(X=3%X)— (x> =3x)-(3x=3)=0

2% = x* +3x-3x+3=0

-3x*+3=0
X' =1
omoteX=—-1MNXx=1.
iii) H e&iowon ypaopetar dtadoyikd
X 3 |x 3
X - +2 =0
I x| |x X X

X(X* =3) = (X* =3X)+2(x—x*) =0
X' =3X—X*+3x+2x-2x> =0

X' =3x*+2x=0

X(X* =3x+2) =0,

omotex=0, 1, 2.
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iv) H e&icwon ypaostot Stadoyikd
1 =1 mux -1
11 mqe’x 1

nux 1
nw'x 1

1 -1 +1 =0

2 (npxnp’x) + (Mux—nu’x) =0
2-mpx—nu X+ Mpx—np’x =0
2-2npux =0
np'x=1

nux =11 nux=-1

X=2Kﬂ+£ﬁX=2Kﬂ—£,K€Z.
2 2

-2
3. i) Eivau: D= 3 =15-2=13.

Ene1om D # 0, 1o cbomua el povadikn Avon.
Bpiokovpe T opiCovoeg D ko Dy. ‘Exovpe

-4 -2 5 -4
D = =-26 xau D, = =-39.
- 3 Yol =7
Emopévo x—DX——§—— & LA
A N TR G R
3 4 4
ii)’Eyoope D=4 -4  4|=252.
6 -6 0

Enedn D # 0, to chotpa £xetl povadikn Adon).
YnohoyiCovpe Tig opilovoeg D, Dy kot Do Bpickovpe D =252, Dy =126

kou D =378.
, D 252 D, 126 1 D, 378 3
Emopévog, x=—r=—"—=], y=——=—=— 0=—S=" ==,
D 252 D 252 2 D 252 2
2 3 4
i) Elvan D=|1 -1 1|=46=0.
7 1 1
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To chomua eivar opoyevég kat apod D = 0 €xet povadikn Abon ™ undeviky
(0,0,0).

2 1
iv) Elvan D = =4-3=1=%0
3 2

=0 ka D, = =1

1
D =
2

2

Emopévag, To chotua £xet Lovadikn Avon tnv

0 D, 1
=—1=-—=0, covx=—"2=-=1
L D 1 D

Emeidn X €[0,27) ot Tirég Tov X yuo TG 0moieg cuvainbevovy ot eElomoelg
nuX = 0 kot cuvx = 1 glvar péovon X = 0.

4. 1) To cHotnua &xet Ko pun undevikég AOHGELS, ov Kot Ldvo o
2-x 1 0
-1 -x 1 |=02-k)
1 3 1-x

—K
3 1-kx

=0

-1 1
1 l1-x

& Q2-K)(Kk+K>=3)—(-1+Kk-1)=0
© Q2-K) K -k =3)—(k-2)=0

o Q2-K)K -k =3+1)=0

o Q2-Kk) (K -Kk—-2)=0
ork=2MKk=—1

i) To cvotpa &yt Kot pun uNdevikég AVGELS, av Kot HOVo v

k 1 1
1 ¥ l=0ox@E -D)-(k-1)+(1-x)=0
1 1 «

oSk(k-DKk+D)-(k-D)—-(xk-1)=0
o K-DK*+x-2)=0

or=1fr=-2.
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1.7 B OMAAAX

I 1 1
1.i)’Eyovpe D=k « 1|=—(2-k)(1—-x). Emopévac:
K 2 2

Ortav k # 1kt k # 270 cOoTa £)EL Hovadikn Avor. YroAoyilovpe Tig opilovoeg
D, Dy, D.

I 1 1 1 1 1
‘Exovpe D, =lk+1 k  1/=0, D =|x x+1 1|=x(2-x)

2 2 2 kK 2 2

1 1 1
kn D, =lx kK Kk+l=x-2.
k2 2

Apa, 1 Abom Tov cuoTHpatog etvol 1 Tprada (X,Y,) ue:

D 0

X

D —2-x)-x)

>

D, kC-x) _ «x
"D -2-x)1-x) k-1l
D__ K—2 1

2

D —QC-n(-x) l-x
® Otav x = 1 10 cOoTNHO YPAQETOL:
x +y+o=1
X +y +o=2
X+2y+20=2
70 0moio TPOPAVAGS Etvan adVvVATO.
® Otav x = 2 10 cOoTNHO YPAPETOL:
x +y +to=1

X +y+o=1
2x+2y +0=3<

2x+2y+m=3"
2x4+2y+20 =2
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Eymuatifovpe Tov eravENUEVO TIVAKO TOV GLGTNHLOTOG KOl £XOVLE SLOOOYIKA:

11 1) 11 1] @1 0i2
2 2 13/ |0 0 -11| [0 0 @1

Emopévac, To chotnua €yt dneipo mAndog AVce®v TG LOPONG
2-vy,y,-1), yeR.

A1 -1
i) Exoope D=4 1 A|=-3A+1)(A-1).
3 3 2

Emopévag

e Otav 4 # 1 kot 4 # —1 10 cOoTpa EYEl povadikn AvoT. YToloyilovpe Tig
opilovoec D , Dy, D.

1 1 -1
‘Eyovpe: D =A-1 1 Al=(1-1)A+4),
1 3 2
A1 -1
D, =2 A-1 A=(A7=22+3)(A-1)
3 1 A
A1 1
Ko D,=|24 1 A-1=-3(1-2)(1-1)
3 3 1
D, (A-A)(A+4)  A+4
D B3A+DA-1) 3(A+D)’
y:ﬂz (A7 =22+3)(A-1) _ AT —22+3
D =3(A+DH(A -1 3(A+1)
D -3(A-— _ _
oL w=Lo _ 3(A-2)(A-1) _ A=2

D 3(A+D(A-1) A+1"
® Otav 4 =1, 10 cOoT MO YiveToL:
X +y-ow=1
X +y+w=0.
3x+3y+w=1
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Av apoipécovpie katd LEAN TIg 800 TpiTes eElodaoels, Ppickovpe @ = Y onote

1 1
TO GUOTN A EVOL 1GOdVVALO L TNV e€lowon x+ y = > OV YPAPETOL X = 5 V.

Apa, To choTNa EYEL AmEpo TANO0C ADGEWDY TNG LOPPNG

1 1
AT YT T R
L) e

* Otov 4 =—1, 10 cvoTpO YiveTOL:
X +y-o =1
X +y-w0=-2

3x+3y-o =1
70 01010 TPOPAVAOG Etval AdVVATO.
X+ A(y+o)=0 x+ Ay +iw =0
2. Toovomuo s AX +2y =® ypagetaricodvvapa < Ax + 2y — w=0.
AX +Y +0=0 Ax+ y +0=0
I 12 2
‘Exoope D=|4 2 —-1|=3(1-A)1+A1).
A1 1

Enopévac:
o Av 2= 1 kol 4% -1 10 ohotnua &gl povadikny Avon t pndevin (0,0,0).
e Av 4 =1, 10 cVotnpa yivetat:

X +y+0=0

X +y+o0=0
X+2y —0=0<

x+2y —0=0
X +y +0=0

Yymuartifovpe Tov ETAVENUEVO TIVOIKO TOV CUGTNUATOG KOl EXOVLLE OL0SOY LKA

11 120] [1 1 10] @ o 30
1 2 -10]| |0 1 -20| |0 @ -20

Emopévamg, To cvota €xet anelpo mAnBog AGE®V TG LOPPNS
-3w,20,0), weR.
® Av A =-1, 10 chotua yiveto:

x —y-w=0



Me npdoBeon katd péAn Ppiokovpe ¥ = 2w. Enopévmg, To chotnua £xet dmepo
TA00g MGE®V TG LOPPNG
Bw,20,w), ®cR

3. 1) Haipvoope Tig evbeis € , &, kon oynpatiCovpe To cvoTNHA
g1 x+2y=-1
g:2x +y= 1

To cvomua avtd xet opilovca

2
=-3#0
1

2

Kot Gpa €xel povadikh Abon v (1,-1), mov onpaivel 6L o evbeieg &, ¢,
téuvovtat oto onueio A(1,—1). Enedn ot ovvietaypéveg tov onpeiov A
enaindevovy kar myv edicowon mg &, N evbeia &, diépyeton ko ot omd TO
A. Enopévacg, ot tpeig evbeieg d1épyovrat amod to id1o onpeio A(1,-1).

Av gpyootolpe, Tdpa, OTmg Kot 6to epdtnua (i) Bpiokovpe ot

ii) OrevBeieg €, &, éuvovtan 6o onueio A(23,-9), o omoio dev avikel oy £,
QoY 01 GLVTETOYHEVEG TOV dev TNV emainBevovy. Enopévac, ove , ¢, &, dev
diepyovtar ano6 1o idio onpeio. Eniong, ot evbeieg ¢ , &, épvovran oto B(1.2)
karore, €, 610 [(-2,1). Apo, ot , &, kar &, oxnpatiCovv tpiywvo.

) 2x+y=0
L& 2x +y=0 , , , .
iii) Eme1on { < 3, TO GVLOTNHA Etvorl adHvVaTO Kot dpa
g, 14x+2y =3 2x+y:E

otevbeieg e , &, eivan mopaAAnAes.
Ovevbeieg ¢ , &, Tépvovian 610 A(-1,2), evd ot gvbeieg ¢, &, Tépvovtal 6To

B (l,lj |
22
iv) To cvotipoTo

{81:3x+9y=1 {81:3x+9y=1 {82: x+3y=0

, Kot
& x+3y=0 |&:2x+6y=5 & 12x+6y=>5

gtvon advvarta.
Emopévag otevbeieg ¢ , €, &, eivan maparinieg avé dvo.

| 53 |



4. H opifovca Tov cuothipotog eivat:

1 1 1
D=(B 2a 0/=p"-4ay (1)
2y B0
i) Av ) e€icwon &yet Vo pilec bvicec, tote Bol1oydeL D = 2 — day > 0 ko emopéva,
Aoy g (1), T0 svotue Oa Exetl povadikn Ado.
Av 10 cvoTnua £yt povadiki Ao, tte Ba stvan D = 2 — 4ay # 0 mov onpoivet
onD>0nD<0.
Otav 6uwg D < 0, eéicwon af’ + ft + y = 0 givar adbvatn. Apo. dev 16ydeL
TO OVTIGTPOPO.
ii) Av 1 e€icoon éget o Sk pile, tote 4 = 57 — dory = 0 Ko ETOUEVOS TO OLLOYEVEC
cLOTNHO £XEL ATELPES AVCELG.

5. O 1peig 160t TEC oYMUatilovy To OpOYEVEG GUCTHLAL:

x=yy—Po=0
yx —y+ow=0.
Bx+ay —-0=0

Eme1dn o X, Y, @ dev givatl Lot undév, 1o cOoTNUa EYEL Kol U UNdEVIKEG ADGELS.
Enopévag, n opilovca t@mv cuvieAesTdV TV ayvaoTav gival ion pe undév. Eyouvpe:

L -y -
-1 « Yy o« y -1

y -1 e R=" +y -p =0
a -1 g -1 p «

p o« -1

S l-a’+y(-y—ap)-Pflay +p)=0
el-a’—y* —afy—afy -’ =0
sSa’+pP+y 2Py =1

6. 1) AOVOLLLE TO GVGTN O

{x+(l+1)y:1 o

X +y=21+1
TV 000 TerevTaimV eElomaemv Kat e&gtdlovpe av 1 Avon tov (epdoov BéPara

VILAPYEL) EMAANOEVEL KL TNV TPMTT €EIGMAN TOV d0HEVTOC GLGTNHATOG.
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‘Exovpe:
1 2+1
D= =1-A-1=-1
1
1 A+1 5
D, = =1-2A"-31-1=-A(21+3)
22+1 1
1
D, = =2A+1-1=2A4.
TN 2241
Emopévag

e Av A # 0, 16te D %0 xou dpa 1o svompo (1) £xet povadikn Aven tv:

D D,
x=—"2=22+3, y=—"2=-2.
D D

H Mon avt givar Avon 1ov $006vTog GLGTHUATOG, AV Kol LOVO o emaAnBgdet
Kot TV TpdT™ e&icwon avtov, dnAadn av kot pévo av 1oyveL:

A+DQRA+3)+(2)=A+1 = 247 +34+21+3-2=1+1
S 207 +44 =0
<:>2/’L(A+2)=O
< A=-2a9ob A =0.
Enopévacg,

o) Av A =—2, 10T€ T0 GVOTN O £XEL Lovadikn Avon v (X,Y) = (-1, -2), evd
B)Av A #0,—2,10T€ TO GVOTNHO Eivar adHVaATO.

e Av A =0, 101 T0 GUGTN A YPAPETOL:

x+y=1
x+y=leox+y=1y=1-x
x+y=1

Kot apa €yl dnelpeg AOGELG TNG LOPPNG
(x,1-x), xeR.

Xyo6rr0: To mapamdveo couotnuo propel va Avbel kot og eERG:
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Av mtpocBécovpie kKatd pEAN Tig dvo mpmteg e€lomaoslg Ppiokovpe (4 +2)X + (4
+2)y=4+2.
A+2)x+(A+2)y=1+2
Emopévag 1o cvuotnuo yivetal x+(A+2)y=1
X +y=21+1

® Av A # —2, T61€ T0 GUGTN LA YPAPETOL:

X +y=1

x+(A+Dhy=1

X +y=21+1
omoTE
—av 2A+1#1 nrad av A =0, To chotpa glvor addvarto.
—av2l+1=10dmradn av i =0, 10 cuotnuo £xet drepo TAnbog Acemv TG
nopeng (1-y,y), y R.

—v =1
® Av 1 =—2, 10 choTnUa YpapeTaL Y Kot £xel LOVOSIKT Avon TV
1,-2). x+y=-3

ii) Avvovpe to choTnH

2

2x—y=-A
x—-y =21

g Ing kot 3ng e&lomong kot e€gtalovpe av 1 Adomn tov emaAndevet kot T 2n
eklomon. Eyovpe:

2 -1
D= =-2+4+1=-1#0
S |
D, = =A+A=21 xou
’ A =1
2 -4
D = =24+ =31.
| A

Emopévag 1o suotnua (2) £xet povadikni Avon tov

D D
Ry S VY
D Y=D

| 56 |



H Mon avt givar Mvom kot Tov 00£vTog GueTHATOG, av Kot Povo av emaindgdet
ko T 21 e&iowon, dnAadn av Kot poévo av 1oy dEL:

AM22)+(-31)+5=0= 21" -31+5=0
S22 +31-5=0

-3+
S A= 317
4
-5
A=—MnNi=1
< > 1

Enopévac,
-5 . . A
a)Av A= PR T6TE TO CHOTNUA EYXEL LOVADIKT ADGT TNV
15
x,y)=|5—
(x,y) [ > j
B) Av 4 =1, 161¢ 10 GVOTNUA £YEL LOVAIIKN ADoN TNV

(x,y)=(-2,-3).

-5
Y)Av A # 7 ,1, 101€ 10 OO Elvor adOvarTo.

7.1) 'Exovpe:

2x -3y AX
= =
x=2y Ay

2x-3y=Ax
=
x=2y=2Ay
2-1 -3y=0
x—2+A)y=0

Emopévac, vrapyet un undevikdg mivakag X mov va tkavonotel v AX = AX,
av kat povo av to cvotnua (1) éxet kot pn undevikég Aoelg, mov cupPaivet
oV Kol Lovo o

2—-A

-3
: —(2+A)‘:0©_(2_A)(2+l)+3:0
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S AP -1=0
S i=1qi=-1.
ii) a4 =1 10 cvotua (1) ypdoetat:

{x—3y=0

<Sx-3y=0x=3
x-3y=0 d 7

Kot EMOPEVOG €xEL Amelpeg AVGELS TNG LOPPNG
3
3y, V), y eR, ondte X ={ y}, y eR.
y

o [0 A =—1 10 ovotnpa (1) yphpetan
{3x—3y =0

Sx-y=0x=y
x —y=0

Kot EMOPHEVOG €xEL AmEPEG ADGELS TNG LOPPNG

(v,Y), y eR, onote X ={ﬂ yeR.

I'ENIKEX AXKHXEIX (I'" OMAAAY)

1. i)’Eyovpe:

ADAG) = GLVX —npx}[covy —nuy}

| nux ocuvvx || mw cvvy
_[ouvxouvy —muxnuy - cuvXNuy —npXGLVY
| NHXGUVY + GUVXNHY — —NUXNUY + GLVXGULVY

_[oovx+y) —nu(Hy)} _ Ax+y)
nu(x+y)  cuv(x+y) '

i) A6 T0 TPMTO EPMOTNLA Y10 Y = — X, TOIPVOLLE:
AXA(X) = 4(0)

AR)AEX) = 1, dpo (AX)) " = A(-X)
iii) Eoto P 0 1oyvpiopds nov 6EAovpe va amodeiovpLe.
® O 16VPIG OGS VTS 1oYVEL, TPOPUVDS, Yo v = 1.
® Ou amodeifovpe Tdpa 011, av 0 P givar adnbng, dnhadn av wydet [A(X)]
= A(vx), 10te Ba givar aAndng ko o P, dnhadn 6t Ba toydel

[ACO]™ = A((v+ 1x).

v
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TENIKEX AXKHZEIX " OMAAAX

[pdypati:
[AG)]™ = [AX)]" A(X) = A(vx) A(X)
= A(vx +X) = A((v + 1)x).
Apa, 0 1oyvpiopog P ainbedet yuo kdbe v e N*.

2.1)'Eyovpe:
(0 1 o]0 1 0] [0 0 1]
M?*=M-M=|0 0 0 0 1|=|0 0 O
0 0 0fl0 0 O 0 0 O

(=)

()

—
S O
o =
—_— O
I
(=R
[
S O

M*=M>M=|0 0 0

Tov=3eivau M>=0.

MNov>3, v M =M =MM"3=0M"=0.

Apa M'=0ywkdbe v e N, pev > 3.

ii) AB=(@M’>+aM +a(c-1DM?> —oM +1]

=’ (a-DM*-a’M* +aM’ + o’ (a - 1)M’ =’ M’ +aM +a(a-1)M* —aM +1
=aM’*-a’M*+oM +a(a-DM?* —oaM +1
=a(l-a)M* +aM +oa(a-1)M* —aM +1 =1.

Apa AB = I, covenmg B = A.

3.1)'Eyovpe:

_{—1 0}_{1 0}_4
0 -1 0 1
ii) Av A= ol + fpJxor B =yl + 8J, 101¢
A+B=aol+pJ+y[+]=(a+y)+(F+5)J,
dnrodn
A+B=xl+yJ,0movx=a+y,y=+0
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- A-B=(al + BI)y-(I + 0J) = oyl + ald] + BIyI + BIST
= aylP + adlJ + PyJI + POF
= ayl + adJ + ByJ — Bol, (apod J* =—1)
= (ay — ) + (ad + fy)d.

Apa

AB =xI+YJ, 6mov X=oay— o,y =ad + fBy.
L a 0 0 B a B . .
ii1) 'Eyovpe of + fJ = + = , 0mOTE 0 Tivokag al +
0 « - 0 -8B«
B

=a’+p*#0.

SJ avtictpépetot povo otav D = ‘

4. Av givan |O—M | = p, Tt AOY® cvppetpiog Oa eivor Kot |(W | = p.'Eyxovpe:
X = povvl
y=pmuo
X'= poov(2p —0)
= (povvl)ovv2e +(pnuomu2e
= XGLV2( + yNU2¢p
y'= pnu2p-0)
= (povvOu2e —(pnub)ovv2e
= xNuU2¢ — youv2p.

Anadn
[X’} B |:GUV2(/) nu&p}{x}
y'] [ nu2e -ovve ||y ]

Apa, 1) GUUUETPIO OC TTPOG AEOVA TNV €VOEiN & EIVOL YPOULUKOG LETACYTLOTIONOG

cLV2¢p an(p}

He Tivako tov A = {
nu2g —ocuv2e
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Av, tdpa, otov Tivaka A Bécovpe:
1 0
® ¢ =0, B mépovpe TOV TiVaKQ {0 J OV
GUUUETPLOG G TTPOG TOV GEOVA TV X.
L , -1 0
® ¢ =—, Oo mhpovye TOV TiVaKQ
4 5 povu 0 1

NG GUUUETPLOG MG TTPOG TOV AEOVA TV Y.

YPOLLLUKCOD LETAGYTLOTIGHLO TNG

TOV YPOUULKOD UETACYTLOTIGHLOV

0 1
o= %, Ba napovpe Tov Tivoka [1 0} NG OVUUETPIOG WG TTPOG TNV gVBeiaL Y =X.

-1

RV , ,
® (= ik B mapovpe ToV Tivaka )

mpog v evbela y =—X.

0
1

1
0

-

} NG GLUUETPIOG MG

5."Eoto M(x,,y,) kot M_(X,.y,) 500 onueio Tov emmédov Ta. omoio pe Tov Ypoppikd

petacynuotiopd T xovv v idia etcdva, dniad
ot To onpeia vt Tawtilovton.

|

Ipdrypat, £xovpe:

MM

’
x, a

»

X

Y

a p
y O

X

Y1

B
y O

!
1

Mk
J=[H

M 1oy0eL

|

}. Oa deiéovpe

|

Xy

Y2

X

N

Xy

Y2

o
apov 0 TVOKoG { 5 OVTIOTPEPETAL AP, X =X, Koty =VY,.
/4

Enopévag o petaoynpatiopog 7 etvor 1-1.

[«

i) Avvoope v g&icwon x' = ﬁ}{x}
L' Ly oLy
a B_l_x'___a BT [«
L 5} ] Ly 5} [y
oa B 71_x'___x
L 5} _y’___y}
x| [a B “x
L__ y 5} L

WG TPOG {x} ."Exovpe dradoyikd:
y

I’

X

y

B
5



TENIKEX AZKHZEIX " OMAAAX

Emopévoc, o aviiotpopog petacynuoatiopos tov 7 givotl 0 HETACKNUATIGUOG

L[ e B[R] , a B ,
T : | |= 5 UE TVOKO TOV aVTIGTPOPO TOV sl dniadn tov
y 14 4

y
5 -
mivaka i{ ﬁ}, omov D = ad — fy.
D|-y a
iii)
, MMivaxog Tov IMivakog Tov
Tpapupd CPUKOY avTicTPoPoL Ypappikov
NETAGYNNOTICNOG TPORR i pogov ypapp ;
URETAGYNLATICHOD UETUGYNNOTIOROD
® Typuetpio pe kévipo -1 0 -1 0
ovppetpiog o O 0 -1 0 -1
® Yyupetpio ¢ Tpog 1 0 1) -1 0 _ 1 0
Tov GEova xx 0 -1 0 1 0 -1
® Yyupetpio og Tpog -1 0 1) I 0 _ -1 0
Tov aéova y'y 0 1 0 -1 0 1
® Yvupetpio og mpog 0 1 1) 0 -1 _ 0 1
v gvbeioy = X 1 0 -1 0 1 0
® S1po1| pe kévipo O cuvl —-nmuo cuvl  nub
Kot yovia 8 nueo covvl -nué  covo
® Opotobeoio pe 1 0
. . A0 1{A O A
kévtpo O kot Adyo — =
120 0 2 A0 A 0 1
A

6. H opifovca tov cuotiuatog sivar:

1 1 1
[24 B 2 2
D=|a B 0= 2 2=O‘IB —a’f=-afa-p)
aZ ﬂZ 0

Emopévag
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® Av o # 3,101 B givan D # 0 (apo¥ a, f # 0) kot dpa 7o opoyevég cOOTN A
Ba éxer povadikn Moon v (0,0,0).
® Av o = f3, T0TE TO GLGTN LA YPAPETOL:

x+y+z=0 x+y+z=0

ax +ay=0 <3x+y=0 ,apov a#0

a’x+a’y=0 x+y=0

x+y+z=0 z=0
& = .
x+y=0 xX=-y
Apa 10 OpLOYEVEG GUGTN LA £XEL ATELPO TANOOG ADGEDV TG LOPPONS
(=»,3,0), yeR.
7. H opilovca tov cuotiuotog sivat:
1 1 1

D=nuae ovva 1

nw'a oovia 1
cvva I mpa 1

nw'a 1

nua  ocvva

ocovia 1 nw'a ocuovia

=ouva — ovvia —nua + pla + quoacvvia —nuplacvva

= (cvva —mpa) - (cuvia —np’a) + nuacvva(cvva —Mua)

=(ouva —nua)[l-(cvova +Mua) + nuacovva]

=(ovva —nua)[(l-ocvva)—nua(l-ocvva)]

= (ovva —npa)(1 - npa)(1 - ovva).
Enopévag
e Av nua #1, cuva #1 kot nua # cvva, dniadn ov a =0, %, %, tote D#0
Ko poL TO 0poyevEG suotnua éxet povadikn Aen v (0,0,0).

T

® Av a = —, 101€ T0 GOOTNUO YPAPETOL:
X+y+w0=0
X +o=0< {
x +o=0

y=0

X=—-0
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Kot pa Exel dnelpeg AOGELG TNG LOPPNG
(~0,0,0), weR.

e Av g =0, T6TE TO GVLOTN LA YPAPETOL:

x+y+0=0
x=0
y+o=0
y=-o
y+o=0

Kot dpa €yl dnelpeg AOGELG TG LOPPNG
0,-0,0), weR

/4
e Téhocava = Z, ToTE TO CVOTNUA YPAPETAL:

X +y+0=0

gx+%y+a)=0<:> \/§x+\/§y+2a)=0
X +y+20=0

1 1

—x +—y+o=0

2 2

X +y+0=0

x+y +0=0
= x+y+\/§a):0.
x+y +20=0

Av apaipécovpie Kotd PéAn Tig 0o mpmteg e&lodoels, fpiockovpe @ =0, omodTe X
+ ¥ =0 kot dpa X =— Y. Enopévmg, 1o cuotnpa €xet dreipo tAnbog Avcewv g
popens (-»,¥,0), yeR.

8. Iaipvovpe Tig evbeieg &, £, kar &, avd 500 kar oynpatiCovpe 1o GLOTANATOL:

gix+y =1 |[g: x+y=1 £, Xx+y=K
, Ko .
& ix+y=K |&:Kx+y=1 g ikx+y=1

1 j
=1-«x
K

To cvompoto avtd £xovv opilovoeg:

1j 1
:0’
1

i‘:l—x Kot
K
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AVTIOTOY®G. AlaKPIVOLLE TOPO HVO TEPMTAOCELS:

® Av k = 1, T0TE T0. GLOTNLATO YPAPOVTAL:

{s] x+y=1 {sl x+y=1 o {62:x+y:1

82:x+y:1’ 83:x+y=l 53;x+y=1'

Emopévac, ot tpeig evbeieg ovpmintovv ko 1 e&iocwor| Tovg eivor X +y = 1.
® Av k # 1 161€ T0 TPAOTO GVGTNHA glvol adVvarTo, EVA TO GALA V0 Eyovv aKpB®S
por Aoon. Avtd onpaivet 6L ot evbeieg &, &, eivan TaparAnieg kaun &, Tig TEUVEL

, , , Ay-o=0 )
9. H opilovca Tov opoyevohc GUGTHOTOG Y 0 g 2ng ko 31 e&icwong
+ Ao =
A - 1‘

glvar fon pe =217 +1# 0. Enopévog, To GHGTNHO auTo £YEL HOVASIKY

Moon mv (y,) = (0,0).
Av avTIKOTOOTAGOVLE TN ADGT 0VTH 0TV TPAOTN £EI0MOOT|, EYOVLLE:

(A-1x=0
y=0 (1)
w=0

Awkpivovpe Tdpa 500 TEPIMTAOCELS:
o Av 1 =1, 10te M e&icmon (1) £xel povadkn Adon v X = 0 Kol ETOUEVOS TO
ovoTnpo £xEL T povadikn Aen (X,Y,®) = (0,0,0).
o Av 1 =1, 16te 1 e€icwon (1) oAnBedet yia kébe X € R kot emopévmg o cuotnpa
€xel anelpeg AOGELG TNG LOPONG

(x,0,0), xeR.

10."Eyovpe
3 —aflx X Ix—ay Ax
AX =1X & =2 = —
a -1y y oax —y Ay
{3x—(xy:ix {(3—),)x—ay:0
= =

B B @)
ax —y=A>Ay ax —(A+1)y=0.

Enedn (x,Y) # (0,0), to opoyevég shotnuo (1) éxet ko pn pundevikég Moeig,
Emopévag Ba woyvet:
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3-2 -a
a —(A+1)

D=

‘:0<:>—(3—l)(l+1)+a2 =0 A7 —20+a’-3=0.

Apa o mpaypoatikog optBpog A etvar pila g e&icmong
£—2t+(a’-3)=0.
Emopévag, Oa 1oydst A > 0. Onwg A =4 — 4(a? - 3), onodte
A20<4-4(a’-3)20
Sl-a’+320
sa’<4

& -2<a<2.

11. 1) 'Exovpe

2 3

D= =4-3=1%0
1 2
SA+4 3

D, = =(10A+8)—(9L+6)=A+2 Kot
3A+2 2
2 5A+4

D, = =(6A+4)—(51+4)=A.

TN 34+2

Emopévac, to chomua éxet povadikn Aven v

D D
= X =},+2’ =—y=l 2
x=7 Y= 2
i) Or e&ilomoelg
20243t —(5A+4)=0xar > +2t—(34+2)=0

&xovv kown pila, av kot pdvo av vépyet p € R této10g, doTE VoL IoYvEL:

2p° +3p—(5),+4):0<:> 2p° +3p=51+4
P +2p-(B1+2)=0 pr+2p=31+2

mov cupPaivet, av kot pdvo av to {edyog (p% p) sivar  povadikny Ao Tov
oLOTHHOTOG (X), SNAadn, av Kot LOVO OV 1oYvEL
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{p2=l+2 {zz—z—zzo
=

p =4 p=4
{1:-1,{1:2
& il .
p:—l p:2

Emopévac, ot e&lomaelg £xovv ko pila o0tav 4 =—1 (1 kown pila eivain p
=—1)1 4 =2 (n xown pila etvoun p =2).

B’ Tpomog: Av p kowvn pila tov e§lcdoewvy, TOTE Ao TNV TpdT e&icmon

? -4 242p-2
£yovpe: % = A ka1 anod ™ devTEpn P TopP=o_y.
2p°+3p—4 p*+2p-2
Emopévag P 5 p=r_P 3p a7’ OOV TPOKVLATOVY (G KOWVES Pileg
otp, =—1,p, =2 kon ot avticToyes TIHEG TOV 4, 0L A, =— 1 kKo 4, = 2.
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KE®AAAIO 2

MITAAIKOI APIOMOI

2.1 ko 2.2 A" OMAAAX

1."Eyovpe z = (24 + 3) + (6 — A)i, ondte:
a) O z etvon wparypLatids, av Kot povo av 6 —4 =0, SnAadn i =6

3
B) O z eivar povTaoTikog, ov kot povo av 24+ 3 =0, dniadn A = 5

2. o) Eivau:
. . x+y =3
(x+y)+(x-y)i=3-i= B l<i>()c,y)=(1,2)
B) Eivau:
2 — =
B rx—64 (== 24ic V¥ T¥76=2 (1)
x*=3=1
Ouwg:

X -3=leoxX =4 x=2 AX=-2.

Apo X =—2, apov amo TG AVoELS avTég Hovo 1 X =—2 gnaindedel kot v (1).

v) Eivau:

. ) 3x+2y=9 xX=—
9-27i=CBx+2y)—yi < = 3
27=y

45

=TT e ()= (215,27).
y=27
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3.

4. a) Eivaw z = 0 + yi. Apa, ot ewcdveg Tov Z gival ta onueioa M(0, y), dnradn o
onpeia Tov dEova y'y.
B) Eivar z = X + 0i. Apa, ot 1koéveg Tov Z givar ta onpeio M(X,0), dniadn to
onpeia Tov d&ova x'x.
v) Etvan z =X + Xi. Apa, ot ewcdveg tov Z givon o onpeia M(X, X), dnAadh to onueio
g evBeiag Y = X, Tov givat dyyotdpog ™ Ing kot 3ng yoviag tov a&ovov.

5.0) (—4+60)+(7T-20)=(4+7)+(6—2)i=3+4i
B)(3-2i)—(6+4i)=(3-6)+(-2—4)i=—3—6i
V) (B+4i)+(-8-7)+(5+31)=B3-8+5)+(4-7+3)i=0+0i=0
8) (3 + 2i)(4 + 5i) = 3-4+3-5i + 4-2i + 2:517 = 12 — 10 +15i +8i =2 + 23i
€) 3i(6 +1i) = 3:6i + 317 =— 3 + 18i

o1) (4+3i)4-3i)=4*—(Bi)’=16-92=16-9(-1)= 16 +9=25

QiIG+NR2-)=i(6-3i+2i-)=i6+1-i)=7i—i?=1+7i.
AR ol MR S B S B Y

I-i (A-Da+i) 1-i* 1+1 2 2
Byi=i*P=1(-1)=—1=—1+0i

YE+2i+1=—1+2i+1=0+2i
8) (1+1V3) =1+2iV3+i% 3=1-3+23i =2+ 23

341 (B+1)2+0) _6+i°+51 _5+5i _ 501+10) _

£) - = - = 2 2 -
2—-1 2-D)2+1) 27 —i 4+1 5

1+
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o) 6-ivV2 _(6-iv2)-(1-iv2) _6+2i° -7\2i _6-2-72i NN
1+iV2  (1+iV2)-(1-iv2) 1-2i 1+2 33

7. a) Etvau:
3-20Y —(x+)=x—yi=>9-12i+4i* —x—yi=x—yi
'y Yy y Y

©9-4-x-12i=x < (5-2x)-12i =0

Avt 6pmg givat advvarr, apod o —12 # 0.

141 1-1+2i
B) Eivau ij = —+I =—1. Apa 1 oxéon ypaeeToL:
1- 1-1-2i
“l+—>=1+i —=2+4i
X+iy X+iy
1
Sx+yi=—o
7 2+i
o x+yi="—
oXx==xuy=—
v) Etvau:

(B-2))2x—-iy)-22x—iy)+2i-1= 3-2i))(2x—iy) —2(2x—iy) =—1+2i
& (1-20)Q2x—iy)=—(1-2i)
& 2x—iy=-1

1
< X=—— kuy=0.
5 y

8.a) I +Hi+iI®+P+i*+iP =+ "+ P+ +i2+i=0.
11 1 1 1 1 1 1 11 2

Bty = ot s =——-=—=2L
VS TR TR R S0 S

9. w)laz=-5+T7igivan z =-5-7i
B)Toz=—4-9ieivar z =—4+9i
v) T z = 4i givon z = —4i

S)Twz=11¢ivar Z =11
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glwz=—ielvon z =i
ot)[az=0¢ivan Z = 0.

10. Av M(x,y) givor n eicdvo 6710 pryodikod
EMiMEd0 TOV pyadikov Z = X + i, tote
N €éva Tov Z = x— yi €ivor To onpeio
M (X,~Y), Tov — 2 =—X Vi givar To onpeio
M, (=X, —y) Ko, TEAOG, TOV —Z = —x + yi
givan o onpeio M (—X.y). Etot, pmopovpe
va Todpe Ot
O Z mpokbmtel amd Tov Z e ovppetpio
™G TPOG TOV AEova X'X.
O —Z mpokimTEL amd TOV Z e GVppETpia ®¢ Tpog kEvTpo To O(0,0) kot TéAog:
O —Z 7POKVTTEL OO TOV Z [LE GLUUETPIO MG TPOG TOV GEoval Y'y.

5-9i 5+9i_5-9i +[5—9i
T+4i T—4i T+4i \T+4i
apBpog og aBpotopa 6HVo cLluydV pryadtkdv apludy.

Opoiog 0z -2z, Ba eivor eavtactikos g dlapopd 300 GLLVYOV LIy adIKOY
apldpmv.

11.'Eyovpe: z, +z, = j mov glvol TPOYULOTIKOG

12. Avz =X +Yyi t61¢:
a) z—z=6i>x+yi—-x+yi=6i<=2yi=6i< yi=3i y=3.
Apa, 01 EIKOVEG TV UIyadtk®dv gival ta, onueio g opildvriag evbeiag pe
eklomon y =3.

By =7 o (x+yi) = (x—yi)’
& (x+ i) —(x—yi)’ =0
S (x+yi+x—yi)(x+yi—x+yi)=0
& 2x-2yi=0

&S x=01my=0.

Apa, Ol EIKOVEC TOV LYOSIK®V eivot Ta onpeio Tov 600 a&ovov Y'Y kat X'X.
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2.1ka1 2.2

2 u—

Y  Z'=-z" & (x—yi) =—(x+ i)’
& X+ (yi) = 2xpi = —(x7 + y2i* +2xyi)
o ¥’ -y = 2xyi=—x" +y* —2xyi
< 2(x*=y*)=0
& y=*x.

Apa, 01 EIKOVEG TV ULYOdIKOVY gfvat Tol o1l TV SLYOTOLOV TOV TEGGAPOY
TeETAPTNHOPIQV.
) z=2-zZox+yi=2—(x—yi)
S x+yi=2-x)+yi
{x =2-x
=
Y=y
< x=1yeR
&z =1+ yi.

Apa, 01 EIKOVES TOV Ly dIK®V eivat Ta. oTpeio TG Katakopueng evbeiog X = 1.

+J9— +
13. o) x2—3x+2:0<:>x:¥:%©x:2 Ax=1.

2iZiJ§ _20+i2) .

B) x* —2x+3=0=>x= 3

1+i3

1
y)x+_:]<:>x2+]:x<:>x2—x+1=0<:>x= >
X

14. AoV ot cuvteheoté g e&icmong 2X° + Bx + y = 0 eivan Tpaypoticoi aptdpot
ko pia piCo g givou n 3 + 21, 1 GAAn Ba givar 1 3 — 2i, omdte Oa 1oy deL:

B B
X +X, =—= 6=—=—
L LI 2@{[;:_12
xlxz—Z 13=L 7=26
2 2



2.1ka1 2.2

2.1 ko 2.2 B OMAAAX

a+pi_(a+ By -6i) _(ay+B6)+(By —ad)i Apa
y+8i  (y+8i)y -8i) y*+6° '

1.’Exovpe: z =

ZeR@ﬂy—a&zO@aé—ﬁy:OQ‘a g‘zo.
y

, 1-3-23i  -1-i\f3
2

2.'Eyovpe z 2 , omOTE:
D I S R e e G N R B
2 2 2 2 '
1 1
Apa =—=-1
P -7 -1

3.Eivar  (1+i)° =1-1+2i =2i, onote
-120 -2\10 110 10:10 10:2 10
1+ = ((+i)) =D =2"i" =2"* =2

Ko A=) =1+1)® =(1+i)* =-2"°.

Apa: 1+ -1-D)* =0.

o L1
4.Exovpe A =1i"+i" =i" +— . Emopévag:
i

e Avv=4k, totei’'=1,om0te A=1+1=2
e Avv=4x+ 1,161 " =1, onoTE A=i+l=i—i =0
|

e Avy=4x+2, t0tei"=—1,0m0tc A=—1-1=-2

e Avy=4x+3,t0tei"=—i,om0te A=—i+—=—i+i=0.
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2.1ka1 2.2

5. o) Av z =X + Vi 1018 £qovpe:

Z=z2" o x—yi=(x+yi)’ & x—yi=x"+(yi) +2xyi

& x—yi=x*—y" +2xyi S =y =x)+2x+1)yi=0
{(2x+1)y:0

2X+1=07My=0 1)
&
=y —x=0

X -y’ =x=0 )

1
o Av2x+1=0,onAadn av X = 5> tote 1 (2) yphoetar:

l—y2+——0<:>y =~ o y=t-—
4 2 4 T2
, V3. 1 \3
Apat: Z=——+—i N z=————Ii
2 2 2 2

o Avy =0, 16t M (2) YphopeTor:
X! —-x=0x(x-)=0=x=0 7 x=1.

Apa:z=0 1 z=1.

B) Av z =X + Vi, &yovpe:
Z7=2 @ x—yi=(x+yi) & x—yi=x"+3x>yi+3x(yi)’ + (yi)’

& x—yi=x +3xyi-3xp* - y’i
& x—yi=(x" -3x°)+(3x" —y*)yi

{x3 -3xp* =x {x(x2 -3y’ -1)=0
s

B =y )y=-y G’ -y’ +1)=0
Xx=01 x*-3y’~1=0 (1)
yex =y +1)=0 )

e Av x =0, 10te N (2) YpdoeTat:
yl-y)=0=y=0ny=+L
Apa:z=0fz=inz=—I.
o Av X2 =3y*+1, 161 1 (2) YphoeTon:
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2.1ka1 2.2

YB3RY +D) -y’ +1] < yBy* +4)=0< y=0.
Apax®=1,ométe X =11 X =—1 ko1 enopévegz=1qz=—1.

6. Avz=Xx+Yi, 1018:

£+z_x+yi+x—yi_(x+yi)2+(x—yi)2
zZ z x—yi Xx+yi x* —(yi)’

B X+ (i)’ +2xyi+x7 +(yi)’ —2xyi _ 2(x* = %)

x2 +y2 x2 +y2

263 -5
X2 +y2 B

‘Etot, apkel va amodeiEovpe 0TL -2 < 2. Ipbrypott:

52—y

2 2
X7V g
2, 2 =

X +y

L2<-1< 5
X +y
o ()<t -y <K+’
2 _yz <y _yz
&
x? —y2 <x? +y2
0<2x’
Aad 2
0<2y
7OV 10OV Kot 01 V0. Apo. IoYOEL KoL 1) Py kT STAn avicoTTa.

7. a” Tpbémog:
Eivou (a0 + i) = o — > + 2api =2 xon (B — ai)* = f° — o’ — 208i = — 2. Apa.
(a+Bi)" +(B-ai)’ =((@+pi)}) +((B-aiy) =2 +(-2) =2' ~2* =0.
B’ Tpomog:
Eivon f — ai = — i(a + fi). Emopévag:
(a+ BiY° +(B—ai) = (o + Bi) +i"(a + Bi)" = (a+ Bi)" — (a + Bi) =0.

8. a) Exovpe:
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2.1ka1 2.2
0 z=z2 S x+)yi=x—-yi2yi=0y=0<zeR

0 7= x+yi=—x+yi < 2x=0 x=0< z QOvVIOOTIKOG

B) Apxel va detéovpe 611 U = U ko V =—V. Enedn) Z, = — kar Z, = — Ba eivan
Zl ZZ
1. 1 z+z
e Ath _ & % _ nzh _ntn
1+EIEZ 1 ii lez +1 1+2122
Zl 22 ZIZZ
1 1 2=z
oV — LT5 A 5 _ 45 :_(Zl_zz)z_v
1+2z 1+ii 25+l 1+zz
Zl ZZ ZIZZ
, P X . .
9.0) Eotw z=Xx+VYi. Tote —=———— 2y > i . Emopévac:
z X4y x4y
1
Re| z+—|=5Re(z) & x+———=5x
z X +y
1 , 1
Sx|l5——-4|=0x=01 5—==4
X“+y X +y

2
<:>X:Oﬁx2+y2=(5J .

Apa, 0 YEOUETPIKOG TOTOG eivat 0 AEovag )’y pe eaipeon to onpeio O(0,0) kot

0 KOKAOG e kévtpo O(0,0) kot axtiva, p = — .

B) Eyovpe:
1 y
Im| z+—|=-3Im(z) & y————5=-3y
z X' +y
edy-—2 =0
X +y




S y=01 =4

x*+y°

1 2
oSy=0Mx"+)° :(Ej .
Apa, 0 YEOUETPIKOG TOTOG givar o dEovag XX pe e&aipeon to onpeio O(0,0) kot

1
0 KOKAOG e kévtpo O(0,0) kot axtiva p = 5

2.3 A" OMAAAX
1.’Eyovpe:

=P +1° =\/§:|l—i|,o«pof) |Z|=|7|

i| =37 +47 =25 =5=[3-4i|

o |-5i[ = y0* +(-5)* =25 =5

|l+||
]

. |_4|:4 1+|

=1, apod [L+i| =[1-i|
o la-iy2-a+i) |:|1—i| i =427 V2 =222 =20 =38
—i)- (1 20)] =2 =i 120 = 22 + (1) NP 427 =55 =45 =5

|3+||:|3+I| V3R +1? V10 \/_
ey [4-3i 42+ 3y N

2.'Eyovpe
iy =[1+if =v2 =2

(Hijz i (P
‘N II=— = - =1"=1
1-i 1-i [1-i|
N\ 2
' (ﬂjz LT f U R
1+i 1+i [1+i]
A a ’ _|/1+y| |/1+y|| o
A—pi _|Z,—u| |), yl| o
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3. a) 'Exoupe
|zz|:zz<:>|z|2:22<:>27:22c>z(7—z):0
&71=0M7Z=7 <1zeR

B) a” Tpomog:
Av |Z —]4 = 2,161 0 Z BaL elvat pn apvnTIKOG TPOYLOTIKOS, oD TETOLOG Elval
ko1 0 |2—1|. Emopévag ba etvar z =X, X > 0, omdte Ha £xovpe:
lz-]=ze|x-1=x
&S x-1=x1n Xx-1=-x
1
S X=—.
2
Apa, Z= !
pa, 5

B’ tpomog:
Avz=X+YVi, tote:

|z—l|:zc>|(x—l)+yi|=x+yi®\/(x—l)z+y2:x+yi

1

:{\/(x—l)2+y2=x {|x—l|=x x=2

y=0 y=0 y=0
1
Apo, Z=—.
pa., Z 5

v) @’ Tpbémog:
Av |z + i| =27,10t€ 0 2Z Ba givor pun apyntikds mpaypotikdc. Emopévog Oa
gtvonz =X, X > 0, omote Ba Eyovpe:

|z+i|:22<:>|x+i|:2x<:> XHl=2xx*+1=4x"
2 2 1 3 ,
S3X =lexX :§<:>X:T,0L(p01)X20

Apa, = ?

B’ tpomog:
Onwg o B’ tpdmOg g Mepintmong 3B).
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4.0) Av |z| =1, 167€ 0 Z B anéyer omd 0 O(0,0) améoTaon fon pe 1. Apa, 0 Z Oa
Bpioketon og KbKAO KEVTpov O Kar akTivag p = 1, 0 omoiog éxet eéicwon X2 +
y2=1.

B) Av|z—i| =1, 0z B anéyer amd Tov pryadd i (nhadn and to onueio K(0,1))
andotacn otabepn) ion pe 1. Apa, o Z Ba Ppioketar o KOKAO kévrpov K(0,1)
Ko akTivag p = 1, 0 omoiog éxet eicoon: X2 + (Y — 1) = 1.

y) Opoiwg, av |z +1+2i| =3, dnhadf av |z —(~1-2i)| =3, 161 0 Z Oa améyer
and tov pryadikd — 1 —2i amdotacn ion pe 3. Apa o Z Oa Bpicketol og kKOKAO
kévipov K(—1, -2) ko axtivag p = 3 o omoiog xet e€icwon (X + 1)° + (y +2)*=9.

8) Av1<|z| <2, t61¢ 0 2 Bar Bpioketan petald oV KOKA®VY pe kévrpo o O(0,0)
Kot oktivegp =1 karp, = 2.

€) Av |Z| > 2, 16te 0 Z Ba PpiokeTor oto eEMTEPIKS TOV KVKAOL KEVTpOL O(0,0)
KoL AKTIVOG p = 2 1 TAV® GTOV KOKAO 0VTO.
5. a) 'Exouvpe
|z+1]=|z-2i] & |z—(-D)| =|z-2i].

Apa, 01 ATOGTAGELG TOV UIyadtko Z amd Tovg pryadikovg — 1 + 0i ko 0 + 2i,
dnrodn amod ta onpeio A(-1,0) ko B(0,2) eivon ioeg. Emopévac o z Oo aviicet
oTN LEcOKAOETO TOV TUNOTOG AB.

B) Exovue
|z—i| > |z+1| = |z—i| > |z—(—l)|.
Enopévag, n ardotacn tov pyadikod z and tov i, sivan peyaivtepn amd v
andotoct Tov omd Tov pryadikd — 1 + 0i. Apo o z Oo Bpicketar 6To Npueninedo

mov opiletat amd T pecorddeto Tov AB Kot and 10 onueio B, 6mov A ko B
ta onpueia pe cvvretaypéveg (0,1) kat (—1,0) avtictoiymc.

o] = L] [l+x] 1+
P B x+i|_ |x+i| _\/x2+1

M tov z Ba Bpioketar oTov KOKAO pe k€vtpo O kot axtiva p = 1.

=1. Apo¥ |Z| =1, 7 ewodva

1+
6. Eyovpe z =
X+
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7. Amd v 1ot |z — 4i] = 2 Tpokintel 611N andoToon
0V M(2) amd o onpeio K(0,4) sivar otabepr| kat ion pe
2. Emopévag 1o M avikel o€ kKo pe kévipo K(0,4)
Kot oktivo p = 2.

Sopeova pe vy gpoppoyn 2 (ogk. 199), o pryadicdg
pe 1o eEAGLTO péTpO Elvaro z, = 2i ko 0 pryadikog pe
TO MEYIOTO PETPO £fvon 0 Z, = 6i.

8. Eivau:

|w—1| =|ZZ| P |w—l| =2|z| <:>|w—1| =2.

Apa, o1 elkdveg TOL W avijkovv og KOKAO pe kévtpo to onpeio K(1,0) kot axtiva
p=2.

9. a” Tpoémog:

Botwz =x +yikmz, =x +yi Tote:

zl+22:(x1+x2)+(yl+y2)| Kol zlfzzz(xlfxz)Jr(ylfyz)l.
Apo:
2 2
|z1 +zz| +|Z1 —zz| =(x +x2)2 +(y +y2)2 +(x, —x2)2 +(y —yz)2
=2(x2 + )+ 22 + ) =2z ] 2z
B’ Tpbémog:
‘Exovpe:

2 2 - - - -
|Z]+22| +|ZI_22| :(Z]+22)(Zl+ZZ)+(ZI_ZZ)(ZI_ZZ)



23 B OMAAAX

1. Avz =X +Yi, to1¢:
V2|2 =23+ =20 + 17 xan [Re(2)]+[1m(z)] =[] + ]3]
Apa:

V22| 2 [Re(2)| +[Im(2)] = 207 +»*) = [x| +]]
= 2(x2 +y2) > x? +y2 +2|x||y|
SxPryt > 2|x||y|
&+ =20l 20
& (D) 20,
TOL 1G)VEL.
2."Eyovpe T1G 1000vVapiES: W QavVTAOTIKOG <> W = —W
71 z-1
7+1  z+1
SEZ-D)z+)=—(z-1)(7+1))
SIIZ+7T-1-1=-17-72+7+1
S217=2 o17=1
o7 =1 o7=1.
3."Eyovpe t1g 1oodvvapiec: weR <@ w=w
_ 1 1
ST+—=1+—
z z
&7 1+1=7"+1
& 1Z(7-2)-(Z-2)=0
& (22-1)(7-2)=0
SZ=117=12

olzl=11 zeR.

4."Eyovpe TIG 160dVVOUIES: W QaVTAGTIKOG <> W = —W

z—ai  —(z+ai)

—iz+a iz+ao
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Sizz+az+az-ali=izz—az-az—a’i
<207 =-2az
& 7 =-1 < Z QOVIOoTIKOG
5. Av z = X + Vi, ene1df 1 €1KOVa TOL Z avikel 6Tov KOKAO kévtpov O(0,0) kot oxtivag
1, 0a eivar [z| =1 1, 16odvvapa, X* +y* = 1. Enropévas, O £ ovpe:
|2z—i| 22— [2x+(Q2y-1)i]
|W| - iz+2| B |iz+2| B |(—y+2)+xi|

A Q17 A 4y —dy ]
\/(2—)/)2+x2 \/4+y2—4y+x2

AR ) -4yl A T4yl

JoP ey —dprd  Jl-dy+4

6. Eyovpe:
2z-1=|z-2| & 22-1] =|z-2[
S Qz-DR7-1)=(z2-2)(7-2)
S 477 -271-27+1=77-27-27+4
©377=3<177=1
sl =1e(]=1
Apa, 1 EIKOVE TOV Z OVIIKEL GTO LOVOILAio KUKAO.

7."Eyxovpe:
A=(1+2)1+2)+(1-2)(1-7)

=l+z2+7+727+1-2-7+12

=2(1+122)

=2(1+[ef') =2-2=4.
Av M, K xar A givor ot IKOVEG TV LUYOSIK®V
z,— 1 ko 1, avtiotoiymg, Tote Oa givar:
1+2]" = MK?, |1-2|" = MA® xon4=KA2
Emopévag, n 106t ta |1 + Z|2 + |1 - Z|2 =4 nov
amodeifapie, YpaQeToL

MEK? + MA* = KA,
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TIOL oNpoivel 0Tt 1o Tpiyvo MKA givat opfoydvio 6to M. AvTd NTav AVOUEVOLEVO,
0oV t0 M givar onpeio Tov povadiaiov kKokiov kot 1 K4 S1dpuetpog avtov.

8. @ Avz=x+Yi, 10t¢ Oa Eovpe:
|z+1] = |z +4i| < |(x+ D)+ yi| =[x+ (y +4)]]
Sx+1)+y =" +(y+4)
& 2x+1=8y+16

oyt B
YT Ty
Apa, 0 {nTtodEVOG YEOUETPIKOG TOTOG

gtvau 1 gvBeia & 1 x— E
i YT
e To {ntovpevo onueio givat To {yvog g Kabétov and v apyn O oy e. H

Kka0eTog oV €xel eElomon Y = — 4X KoL ETOUEVMS O GUVTETOYLEVEG TOV GTLLEIOV

y=—4x
TOUNG TG pe TV € Ppioketot amd T AGN TOV GLGTHLTOG 1 15, TOL
15 60 Y=g
giva o Cevyo — .
Cebyog [34 34)

9. Eoto z =x +y ikaiz, =X +Y i Exewdn to onueio M, xwveitan otov kbkro X2
+y? =4 Qo 1oy0et
X\ +y; =16. (1)

. . 4 .
Emopévaog, nwémra 2, =z, + 7 YPAPETAL SO0 IKAL:
1

X, + Vi =x +yi+

X, +yi
Xy + Vo0 =X+ yi+ (21 i)
x4y
X+ pi=x, +yli+4(xll—_6yli) (Moyo g (1))
x2+yzl—xl+ylz+%—%l
x2+y21—5x 31‘
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5% 3
Emopévag, X, = T‘ KoL Y, = 2% , OmOTE

4%, 4Y,

XIZT Ko y1:_

2
3 2
Avtikafiotodpe TIC TYEG 0VTEG TMV X, Koy, otmv (1) kou &yovpe:
4x, Y (4y,Y 16x2 16y° 2oy
o) (2] e 0 10 g Ny
5 3 25 9 25 9

Apa, 0 onpeio M, kveitar oy EMAenym pe peydro aova 2a = 10 ko eotieg
E'(-4,0), E(4,0).

10. o) 'Exovpe |Z|=1<:>|Z|2 =le Zf=1<:>7=1

z
B) Amo Tig 160mteg [z,| =|2,| =z, =... =|z.| =1 éxovpe
N Bt
1_21’2_22’3_23’ ’K_ZK
, 1 1 - - -
Apa |—+—+..+—|=|Z + 7, +..+ T ]
Zl ZZ ZK
=|21+Zz+~-+ZK
=|z, + 2, +...+ 7| (agod |7| =|zZ]).
2.4 A" OMAAAX
1.’Exovpe 1
- GUV@ZE
a)p:«l12+(\/§) =4 =2 xu .

nuo =

Sibo

Apa éva oplopa givorto 6 = % . Emopévog:

1+4/3i = 2(00v%+inp%j
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- ocuvl =
B) p= 12+(—\/§) =J4=2 xat

nuo =-

N|§“'H

Apa éva opopa gtvor to 6 = —% . Emopévac:

=5 )

- c5\)v0=—l
Y) p= (—1)2+(—\/§) =J4 =2 kot i
nu9=—7

4
Apa éva opopa etvorto 6 =7 +% = ?ﬂ Enmopévac:

—1-+3i :2(GUV4Tﬂ+ir|u4Tﬂj.

cuvl —_—1
2

8) p = (—1)2+(\B)2 =2kt
nuo =

N|§‘

2
Apa éva oplopa givorto 6 =7 —% = Tﬂ . Emopévog:

“1+4f3i = (covTﬂnuzTﬁj

¢) Eivau: 4 =4-1 = (cuv0 + inu0).

o1) Eivat: — 4 = 4(ovvr + inun).

2. a) 4(cuvvl5” +inul5’)-6(cvv30’ +inu30’) = 24(cuv45” +inuds’)
- 24(%+§J =1242 +1242i
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T R4 In . .
5| cov—+i 2| cov—+Ii =10 cov +1 =10(0+11) =101
B) ( g nugj [ g nug) [ 5 ”“2] (0+1i)

)cuv2—+| Ea GV 3—+| 3z llcov5—+| 5
v 10 ™Mo LY 0 T 10 ™M

T, T . .
=ovv—+iInu—=0+i-1=1.
o TR

3.’Exovpe:
25(o0VI60 +IMUI60) 5 e in 60y = 5 1,3 5 5V3.
5(cuv100° +inul00°) 2 2 ] 2 2
6 GUVS +1i ST
6 " ston) . (St o«
B) =6| cuv| ——— |+inu| ———
T, T 6 3 6 3
oLV —+inu=

T T . .
=6| cov—+Inu— |=6-0+6-1-1=06I
( 2 ”“2J

7(cvv130° +inul307) —l . c
14(cuv(=20°) +inu(=20°)) Z(GUV(ISO )+inu(1507))

1[_£+i1]: B

20 2 2 4 a4

V)

4 4
4. A6 to Bedpnpa de Moivre éyovpe:
) (2(cLv20° +inu20°))’ =2°(cuv(3-20") +inu(3-20%))

:8(00\/60"+inu60°):8[%+§i]:4+4\/§i
St 5 s 5 .
B) (3(GUVT+””IHT”D =3 [GUV(&Tﬂanu[&STﬂD
=3*(ovv(5-2m) +inu(5-2m))=3*(1+i-0) =3°

7) (cw(—%} im{_%D = GUV(—47) +inu(-4r) = 1.

| 87 |



1+i N2 2 T

5. Eyoope —=—+i—= Govz+inp% .Apa

V22 2

[ﬂj(, (GUVE-H £j6—cuv(—3—ﬂj+i (—31)_4(_1)_i
V2 PRy 2 )™M )T o

1+i\/§

2

6.Av z =

. T . T,
, 10T z = oLV —+inu—.Apa:
3 3
22 — Guy (2000 %) +in u(zooo%)

= GUV(333-277.’+2?ﬂ}+i1’]u[333-277:+2?ﬂj

=cov(2?”j+inu(2_”):—_l+@: 143

3 2 2 2

7."Eyovpe z, = Bi= Z(GUV%-FI'T]H%J ,omote z) =2" (cov‘%ﬂnp‘%j.
Apa:

- - \Z4 \Z3
2 +2, =27+ =17] +1/ :2-2Vcsuv?:2”‘csuv?.

8. Eoto z = p(cuve +inue). Enedf i = cov% + inu%, 1 daipeon Tov pryadikon

Z pg 10 1 1608VVapET e GTPOPT TNG SLUVUGUOTIKAG OKTIVAG TOV Z KOTh ywvio —% .

9."Eyovpe:
£_1+i\/§_(1+i\/§)(l—i)_ﬁ+1+iﬁ—1 W
wo 1+i  (A+)d-i) 2 2

Opowg, z = 2(00\/%“'1]“%) Kol w= \/E(GUV%-F inu%j . Emopévoc:

2(Gov§+inu73rj

Z- =2 cuvl+inul =\/§cmvl+i\/§m,tl 2)

w T . T 12 12 12 12
\/E GUVZ+lnHZ
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Apa, Moyo tov (1) kot (2), Exovpe:

NG l:\/ngl covl=\/§+1=\/§(\/§+l)
. 12 22 4
, OTOTE
ﬁnuizﬁ l_\/g—l_\/z(\/g_l)
12 2 MWHTon T 4

10. Avz =X +Yi, 101€:

=z x* -y +2xyi=x—yi

-y =x ¥’ =y —x=0
= =
2xy=-y y(2x+1)=0

x>—x=0, |V~

XX -y’ =x=0
=
{y=0 !

01 L=
= X=——
y=0Un >

n

)c:—l X=—=
0 | x =1 . 2 2
= n
{y=0 3

2 4 2

A , 1.3 1 B
Apa, Eyovpe TOVG pYOBIKOVGZ =1, z, = ——+i—— KoL z; =—— —17.
I tov Z €xovpe:
|z,|=1 ko Argz, =0
' tov Z, €xovpe:
2
|Zz| =1 xou Argz, :Tﬂ
Téhog, ywtov Z, £xovpe:
4
|z,|=1 kv Argz, = Tﬂ

apov Z, = 7.
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24 B OMAAAX

1 mud ) (1 Muo)”
1. 0) O pryoducodg w:[ +Gov9+mp9j _ (Irouv0+muo) ®¢ TAiko 500

1+ ovvl —imu6o " (I+ovvé —impuo)”
ovluyov pyadikav B éxet pétpo 1. Ta tnv gvpeon evog opicpatog Tov W

0 , . _l+ouvvO+inud ,
EMPOVLLE TO LLyadKOd W, = 17 oovl—inub inud KoL youpLe
cLVO —

B (1+ovvO +inud)’
(I+ovvl —imuo)(1+ocuvvO +inub)

1

_ (I+ovv0)’ —mp’6 + 2inud(1+ cuvo)
(1+ovvB) +nu’o

1+ ovv’0 +26VvO — M0 + 2inud(l+cvvo)
1+6uv’0 +26VvO +Nu’o

_ 26vv’0 +26Vv0 + 2inub(1+ cuvo)
2+2cvvl

_ 20uvO(1+0cvvO)+2inub(l+covh)
2(1+ovvh)

_ 2(1+ocvvl)(cvvl +inub)
2(1+ovvh)

=ocuvl +inub.

Enopévac, éxovpe

w=w =(cuvl+inub)’ =covvvl +inuve.

Apa, To LéETPOo ToL W glvan 1 kat éva dpiopd tov ivat to ve.

B) Eyovpe:
100 100
242402 100 1+£+i£ 1+Guvﬁ+inu£ (@)
{ +2+1 2} _ 2 2 _ 4 4 o
24+42-iV2 l+£—i£ 1+csov£—imtE
2 2 4 4
100z . 1007

=0vuvVv

+|np.T =ouv25r +inu257 =-1.
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2. a) Eivan
. T . T . T . T
1+i=+2| cov—+inu— | kau 1-i =v2| cov——inu—|.
( 1 nu4j ( 1 nuJ
Enopévag

a+i)y =(1-1) < J2' (cov‘%ﬂnu%j =2 (cuv%ﬂnp%j

ﬂ—_v—”zzm, K e
4 4

ov=4k, k€.

B) Exovue
fv)= [lij‘ _{EJV (i)(GUVEHT]uEJV +(GUV[—£j+inu(—£j]V =200v %
2 2 4 4 4 4 4°
ondte

f(v+4)= 2cuvw

= 2GUV(7T +v_7rj = 2cov = ¢ ).
4 4
Apaf(v+4)+f(v)=0.

3.Av OM, ka1 OM, eivor o1 S10VOGHOTIKEG OKTIVES TOV EKOVOV TOV UYodIKOV
Z, KOL Z, GVTIOTOIY WG, TOTE EYOVE:

|2, +2,| = || +]2,] < [OM, + OM;| =|OM| + |OM,|

< OM, ™ om , (PA. MoOnpatwd B Avkeiov
kotevBuvong, doknon 15 oel. 48)
& Argz, = Argz, .
4.'Eotw 2 =X +yi. Tote:
a) z—i=x+(y—1)i, ondte
x>0 x>0 x>0
. T
Arg(z—1)=g<:> y_l_a(p£<:> y_l_\/§<:> B

— =Y
X 6 X 3 7 *

, , . , . 3
Apa, 0 (NToLHEVOC YEMUETPIKOS TOTOG glvat 1 nevbeia y = ?x +1,x>0.
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B)z+1=x+Yyi, ondte

y>0
T y=x+1
Arg(z+l)=—<=1 y = .
4 ep— (¥v>0
x+1

Apa, 0 (NTOOUEVOC YEMUETPIKOG TOTOG Elvan 1 npuevbeiay =X+ 1, x> —1.

z  x+yi _x2+y(y—1)+ x
z—i x+(y-Di xX+(-1)> X +(y-1)

1 (1Y
f el el
i) 2 x>0 '

z—1i
x>0

Y) i, omote

Apa, 0 (NTOVHEVOG YEMUETPIKOG TOTOG £ivar
ToL GNUELD TOL MHIKVKATOV

1Y (1Y
x2+( ——j :(—j , x>0.
7)) 72

5. Etvau: [z+2-5] <2 & |z (-2+50)| <2. (1)
Apa, 1 (1) mopiotdvel Tov KUKAKO diokKo
nov opilet o koxhog C pe kévrpo K(-2,5)
Kot axtivo p = 2.

‘Eotw OM| ka1 OM,, o1 epantoueveg TV
KkOKAov C amd v apyn tov a&ovev. Tote
and 6Aa ta dtavocpata OM , 6mov M
omnelo Tov KUKAKOD HioKOoV, TN LIKPOTEPT
yaovio pe tov d&ova X'X oynuatilet to O—Ml ,
KOIL T1) LEYOADTEPT TO O—M2 . Emopévag, and
OAOVG TOVG LLYAdIKOVG Z TTOV IKOVOTOLOVY
™mv (1) 10 pKpdTEPO POCIKO OPIGHLOL TO £XELO
HIyadIKog Z, ov anelkovileton 6To M, Kot to
HEYOAOTEPO O IYABIKOG Z, IOV OmEKOViLeTan
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ot0 M,. Enedn o y'y epdnteton tov kvkAov C oto M, Ba givan 2, = 5i. T Tov
TPOGSLOPIGHO TOV Z, epYalopacte ®g eENg:

H OM, éyer eicwon g popengy = Ax, 4 €R ko, enedn epamteton tov C, Ha
TPEMEL TO GVOTNILL

y=4A
(2){ 2 2
(x+2)" +(y-5°"=4

va éyet dumAn Aon. Etvan dpog:

y=ix y=ax (1)
(Z) 2 2 = 2 2
(x+2)"+(Ax-5)°"=4 A" +Dx" =2(51-2)x+25=0 2)
Emopévag, mpénet 1 daxpivovoa g (2) va givat ion pe pndév, dnAadn mpénet
4(52.-2) -4-25(A +1)=0 = 101 -21=0 = A = —%
, , , . o 100 105

YV mepintoon avtn 10 VoI £l S1TAn Avon v (x, y) = 397729 )

100 105,
Apo, z, =———+—1i

29 29

6. Eivan z" = cuvvO +imuvl xat z7¥ = cuv(—vO) +inu(—v0). Apa:

v

2" +77" =2cvvvO

z¥ =z =2inuve.

7. a) Etvan
[ =|(V3=1)- 2 =[N3 =1]-|| = (V3" + 17 ) 1= A =2

Apa, 0 YEOUETPIKOC TOTOG TMV EIKOVAOV TOL W givat 0 khkAog kévipov O(0,0)
Kot axtivag p = 2.

B) Enewdn |W| =2 xon Argw = %, éyovpe

w=2(cov%+im¢%} [‘F ‘/—] J2+i2
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8. [Ipémer
2K

1+x°

-K

1+

—_—

2

A

Onag, n (1) ypdpeton:
2K

-k B

3
omote, AOY® ™G (2), £ovpe K = % .Apa:

3L

2 zscpg (1) ko Im(z) =

2K

3

1+x

2

> 0.

\/§2+i \/32— 1+ T3 5
IJ{S] 1+(j 1+§ 1+§

2)

\/§<:>2K:\/§—\/§1<2<:>\/§1<2+21<—\/§:0<:>1<:—\/§T’] K:?,

9.Tw va givar f(x) >0 yia kédBe X € R mpénet kar apkei va ioyvel A < 0. Opwg:

A0 (2l -z —41(1+[2[ ) (1+]2, ) <0

&z -z £(1+|zl|2)(1+|22|2)

g (Zl - 22)(21 - Zz) < (1+ 2171)(1"*' 2272)

(2, -2,)(7, - 7,) <1+ 2,7, + 2,7, + 2,2,Z|Z,

< 7,7, -1,7,- 2,7, + 2,7, <1+ 72,7, + 2,7, + ,7,7,7,

< 1+27,+72,+2,7,7,2, 20 = (1+2,7,) + 7,2,(1+ 2,Z,) 2 0

< (1+27,)1+72,) 20 (1+2Z,)(1+2,Z,) 20

= |2 .
< |l + ZIZ2| > 0, mov 1oydeL.
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2.5 A’ OMAAAX

1. o) Ot Moeig g e&iowong givat ot puyadikol

2 2
z, :GUV$+Z.T]H%, k=0,1,2,

3

1
dniadn otz = 1, z, :_E+i_’

2
1 3

Z, = ———i—

2 2

B) O Adoetg g e&iomong givat ot pryadikoi

2 2
z, :GUV%-FI'T]M%,K:O, 1,2, 3,

Mmhadf o z, =1, z, =i, 2, =—1, z, =—i.

v) Ot Moerg g e&lomong eivar ot pryadukol

z, =cov2%+inu2%,1c:0, 1,2,3,4,5,

onhadn ot
1 A3 1.3
Z2,=1,z=—+i—, z, =——+i—,
2 2 2 2
13 1 3
z,=-1,z,=———i—, zy=——i—
2 2 2 2



RV

2. a) Eyovpe z° =—i < 2° :GUV%T+I'T]M7.

Apa, o1 Aoelg g e&iowong sivar ot pryodikol

2K +3—ﬂ 2Kﬂ+3—ﬂ

. 2
zZ =0LV| —= |+] —=|,k=0,1,2
« 3 nue 3

dnhadn ot z, = cuvgﬂ'np% =i

T \/51,

z—cov[7—ﬂ +1 (Ej——covz—i —_——
1 6 ) ™ 6 "6 22

1z) . (1l T . o1 3 1.
KOl Z, = GLV ra +inp v =oVV——-iMp—=———1.

6 6 2 2
B) Eyovpe:
4 4 2Kﬂ+4—ﬂ 21<7r+4—”
Z4=16[GUV—+Z'T]},L—)<:>Z=% GLV 3 Linu 3
3 3 4 4
&z=2 cov(3"”+2”)+mu[3"”+2”) k=0,1,2,3
6 6
. S 2K7r+5—n 27<7r+5—ﬂ
vz :243(GDV—+inu—j©Z:\5/243 Gov—6+im,t—6
6 6 5 5
2k +57 ) . 2km + 51
& z=3| ouv| ———— |+inu| ——— ||,
30 30

k=0,1,2,3,4.

2a+i) 2 2 T . o
T:—'i‘l—:GUVZ"rlT]Hz.

3. o) 'Eyovpe,
) Exovp 5 5

Emopévac, ot pifec g e&iowong elvat ot pryadikol
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2+ um+
%/— K 4 . K 4 8kr+m ) | 8k + 71
z. =+1| ovv 3 +inu 3 =Govv T +inp ,

K

T T
k=0,1,2, dnladn ot z, = cvLV| — |+1i —
nAoon ot z, (12] nu[lzj
Z, =0LV| — [+ 3z ——Qﬂ'ﬁ
1 ne 4 > >
KOl z, = CLUV| —— |+ 1z =—-0V T i Z
2 nu 1 B nu 2
B) Exovue 1=iv3 = 1 i ﬁ = cuvs—n+ inus—ﬂ. Emouévac, ot piec g &&i-
2 2 2 3 3
oo eivat ot pryadikol
21<7r+5—ﬂ 2K77:+5?ﬂ
Z =0LV| —— |[+] —|,x=0,1,2,3.
« 4 nu 1

v) Exovpe z° = 64(cuvr +inur). Emopévoc, ot pilec e eicwong eivat ot

- - o [GUVKZKn6+ﬂj+m“(2Kﬂ6+nj]

= 2(00\/ (2K21)ﬂ +inu(2xgl)7[j,x— 0,1,2,3,4,5.

pryadikol

4. o) Eyovpe 7° +32° +42 =8 < 7° +32° + 42— 8 = 0. Me oy Horner Bpickov-
pe 6t o pilo etvoun z = 1 ko m e€lowon ypdopeta:

—4+i4

(Z-1)(Z*+42+8)=0=2=17 z= =-2+2i.

B) Tty z* +52% + 4 = 0, mov sivan StreTpdrymvn, OéTovps 22 = W KoL EYOVIE:

549
2

W +5W+4=0w=

Sw=—41qw=-1.

| 97 |



e AvW=—4161e 2* = — 4, omdTE 7 = 2i ) Z = 2i
e Avw=—1,101e 2 =—1,0mbTE 2= Z=—]I.
5. H efiowon 3%° — 10X + 7x + 10 = 0 &ys1 TpayLATIKOVG GUVTEAEGTEC KO, 0POV EXEL
g pia tov 2 + i, Ba éyet kar Tov ovluyn tov 2 — i. 'Etot 1o o’ péhog Ba €xel wg

TOPAYOVTO, TO YIVOUEVO (X — 2 — i)(X — 2 + i) = X — 4X + 5. Exteholpe ) Sioipeon
Kot Bpickovpe Ao 3X + 2 kot vedorouro 0. Apa m eEicmon ypdpetat:

BX+2)(X* —4x+5)=0=3x+2=01 x> —4x+5=0

2, .
<:>x:—§ nx=2%i.

3

, , w —1 ,
6. Emeidn W =1, givar 1+w+w? = 0 =0, omote |+ W =—wat 1+ w=—w
r r W_
Etoy, éxovpe:

(I=W+W)(1+W—W") = (=2W)(-2W*) = 4W’ = 4, apod W* =1.
7. Etvau:

6~ X'-1=0 [x°=1
I+ X4 X+ X +X +X° =0 2 ! 0<:>{ o )

x—1 -
Apa ot pifec g e&iowong glvat ot pryadikot:
x. = oov 2T i 2T o 1,2,3,4,5,
6 6
0oV, yia k = 0, Exovpe X = 1, mov e&apeitat.
8. Eyovpe: 2’ +32° +32+9=0 < 2°(z+3)+3(z+3) =0
S (432 +3)=02+3=072°+3=0

o z7=-31 z=4+i\3.

Hapatmpodpe 61t o1 ewkodveg A(-3,0), B(0, NE) ), I'(0, -3 ) tov pildv -3, iv3 Kot
—i/3 givan KopLPég 160TAEDPOVL TPLYDVOV, 0o AB =Bl '=TA=2 V3.
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2.5

B OMAAAX
1. o) Exovpe z* =1-i e 2’ =2 [%v(_%jﬂnu(_%n
2w - e — %
<:>zz§/§ [e200% +inu

B) H e&icwon ypaeetot tlcoddvapo

(z-1’ =(1-i)z+1)’

Kot emeldn oev Exet pilo tov apBud z =— 1, maipver ) popen

3
[2_1) —1-i.
z+1

®¢étovpue

z-1

= W’

z+1

omote 1 (2) ypapeTot
w =1-i.
"Etot, AMoym g (), £xovpie
e e

w=Y2| ocuv 3 4+im,t 3 4 ,k=0,1,2.

Onwg, Adyo g (3), eivat
z-1
—=woz-1l=zw+w

z+1

Sz(l-w)y=1+w

1+w (4)

Sz= , oo W #1.

Etot, n e€lomon éxel wg AMoeig tovg aptfpoie:
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z = W",('mon wxzﬁ/z oLV 3 +inp 3 4 ,k=0,1,2.

2. 0" Tpoémog: H ekicoon 2° + 22° + 22° + 22° + 72 + (z + 1)* = 0 ypapeton Sadoyid
+22°5+ 20+ 28 + 222+ 22+ 1=0
2+ + 2+ +2+1)-1=0

2° -1
z-1

2°+2 -1=0

(apov 0 z=1 dev etvan pia g e&iowong)

7’+2°-72-1=0,z %1
z+1H)-z+1)=0,z=1

Z+DH@E-1)=0,z=1

Emopévog, z=—11(2°=1,pe 2 #1). T 2 # 1, éyovpe:

2°-1=0 (2~ 1) +1)=0

SZ-)+z+)(z+1)(2° -2+ =0
S +2+1=0Mz+1=072%-2+1=0

_1+i3 o 1+i3
T ‘r‘l z=

Enopévag, ot pileg etvar ot

-1 (dumhn),

l1J_ri\/§

2

“1£iV3

Kot

2
B’ Tpomog:
Mua pogavnig pila etvarn z =—1."Etoin e&icmwon, cbpeova e to oy Horner,
YPAPETOL:
Z+) P+ 4+ + 2 +2+ ) =02 2+1=0 2 +2' +2° + 22 +2+1=0
2°-1
=0

z-1
Sz=-179(z2=1 pez#1)

S z+1=01
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o7=-11 z:cov%+inp2%,le,2,3,4,5

» e
o 7=-1 (S 7 z:l—;/g fz= 1—2“6.

3.’Eyovpe:

z7+1:0<:>z7:—1:60v7r+inu7r©z:zk,;c:0,1,2,3,4,5,6,

) ( T+2km . T+2KT j
omov z_ =| cuv +inu ; )
Emopévag

T . T -
z, ZGUV7+Z1’]M7, 7, =17,

3 . 3w -
z, :00v7+znp7, ,=17,

Sr . Sm _
z, = GUV7+I1’]H7, Lo =1,
Z, = 0LV +inur =—1,

To nolvdvopo 27 + 1 ypépeton

' +l=+)2* -+ -+ 7" -12+)) (1)
Onang

2 +1=(2-2)(2-2)(2-2,)(2-2)(2 - 2,2~ 2)(Z~2,)

= (2-2,)2-2)2-2)2+ D2 -L)2-Z)2-7,)

= 2+ [(2-2)2-Z)1 2~ 2)2- )2~ 2,)(2-7,)] @)
And Tic 106mTeg (1) kot (2) £xovpe:
27 +2' -2 4 7 - 241 =[(2-2)(2- )2~ )2~ D)2~ 2,)(2-T,)].

Koafévag and Toug Tpeig mapdyovies Tov deuTéPOv HEAOLG EIVAL TPLOVVLO SEVLTEPOL
BaBpov pe mpaypatucodg cvvtedestéc. [pdypatt, o mapdyovrag (2 —2,)(Z2 - Z,)
YPapETOL
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(z-2,)02-2,)=2"—(2,+ ;)7 +2,Z,
:ZZ—ZZGUV£+1.
7
Ounolog (2-2,)(2-Z)=2"—(z,+7)z2+77
ZZZ—ZZGUV3—N+1
7
kot (2—2,)(z2-2Z,)=2"—(2,+7,)21+2,Z,
:ZZ—ZZGUVS—ﬂ-i-l.
7
4."Eyovpe
Z+1)++72=0 "+’ +2(22+ 1) =0 (22 +1)(2° +2+1)=0
S +1=092°+2+1=0
SP+1=00(2 =1,peZ #1)
Sz=tinzZ=0M1=0,
, 2 . 2w ,
omov a):cuv?ﬂnu?,a(pov z#1

®étovpe, TOPa, Kadewd and Ti¢ pileg avtéc oy eéicmon z'° + 224 + 1 =0 ko
eréyyovpe av v enoinBedovy N oyt ‘Etou

o z=ieivau
7°+27"+1=i"+2i"+1=1-2+1=0.

Apa, 0 pryadtdg i etvan pio kon g eélowong 2'° + 224 + 1 = 0. Enedn ) eéicwon
aVTH EYEL TPOYUOTIKOVG GUVTELESTES, 0 GLLVYNG TOVL i, SnAad1| 0 — i Ba eivor kot
avtog pile . Apa, ot apiBpol i ko — i givon kowvég pileg tov eElo®oemv.

o 0.2 = w, eneldf) @’ =1, etvo:
0" +20" +1=0" 0+20" -0 +1
=o+20° +1=(l+o+0’ )+’ =0+’ =0* %20

Apa, n o dev givan kow pila tov elomoemv, ondte kot 1 cvluyng g dev pumopet
va givar ko pila avtdv.
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Tehkd, o1 800 e€ilomaoglg £xovv dV0 Pileg KOWES, TOVG Uryadkovg | Kot — i.

5. a” Tpdémoc:

H eéicoon: 2’ -Z° =1 ypaeetot 1codvvopa

*'(z-7)Y =l z“(|z|2)3 -le z“|z|6 =1. )
Enopévac:
2| ¢ :|1|<3|z|4|z|6 :1c>|z|10 :1<:>|z|2 “le =1 (2) =1
Apan (1) ypapetou:
N(Z) =l =l 1=+l z=+i.
B’ Tpomog:

‘Eoto z= p(cuvlO +inud) n 1pty@voueTpikn popen tov z. Tote 1 e&icwon
YPAPETOL

p’(cuv70 +inu70)- p* (cvv(=30) +inu(-30)) =1< p'"(cuv46 +inud6) =1

S p=1lxud0 =2xn,k €Z
@plem@:%,KeZ.
Apa, ot pileg eivar
Z, =1,z =cOv e tinu_ =i
0 > 21 5 TW-Z >

3z 3r ;
z, =cvvr +inur = -1 Kot z, —csov?Hnu?:—z.

6. Eoto ¢ pia mpaypotikn pilo e e&iowong. Tote (1+E&i)" = p(1-E&i)", ondte

(1+gl) e |_|(1+§z) [1+e§i)v _ 1+&i| =[|1+§i|Jv o
“a- ja-eiy| \1-ci) | 1= \p-éif '
7. a) Eivau
x1+x2:@:2mlxlx2:?=4.
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Apa,
X4 = (X +%)° —2XX, =27 =2-4=—4 ka1 X/ X; = (XX,)’ =16
B) Apov n e&icmon X° + px + g = 0 &yet pileg Tig p, = X Kou p, = X, Oa 1oyveL:
p=—(p+p,)=~(x +x7) =4 xot g = p,p, = xx; =16.

8. a) H eficowon ovv’0-z° —2c0v0 -2+ (5—-4cvv’0) =0 sivar B’ Paduod og
TPOG Z Kot EYeL drakpivovsa:

A =(—20vVv0)’ —4ovVv’0(5—4cvVv’0)
=400V’ 0(1-5+4cvv°0) = 46VVv’0(—4 + 4oLV>0)
=—166vVv’0(1 - 4cvv*0) = —(4cvvO Nub)* < 0.

"Etot éyovpe:
_ 2ovvOEidnub covl 1£2imud 1

z +2iepf.

1,2
26uvi0 ouvl ouvl

. , , . T T P
B) O1 ewdveg TV AMoemv, kKabdg to 0 petafdiletol 6to (——,—J, givat

Ta onueia pe cvviotapéveg (x, y) = [ 5 ,iZscp@j. "Etot, Ba éyovpe:
GLV

1 , 1 , 1

X = b — — x = —
ocuvo , cuvo , cuvo

, omoTE L Kalapa ,
yoap MO 2 _ 4 M0 Yoo
cuve ocuve 4  ouve

2 2 2 2

, yo l-mp@ oovve , ) ,

Enmopévoe ——=—= = =1.Ap0, 01 EIKOVEC TOV ADGEDV T
HEYOS 1o ouov’d  ovvie P g ne

e&lomong KvodvTol oty vIepPorn
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9."Eyovpue
X=X +x'-1=0= X X' =D+x*'-1=0

S =D +1)=0
oSx-1=0()q X’ +1=0 (2)
Opog: X' —1=0 (X D)X’ +)=0=x" =1 X’ =-1o x=+11 x=+i

kot X’ +1=0= x’ =-1< x° =cvvr +inur

T mu 2T eZ0,1,2.3,4

< X =0VLV

I'ENIKEX AXKHXEIX (I'" OMAAAY)

1. a) ' Exovpe
N COREE
_ z z _ z z
e
z z zZ z
_(z-D-(z+)D
_ 7z _(=DE+])
ST ez @
zz
B) Exovpe:
PO W s o )3 L Wl S0 i 0
B zZ+7zZ B 200x B 200x ax
"Etou
Re(f(2) =0 o’ + 2 ~1=0o a’s’ + f7y* =1& fz+ X -
1
J
x + Y =1.

Apa ta onueio M(X,y) Ppiockovtal otnv EAdenyn 5 >
1 1
) )
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2. AvZ=X+Yi, tote N lIoOTNTO. W = W, YpaeeTon Sadoytkd
1

z—zi=——0i
o

. o .
x+yi—(x+y)i=—-ai
o

(e 1)~ (= )i = - —ai
o

x+y==
Emopévag - 11E TOAAATAOGLAGNO KoTtd pédn éyovpe x° — y* =1
x-y=a

mov etvan e&lomon 1000KeEA0VS VITEPPOANG.

3. a) Av z =X + i, tot€ O Eyovpe

x=A+2 A=x-2 3x-2)-1 3y 7
= Sy=3(x-2)-1<y=3x-7.
y=3r-1" |y=31-1"" Y

Apa, 0 YEOUETPIKOG TOTOG TMV EIKOVAOV TOL Z givar 1 gvbeiay = 3X — 7.
B) Eyovpe:
w=z+l+icw=(A+3)+31i.

Apa, av W = X +Yi, 10te Oa 1oy0et:
x=A+3 _ [A=x-3 33 5y 359
=3(x— =3x-9.
y=34 y=31 7 4

Emopévac, o yeopetpikog TOTOG TV EIKOVEOVY Tov W givat 1 evbeioy = 3x — 9.

v) To minciéotepo onpeio g evbeiog € : Y = 3X — 7 amod to onpeio O(0,0) etvar
70 fyvog g kabemg 7 Tpog TV & amd o O(0,0). Enedn 4, -4, = -1, &rovpe

1 1
A, = -3 . Apa, 1 evbeia 17 £xel elowon y = —gx ."E1o1, 10 {rodpevo onpeio

y=3x-7
Ba etvar to onpeio Toung TV € Ko 7. Emddovrog to cvotpa 1
=—=x
3
. , . . . 21 7
Bplokovpe 6Tt 01 GuvTETAYEVES TOV ONHElov avTov givan (x,y) = 0 10)
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21 7

Apa, To TANGIESTEPO oNuEio NG € Tpog To O OBa givor to A(E,—Ej.
4.0)Avz=X+Yi, 1018

[2z+1| < |z+i] & |@x+1)+2yi] < |x+ (y +1)i]

S QRx+1)7+2y) < x>+ (y+1)°

S A" +dx+1+4y" —x* —y* =2y -1<0

& 3x +4x+3)" -2y <0

] )
o] -y (5]

Apa, ol g1KOVEG TOV HIYAdIKAOV Z WOV
KOVOTTO100V TNV 0vicmon vl To E5mTEPIKA
onueia Tov KuKAMKoDH diokov pe KEVTPO

( 2 1] , V5
K| ——,- |xatoktiva p = —.
33 3

B) Av z = X +Yi, Ot £)ovpE

1] 1+ Re0) < (x4 1

Sfx-1)*+y" =1+x

- {(x—l)z +1? =(1+x)>

1+x>0

2:4
=17 x<:>y2:4x.
I1+x>0

Apa, 01 elKOVEG TOV UIYOSIKAOVY TOL 1KaVoTolovv TV e&icwon etvat ta onpeia
g mapaforrig Y2 = 4X.
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5. Av Z, =X+ iyv, v=1,2,..,x, 10T

itz otz = (x+x, o Ax )iy, Y, Y

Emopévag, av vrofécovpe 0Tt 2, + 2, +...+z_ =0, 10t€ B0t £x001E

X +X, +..+X =0 ko y, +y,+..+y =0.

Epocov, 6pog, ot e1koves TV (yadikay Z ,
Z, .., 2 Ppiokovtot 670 id10 nueninedo mg
evbeiog Y= Ax, X e Rkon dev oviikovv 6’ avtmyv,

B woydel
(y,>Ax vy kabe v) M (Y, <Ax ywokébe v),

ondte Oa Exovpe
VFEY, ety >Mx X, X)) N
VY, ety <MX +X, X))

"Etot, Moym g (1), Ba woydet 0> 4-0 4 0 < 4-0, mov givar dromo.

6. And v weotnra, (1-2)" = 2%, avz =X +VYi, éyovpue:

:ZV

ja-2y

o-2z

\4 :|Z|V
o h-z=d

<:>|(1—x)—yi|:|x+yi|

<:>\/(1—)c)2+y2 :\/xz+y2

<1-2x=0
1

S X=—.
2

1
Apa, kaBe Aoon g e€iomong avikel oty gubeio X = 3

(1

7. o) Agob 1o Tprdovopo f(X)=ox? + fx +y pe e, B,y € Riar o # 0 Sev éyer mporypaticée
pileg, ¢ yvomotdv, ot Tiég Tov Y kébe X €R Oa givar opdonpeg tov a. 'Etot
ot f(x), f(1) Ba eivan opdonpot Tov @, apa Ko peta&d Tovg, ondte f(x)-f(1) >

0, onAadn
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(o + Prc + y)(ad? + pA+y) > 0.
B) Enedn z, =7, , épovpe:
(@2 + Bz, +7)az; + Bz, +7) = (@z] + Bz, +7)(@Z + BT, +7)
=(az + Pz, +y)az + Pz, +7)
) 2
=|ocz1 +ﬂzl+y| >0,
apov 0 z, dev eivar pita Tov oz’ + Pz +y.

8. Ot pileg g e€lowong 2 = 1 givar ou:

z, —GUV2L+ nuzL k=0,1,2,..,v-1.
v v

Emopévagnoyéon 1 +2 +2z,+...+z  =0vypapetar

( 2 An ( - )7‘[) [ 2 An 2(v—1)7r]
l+ovv—+cvv—+... +i|nqp—+np—+...+qu——— |=0.
4 v v v
Apa
2n 4r 2(v-Dr
np—+nNp—+...+Mp———— =0 xot
% % %
2r 4r 2(v -l
GLV—+GLV—+...+ LV ———— =—1.
% v %
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KE®AAAIO 1

OPIO - XYNEXEIA XYNAPTHXHX

1.1 ko 1.2 A" OMAAAX

1. i) H ovvapmon fopiletar, 6tav X2 —3x+2 # 0.

To tpidvopo X* — 3x + 2 et pilec: x = 1 1 x = 2.
Emopévemg 1o medio opiopon g f eivar to cvvoro A=R — {1,2}.

ii) Hovvapton fopiletat, 6tav x—1>0 kot 2—X >0, dnhadf 6tov X >1 kot
X < 2. Emopévag to medio opiopov g f eivar 1o oovoro A=[1,2].

iii) H cuvapmon fopiletan, dtav 1—x> >0 kot X # 0.
H avicwon 1-x* >0 oAndedet, 6tav X* <1, dnhodn étoy —1< x <1,
Emopévmg 1o medio opiopot g f givar to oovoro A4 =[-1,0)u(0,1].

iv) H ovvaptnon fopiletar, 6tav 1—¢* >0 < " <1< x < 0. Apa 10 Tedio
optopov g f eivar o covoro A = (—o0,0).

2. 1) H ypagwm napdotacn g cvvaptong f Bpioketan nave and tov aEova
TV X Y10 eketva ta X € R yia ta omoia 1oydet

f(x)>0 x* —4x+3>0
& Xe(—o,1) 1 X €(3,+0)
ii) Opoimg épovpe:

1+—X>O<:>(l+x)(l—x)>0<:>—1<x<1.
- X

iii) Opoimceivar e* —1>0 = ' >l e’ >e’ o x> 0.

3. 1) Hypagwn napdotacn g f Ppioketor ndvem amd ™ ypagiky ntapdotacn
g g yio exeiva ta X € R yia To omoia toyvet

f)>gx) X +2x+l>x+leo X +x>0 x(x* +1)>0< x> 0.
ii) Opoimg:

f)>g) o +x-2>x+x-2ox-xX>0=x(x-1)>0s x>1.
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4. o) A(45) = 2,89-45+ 70,64 = 200,69 cm
B) I(45) = 2,75-45+71,48 = 195,23 cm.

2
. . . . . . X . X
5. To tetpdy@vo €xel mePIUETPo X, 0mOTE 1 TAEVLPE TOL €fvon — Kot TO EUPadO TOL —

. , , , . , , 20-X
To 106mrevpo Tpiymvo €xel Tepipetpo 20 — X, 0mdTE 1 TAEVPE TOV Elvor

B (20 - sz
Kot 1o euPadd tov e .

3

, x* 3 ,
Enopévag E = Etetp + Etpry = 16 +¥(20 —X)" ue x €(0,20).

6. 1) Eivon
f(x)zmﬂz 0, x<0
’ X 2, x>0

H ypagum ntapdotaon g f eaivetor oto

Sumhovo oynua.
To cbvoro tov Tipmv g f eivar o f(A) =
{0,2}
ii) Etvon
—x?, x<0
f(x)=x|x|={ o, a0

H ypagwn napdotaon mg f eaiveton oo
duthavo oynpa. To cHvoro TV TIHOV TG
f givar to f(4) =R.

iii) H ypagikf mapdotacn tng f divetan
070 dumAavé oynua. To cbvoro TV
Tndv g feivarto f(A) =[2, +o0).
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7.

iv) Eivon
—Inx, 0<x<l1

f(x):{ Inx 1<x

H ypoagum mapdotoon g f divetor oto
dumhavd oynua.
To obvolo tov Tipndv g f eivar to

f(A4) =[0,+e).

5

1) H ovvaptnon f éyer medio opiopod to ovvoro A=R, evdongto B =[0,+0).
Eivon A # B ka1 emopévag ot cuvaptioelg fror g dev eivar ioeg.
Io k@b X > 0 éyovpe

f@ = =x=(Vx) =g,
Apa ot ovvaptioeis f, g givar ioeg oo didotua [0, +00).
ii) Ot cvvaptroelg f, g Exovv medio opiopov to R*. To kdbe X € R* éyovpe:
et (DY) -t
x| + || || (| +1) |x]

Emopévmg f=g.

g(x).

JS(x)

iii) H ovvaptnon f éyer medio opiopon to A =[0,1) U (1,+x). Ta kdbe X € A, éyovpe

x-1  (=D(Vx+1) _(x—l)(x/;+l):\/;+1

L P V= =Y R

H ovuvdptnon g éxer medio opiopot o B =[0,+w). Exopévag ot cuvaptioelg f
KoL g £ovv S1apopeTikd media opiopod, omdte dev givar ioeg. Eivor opmg f(X)
= g(X) yw k66 x €[0,1) U (1,+0). Apa ot f, g eivan ioeg ot0 [0,1) U (1,+00).

8. H cuvaptnon fopiletonoto A=R *, evdd n g oto B=R — {1}. Emopévac, yio
kd0e x e R —{0,1} éyovpe:

x+1  x  1=-x*+x? 1
(f+8)0) =/ (x)+8(x) = x +1—x_ x(1-x)  x(1-x)

x+1  x 1-x*—x*  1-2x
=) = ) =) == = T = T T %)
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(f-9)0) = f(@)g(x) = x:1 :

x 1+X
1-x 1-Xx

x+1

(1]()5): SOy _1-%
g glx)y x X
1-x

apov v kabe X € R —{0,1} eivon g(x) # 0.
9. O1 Yo cvvaptioelg £xovv koo medio opopod 10 A = (0,+0), ondte yio kdOe

X € A &rovpe:

(f +2)x) = £(0) +g(0) = 2JX
(f ~ @) = f(x)-g(x) = %

(f-9)0) = f(D)g(x) = X —i =x-1

X

evd, Yo ke X € A" pe g(X) = 0, nhadn ue x # 1 ioydet:

1
Hm: S _ A _ x+1

g g oL ox-1
e

X

10. i) H f &xe1 nedio opiopod 0 obvoro D, =R, evd n g to D, =[0,+%). I'a va
opiCetar n mapdotoon g(f(x)) mpénet

(xeD, kan f(x)eD,) < (xeRkmx*>0) & xeR.
Emopévac, n g o f opiletar yio ke X € R kot €xet tomo:
(22 /)(x) = g(f (1) = g(x") =¥ = .
i1) H f £xe1 nedio opiopod to chvoro D,=R,evongro Dg =[-1,1].
TNa va opileton n mtopdotacn g(f(X)) npéner:
(xeD, xam f(x)eD,) & (xeRxm f(x)e[-11])

& nuxel[-1L1] < xeR.
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Emopévag, n go f opiletar yia kdbe X € R kot £xel TomO

(g /)(x) = g(f(x)) = g(npx) = {1-ni’x = Vouv’x = ovvy]

iii) Opoimg n f éxer medio opopod to svvoro D, =R kain g to

D, =R—{x|x=K7r+%,KeZ}.
I va opiCetar n napdotoon g( (X)) mpénet:
(xeD, kv f(x)eD,) < (XGRK(H%;&KVL’+%, KeZ) <= xeR.
Emopévag, ) go f opileton yio kéBe x € R xat €xet tono

(g° /)0 = g(f(x) = g@ ~apT =1,

11. H f &xe1 medio opiopod 1o D, =R xarn g 1o D, =[2,+00). '@ va opiCetar n
napaotacn g(f(x)) mpénet:
(xe D, xo (x’ +)eD,) & (XeRxm x> +1>2)
<X -120
Sx21ligx<-1
& X e (o, ~-1]JU[L,+0) = A,.

Enopévog,n go f £xermedio opiopov 1o 6uvoro 4., kot Tomo:

(go N =g(f(x) =g’ +1) =vx* - 1.

TN va opiletar n mapdotaon f(g(X)) npénet

(xeD, xu g(x)eD,) & (x=22 xmuVvXx-2€R) & xe[2,+0)=B,.
Enopévog,n fog £xetmedio opiopon 1o 6ovoro B, kot tomo

(f o)) = f(g(0) = f(Vx=2) = (Vx=2) +1=x-2+1=x-1.
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12.i) H ouvépmon f(x) = nu(¢ + 1) ivor suvbeon g h(x) = X2 + 1 pe t g(X) = npx.
ii) H cuvépmon f(x) = 2nu?3x + 1 eivar shvOeon twv cvuvopticemy h(X) = 3X,
g(X) =nux kot p(X) =2x> + 1.
iii) H cuvéptnon f(x) = In(e* — 1) eivon ohvOeon twv cuvapticemy h(X) = 2X,
g(x) = &* — 1 xat (x) = Inx.
iv) H cuvaptnon f(x) = nu?3x givar 6vvOeon tov cuvapticeav h(X) = 3x, g(X)
= qux ko (X) = X2

1.1 kon 2.2 B OMAAAX

1. i) H evBeia mov diépyeton amd ta onueion A(1,0) xar B(0,1) €xel cvvieheot)

1
katevfovong A = ] =—1, omote 1 e&icmwon g elvat:

y-0=-Dx-Ne=y=—x+1L

H gvBeia mov diépyetat and to onpeio 7(2,0) kot 4(1,1) €xer cuvieheot
1

1
katevbuvong A = 2 = = = —1, ondte N e€icwon g eiva:
y=-0=-D(x-2)= y=—x+2.
Enopévag 1o oyfua pog eivat n ypoeikn Topdctact TS CUVAPTNONG
f(x) -x+1, 0<x<1
x =
—x+2,1<x<2

ii) H evBeia mov diépyeton amd ta onpeio O(0,0) ko A(1,2) €xer 4 =2 ko e&icmon
y =2X.

-2
H gvBeia mov d1épyetar and ta onpeia A(1,2) kot B(2,0) éxet A = T =-2 Kot
gklooon y-0=-2(x-2) < y=-2x+4.

Enopévag 1o oyfua pog eivat n ypoeikn Toapdctoct TS CUVAPTNONG
2x, 0<x<1
f(x)={—2x+4, l<x<2
iii) Opoimg €yovpe
1, xe[0,1)U]2,3)

S)= {0, xe[1,2)U[3,4)
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2. To euPadov tov Vo Pacemv eivar 27x%, evd 10 epfaddv e mapamievpng

EMOAVELNG vt 27xh, OTOV /i TO VYOG TOV KLAIVOpoL. Eyovpe V =7mx h = 628,

, 628 200 , . . .
omoTe h=— = —— Kol 70 uPadov TG TapATAELPNG EMLPAVELNG YiveTOL:
X X
200 400
2rX— = = Emopévmg, to kdotog K(X) givor:
X X
K(X)=2nx"-4+ 400w 1,25=8nx> + 500z pe x> 0.

To euPadov v Pacewmv Tov KovToD givan 7-5%2 = 507, véd T0 KOGTOG TOG £ivat
50-7-4 = 2007 (dpaypL.).

To gpPadov g mapdrievpns empdvetog ival 2z-5-8 = 807, evéd T0 KOGTOG NG
givan 807-1,25 = 1007

Emopévmg 1o cuvolikod kdotog givar 300 = 942 Aentd = 9,42 gupd.

3.0 Av 0<x<1, tote:
Ta tpiyove AMN kor ABE givou 6poto, ondte
X _(MN)@K_(MN)
(AB) (BE) 1 2

& (MN) = 2x.

Emopévag, to epfaddv Tov YpopLILosKIOGHEVOD
y@piov, diveTol 0md Tov TOTO

E(x):%x-(MN):%xQx:xz,

pe 0 < x<1.
® Av 1< x <3, 16t€ TO €UPOAOOV TOV YPOULL-
LOGKIGULEVOL Ypiov eivar ico e

E(x):%1~2+(x—l)2

=14+2x-2=2x-1, pel < x<3.

Apa

P x?,  0<x<1
E(x)=

2x-1, 1<x<3
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4. A6 ta 6pota tpiyovo ABI kot ANM, €xovle:
B _AA 10 _ 5 oi5-x)=MN.
MN AE MN 5-X
Enopévac,
E=E(X)=MN -KN =2(5-X)x=-2x>+10x, 0 <X <5 ko1
P=P(x)=2MN +2KN =2-2(5-x)+2-x=20-2X,0<x<5.

5. 1) @ Av x < -1, t0t¢

—x—1-x+1
X)=———-——=—
f(x) 5
e Av —1<x<1, 16te
x+1-x+1
Sy =——7=1
2
e Av1< X, 10te
x+1+x-1
JS)=—F—=x

2
Apa
-x, x<-1
f(x)=431, -1<x<1.

X, x>1

H ypagwn nopdotaon g f diveton oto
Suthavd oynpo.

Ao ) ypaeikn mapdotaon g f
@oivetal 6Tt T0 GUVOAO TIH®V TG f
givo 1o ohvolro [1, +o0).

ii) 'Exovpe

nux, x<[0,7]

J0= {0, xe(m,2n]

H ypagixn nopdotacn g f diverar

670 duthavo oynua. To cOvoro TiudY
g feivarto [0,1].
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6. i) Exovpe: f(g(X)) = X* + 2x + 2, dnhadfy £ (X + 1) =Xx* + 2X + 2. Av Oécovpe w =
X+ 117, co0dvvapa, X=w — 1, tote

f(w)=(@-1Y +2(0-1)+2=0" -20+1+20-2+2=0" +1.

Emopévac f(x)=x>+1.

i) f(g(x)=v1+x*,nhady f(—x")=1+x*. Oétovpe w = — X2, omdte

f(0)=+V1l-0 ,®<0. Etopévog o omd tig intodpeves cuvaptioels eivat

n £ =I=x,x<0.
iii) g(f(x)) =|ovva| < \1- f2(x) =|ovva] & 1- f(x) = vV’

< fP(x)=1-ocvvix
& (0 =nx &[0 =
Mia tétola cuvaptnon gival .y, 1 cuvaptnon f(x) = |mlx|, 1N M cvvaptnon
f(X) = qux f n ovvaptnon f(X) = —nux x.T.A.
7. Orovvaptioelg fron g opilovtar oto R.
— T va opileton n mapdotaon f(g(X)) npénet:
(xeRxag(x) eR) <& xeR.
— Emopévag opiletarn (f o g)(x) ko giva
(feg)(X)=Tf(g(x)) = f(ax+2)=ax+2+1=ax+3.
— TN vo opileton n mapdotaon g(f(X)) mpénet: (X e Rxar f(X) eR) & xeR.
Emopévac opiletoin (geo f)(x) kot givor
(@ F)X)=g(f(X)=g(x+) =a(x+D)+2=ax+(a+2).
®éhovpe vo givar fog =go f, Tov 1oYVEL LOVO OTOV
(x+3=ox+a+2,yukdbe xeR) o a+2=3<a=1.
8. H cuvapmon f opilerar oto D, =R\{a}, evéd n g ot0 D, =[0,+00).

a) T va opileton 1 f( f(X)) o Tpémer:

+B

X
(xeD, xa f(x)eD,) & (Xx#a Kouaxj

Q)
<:>(x¢a Kot ,Bi—az)@XE D,.
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Emopévag, n f o f éyslnedio opiopod to R\{a} kat tomo

f(f(x))_“axx_+aﬁ P aixvap+pr-af  x(a+p) .
a ax+pf  ax+B-ax+a’  a*+B

X—o

B) T va opiCetan 1 g(g(x)) Oo mpémet:
(xeD, kot x—2Jx+1eD,) & (x=0korx—23/x+120)
& (X>0 ko (\/;—1)2 >0)

< x>0 <:>xeDg.

Emopévagm gog éxelmedio opiopod to [0,40) kot THmo

e(e) = (e -1) - (,/(J; ) _qz (W) -

:(1_\/;—1)2 :(—\/;)2 =X, apo0 0<x <1

9. 1) 'Eyovpe:

N () =10\/2[(\/Z+4)2 ; t+4} =10\/2(t+8\ﬁ+\/;+20) =1o\/2(t+9JZ+20) .

ii) 'Exovpe:

lO,/Z(l+9\/;+20) ~120 & /z(z+9\ﬁ+2o) -12

@2(r+9\/?+20):144

S+t +20=72
S t+9J1-52=0
ot =49Vt =-13, anop.) <t =16.

Emopévac petd amd 16 ypévia to avtokivnta Ba givar 120.000.
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1.3 A’ OMAAAX

1. 1) Hovvdpmon f(x) = v1—x €germedio opiopod 10 A = (—o,1].'Ecto X, X, € A
Le X, < X,. Tote £xovpe dodoyuxd:

=X > =X,
1-x >1-X,
S (x)> f(x,).
Apa n f givar yvnoimg pbivovea oto (—o,1].
ii) H ouvapmon f(x) = 21n(x—2)—1 éyer medio opiopov o A = (2,+x0). Ecte
X, X, € A pe X <X, . Tote éovpe Sradoykd:
X —2<X,=2
In(x, —2) < In(x, —2)
In(x, —2)—-1<1In(x, -2)-1
S x) < f(xy).
Apa n f eivar yynoiong avéovoa 6to (2,+0).

iii) H cuvaptnon f(x) =3¢ +1 éye1 nedio opiopov 1o R.'Eoto X, X, €R pe
X, < X,. Tote £xovpie Srodoyika:

>e'™®
3¢ >3
3¢ +1>3e +1

S > f(xy).
Apa n f eivar yvnoiong ebivovca oto R.
iv) H cuvaptnon f(x) = (x—1)* —1 éys1 nedio opiopod 10 A= (—»,1]. 'Ecto

X, X, €A pe X, <X, . Tote éxovpe drodoytd:
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X, —1<X,-1<0
X =1 >(x, —1)
X =17 =1>(x,—1)* -1
J(x)> f(x,).
Apan feivar yvnoing ebivovca oto (—o,1].

2. 1) H f éye1 medio opiopov o R.
‘Eotw X, X, eR pe f(x)) = f(x,). Tote £xovpe Srodoykd:

3X,—2=3x%x,-2
3x, =3X,
X, = X,.

Apan f givor 1-1 oo R.
T va Bpovpe Ty avtiotpogn g f, O&tovpe y = f(X) xan Avvovpe wg mpog
X.’Eyovpe, Aowmov:

f(x)=y<:>3x—2:y<:>3x:y+2<:>x:yT+2_

2
Emopévac 1 (y) = y;— , omdte M avrtiotpoen g f eivar n cuvaptmon
_ x+2
S )= :
3

ii) H cuvapmon f(x) = x* + 1, Sev &yet avtiotpoen, yiati dev eivar 1-1, agov

f(1)=1f(-1), pe 1 #-1.
iii) "Exovpe f(1) =f(2) =1 pe 1 #2. Apa n f dev givar 1-1 610 R. Zuvenmg dev

£xel avtioTpoon.
iv) H cuvéptnon f(x) = J1-x &ye1 nedio opiopon 10 A = (—0,1].

‘Eoto X,X, € A pe f(x) = f(x,). Tote, égovpe dradoykd:

J1=x =31-x,

I-x =1-X,
=X ==X,
X, =X



Apan feivor 1-1 oto R.
INa va Bpovue v avtiotpoen Bétovpe Y = f(X) ko Advovue wg Tpog X. 'Etot
€yovpe:
f=yel-x=y
Sl-x=y)",y20
Sx=1-y", y>0.

Enopévag £ (y) =1-y", y = 0, omdte 1 avriotpoen g feivoun £ (x) =1-x,
X2>0.

v) H ouvapton f(x) = In(l - x) éye1 medio opiopov to (—o,1) = A.
‘Eoto X,X, € A pe f(x,) = f(x,). Tote &yovpe drodoyucd

In(1-X,) = In(1-X,)

1-x =1-X,
=X =%
X =X,

Apan feivor 1-1 oto 4.
TNa va Bpovue v avtiotpoen g f Oétovpe y = f(X) ko Advovpe wg mpog
X.’Etot €yovpe:

f)=yeh(l-x)=ysl-x=¢ ©ox=1-¢
Emopévag f*(y) =1—¢’, y €R, ondte 1 avtictpoen g f eivain
f(x)=1-¢*, xeR.
vi) H ouvaptmon f(x) =e™+ 1 ége1 medio opiopov 1o R.
‘Eotw X, X, e R e f(x,) = f(x,). Tote £xovpe 1000y 1KAL:
e +l=e"+1
e—X‘ — e—)(z
X, =X,

Apan f givor 1-1 oto R.



INa va Bpodue v avtictpoen tng fBétovpe y = f(X) ka1 Mvovpe wg Tpog
X. Exovpe howov:

f)=yes e +1=y
S y-l=e
Shn(y-1)=-x,y>1
S x=-In(y-1),y>1

Emopévoc f'(y)=—In(y—1), y > 1, ondte n avrictpoen ¢ f eivar n
T (x) =-In(x-1),x>1.

X

e’ —

. 1
vii) H cuvdpmon f(x) = I éxer medio opiopov 1o R.

e’ +
‘Eoto x, X, €R pe f(x,) = f(x,). Tote éovpe dradoyta:

e -1 e” -1

e +1 e” +1

e —eM Lt —1=e" —"t pe'2 —]
2e" =2e"
X, =X

1 2°

Apan feivar 1-1 oto R.

INa va Bpodue tnv avtictpoen tng fBétovpe y = f(X), omdte £xovpe:
e -1
e +1

f)=ye =Yy

Se-l=ye' +y
Set -yt =y+1
Se'(l-y)=y+1

1+ 1+
@e"z—y,us —y>0.

1-y -y

<:>x:1nl+—y,us -1<y<1.
I-y

[126 |



+y

1
Emopévog /' (y)=In - y € (-1,1), omote  avtictpoen tng f eivon n
-y

f(x)= n —, Xxe(-1,1).
viii) H f dev givar 1-1, yuoti f(0) =(2) = 0 pe 2 #0. Apan f dev avtioTpépetat.

3. Ovovvaptioeig f, ¢ kot w aviiotpépovar,
@OV ot TapGAANAEG TPOg TOV A&ova TV X
TEUVOLV TIG YPOUPIKES TOVG TOPUCTAGELS TO TTOAD
o’ éva onpelo. AvtiBeta n g dev avtioTpépeTat.
Ot Ypo@1Kég TAPASTACELS TV OVTIGTPOO®V
TOV TOPATAVE® GLVOPTNCEDV Ppaivovtal oo
GYALOTO.

4. i) H f eivaryvnoing adovoa 6to A, ondte yio kGbe X,, X, € Ape X, < X, E(ovpe
Stodoyka:

()< f(x)
/(%) >=1(x,)
=)x) > (=)(xy).

Emopévmg n — f eivar yvnoiong ebivovsa oto A.

ii)'Eoto X,,X, € A pe X, < X,. Enedn ot f, g eivar yvnoing av&ovoeg oto A Ba
oyvEL

S(x) < f(x,) xa g(x,) < g(x,),
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omote B £xovple
S +g(x) < f(x)+g(x,),
1, 160dVVapa,

(f +&)(x) <(f +&)(x,).

Apa, n f+ g givar yvnoiog avéovoa oto A.

iii)'Eoto X, X, € A pe X, < X, . Enewdn ot f, g eivar yvnoiong avéovceg oo 4, Ha
lepital

S(x) < f(x,) xan g(x,) < g(x,)
Ko emeldn], emmAgov, etvar f(x,) = 0 ko g(x,) = 0, Oa Exovpie

S(x)g(x) < f(x)eg(x,),

omoTE
(f8)(x) < (fg)(x,).

Apa n fg eivar yvnoimg avéovoa oto A.

14 A" OMAAAX

1. An6 o oynpata Bpickovpe otL:

i) lim /() =0 ko £(3)=2

i) lirr21f(x) =2 xar f(2)=4
iii)® lim f(x)=2 ko lim f(x) =1, onote n f dev éxel 6p1o 610 1, evd givon
x—1" x—1"
f(hH=1.
e lim f(x)=0 kot lim f(x)=1, omdéten f dev €xet 6p1o 670 2.
x—>2" x—2"
Emmléov, n f dev opiletar oto 2.
iv) ® lim f(x) =0 ko lim f(x) =1, onoten f dev &gl bpro ot0 1, evd givon
x—>1" x—>1*
f()=1
e lim f(x)=1 xat lim f(x)=2,ondten f dev &xel 6pro o0 2, evd givor
x—2" x—2"
f(2)=2.

° ling f(x)=1lim f(x)=2, evd n f dev opilerar oto 3.
x> x—3"
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2. i) H ovvapmon f éxeimedio opiopod to R— {2}
KoL YPAPETOL
(x=2)(x-3) el
x—=2
Amd ™ ypopun mapdotacn g f (Suthavo
oynua) Bpickovpte: lirr21 f(x)=-1.

J(x)=

i) Opoimg amd T ypaeiKn TapdoTacn TG

f (Suthavd oynua) Bpiokovpe: lirr]1 f(x)=1

iii) Opoimg amd TN YpaeiKn TapAcTacT TG
f (Suthavo oynua) Ppickovue

lim f(x)=1 kot lim f(x)=0, omdte, N
x>0 x—1"

S dev égetopootox =1.

iv) H cvvaptnon f oto nedio opiopod tng
R — {0} ypagpeton

f(x)=x+m={
X

x+1, x>0
x—1,x<0

ondte amd T ypagwm naphotacn mg fC
(Sumhavo oo Bpickovpe:

lim f(x)=-1 kot lim f(x)=1
x—0" x—0"

Emopévamg, n f dev €xel 6pro oto x,=0.
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3. 1) H forto nedio opiopod me R — {—1,1} ypdpertar:

_ x(x* =) +3(x* =1) _ (x> =1)(x+3)
J)= x* -1 a x -1

Amnd ) ypoeikn noapdotaocn g f mov
Qaivetal 6to dumhavo oynua Ppickovpe:

lir{l1 f(x)=2 xa lirrllf(x) =4.

=x+3.

ii) H f oto nedio opiopod g R—{%}

yphopeToL:
(x+DyJ@Bx=1"  (x+1)Px-]|
f(x)= = ,
3x-1 3x-1
omoTE
—(x+1), avx <%
S(x)=

1
x+1, av x>—
3

Amnd ™ ypoeikn mapdotaocn g f mov
poaivetal 6to dumhavo oynua Ppickovpe:

hm f(x)= —% Kol hm f(x)=

o o1
Enopévag, n T dev €xet 6pro oto X, ==
4. 1) Eivor oAn0ng, apov }Lr{lz f(x)= xlf_rzl f(x)=2.
ii) Agv givat oAn01g, apov 32{1 f(x)=2.

iii) Agv etvar aAn6mg, apod 11m f(x)=1 ko hm f(x) =2, mov onuaivel 0TI 1
f Sev éxeropro oto X = =177
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iv) An0ng, apov }gl fx)= }L‘? f(x)=3.
v) Agv givat adndng, aeod £1£1} f(x)=3.
vi) AAnOng, apod }Lr? f(x)= xllgll f(x)=3.
5.To }Lrg £ (x) vrapyet, av Kot pLovo ov

lim f(x)=lim f(x) & 2> ~6=A < A=31 A=-2.

X=X

1.5 A" OMAAAX

1. i)’Eyovpe 1irr(}(x5 —4x* -2x+5)=0"-4-0-2-0+5=5
i) 1inl1(x10 2 +x-D=1"-2-P+1-1=-1
20
i) Tim (< +2x+3)" =[1ir3(x8+2x+3)J pT
iv) lin}[(x—5)3|x2 —2x—3”:1in}(x—5)3 lim|x* ~2x-3[=(-2)’-0=0

v) lim - e
ol X+43 lim(x +3) 4 2
|x2—3x|+|x—2| 1im(|x2—3x|+|x—2|) 2
vi) lim'—— Spci] - -
=0 X 4 x+1 hrr&(x +X+1) 1
vii) lim3/(x+2)" = g/linll(x+2)2 =332 =.
: 2
o A X+2-2 IXIE}(“X +X+2_2) 0
viii) lim——; = 5 =—=0.
-l X" +4X+3 hn}(x +4x+3) 8
2.'Eyovpe:

i) lim g(x) = Hm[3(/(x))" =5]=3-4’ =5 =43,

lim|2f(x)—ll|_ |_3| 3

X2

lim(/(x)) +1 1641 17

i) lin; g(x)=
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iii) lin; g(x)= lirrzl(f(x) +2) ling(f(x) -3)=(4+2)(4-3)=6.
3. 1) T X =2 pundevifovrar Kot ot 0o dpot tov KAdopatog. o X # 2 égovpe:

xt=16 (=7 +4) (x+2)(x° +4)
X =8 (x=2)(x’+2x+4) X' +2x+4

Jf(x) =

Emopévac,
i) Opoimg yo X # 1 éxovue:
—3x+1_ @2x-Dx-1D _2x-1

S )_ -1 (x—D(x+1)  x+1
omoTE

2x—-1 1

hm x) =lim =—,

/() =l x+1 2

iii) Opoimg ywo X # 1€yovpe:
1_1 1_1 1 X
1-— (1-)(“) 4o
X X X X

Enopévag,
1
hm X) = lim—— =~
S =lx+]l 2
iv) Opoiog yio X # 0 £yovple:
(x+3)' =27  (x+3-3)[(x+3)> +(x+3)-3+9]
x

S(x)=
=(X+3)> +3(x+3)+9.

Enopévag,
lina f(x)= litr(}[(x +3)* +3(x+3)+9]=27.

4."Exovpe:

A LT e LS - .
O e () 0 (344x)(3-vx) 34X 6



B el g

ii) lim =lim =lim 1-(-x)
0 x2(1+\/1—x2) e (11 -x )

1 1

=lim——— = —
U4 1-x> 2

{ tim m_z . (M—Z)( x+2+2)(x/x+ +3)

VX2 +5-3 Hz(\/x +5+3)(\/x +5-— 3)( x+2+2)
(x—2)(\/x2+5+3)
=lim
220 —4)(Vx+2+2)
i VX +5+3
= l1m

(V)]

X—2

_6_3
XHz(XJrz)(\/m”)_lﬁ 8
. o2 (W2 Jx-2
iv) i =lim =lim
od x2—5x 44 o4 (X 1)(X—4) H4(X_1)[(\/;)2_22]

=lim x-2
x4 (x—1)(\/§+2)(\/§—2)

:lim—l =L-
x4 (x—1)(&+z) 12

5. 1) T x < 1 etvon f(x) = x*, omdte }glll f(x)=1.
Ta x> 1 givon f(X) = 5x, omote li_rg} f(x)=5.
Emopévag dev vmépyet 6pto g );‘ oto 1.

il) Mo x <—1 givon f(x) = —-2x, omoTe xlir_rll f(x)=2.
To x>— 1 givoan f(x) =x" +1, ondte r1_1)1}1 f(x)=2.

Emopéveg lim1 f(x)=2.
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6. Eyovope:
i) Tim 3% g MH3X 3y 5
x—0 X x->0  3x

i) lim (Px—lim(n—w(~;j Jim IX lim;:l-lzl
Xx=>0 ¥ x—0 X oLVX x=0 ¥ x=0 gUVX

npax
iii) lim EQ4X =lim M; =2lim _4x_ 1 :211:2
=0 u2X 20\ Mu2X cuv4x =0 MUZX  GuV4X 11
2X
iv) l1m[ _"“ijhm[l—“—wj:l—hm”—w(=1—1=0
x—0 X x—0 X x—=0 ¥
W lim— i W i Loy

x>0 x3 £ x x>0 x x>0 X% 41

nuSx(v5x+4+2
NSX i ( )

x—0 /5X+4_2_xa0 SXx+4—-4

:Mnmwxﬁmtﬁx+4+ﬂ:L4:4
x=>0  §X x—0
7. 1)’Eyovpe,
: ’ _l-ouovix . (1- 1 ,
lim X 1-oUuviX :11m( cuvX)(1+ovvX) ~ Jim(1 - GovX) = 2.
x>71 14+ GUVX X7 [+oLVX  xor (14+cvvx) x—>1
ii) Exovpte,

. l-ouvix . X . X
lim oLV =1lim nt =1lim i =0

=0 Mu2x *=0 2NUXCLVX  *20 2GVVX

iii) ‘Exovpe,
. . . 1 1
lim nex__ lim NiX =lim =—.
-0 MU2X 20 2NUXGLVX 20 2gLuvX 2

8. 1) Eivay, lin&(l —x*) =1k ling(l +X%) = 1, omd1e amd T0 Oedpnpa TG TOPEUPOAS

glvon lin(} f(x)=1

i) Opoiwmg, hm(l —x*) =1 xa lim

=1, omote lim f(x)=1.
x=0 gV X x—0
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9. Eivat:
1irr31f(x)=10c> lim f(x) = lim f(x)=10
x> x—3 x—3"
< lim(2ax+ p) = lim(ax+3p) =10
x—3" x—3"
S 6a+p=3a+38=10
6a +p=10
&
30 +36 =10
Sa =g Kot f=2.
1.5

B OMAAAX

1. 1) Ta x =2 pundevilovrot kat o1 300 6pot Tov KAGoHoToc. Me to oyfua tov Horner
Bpickovpe X' —X* —X—2=(X—2)(X* + X +1), onote

limx3—x2—x—2_lim (X=2)(X> +x+1) im X +x+1 7
I 2 (X=2)(X* +2x+4) =2 X +2x+4 12
v+l v+l v
i) linllx v +ll)x+v =1inllx vxl X+v lim X(x" =1)—v(x-1)
X—> X— X—> X_

x—1 X—1

i DX X LA x+ D) —V]
x—1 X—1

=Hm[X(X"" + X+ A X+])-v]=v-v =0

x—1
iii) @¢tovpe Jx = t, omote
2
lim -1 lim =D +1

x—1
————=Ilim = Yymuo Horner
o radi2 S oy re+2) (Exu )

. t+1 2
:hmz—:——
=Lt +t+2 4

1
5
2. 1i)’Eyovpe:

x+5 X+5 L, av x>-5"

T = Vil +10x+25 _ Jx+5) _ {—1, oV x <=5
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omoTE
lim f(x)=-1«xo lim f(x)=1.
x—>=5 x—>-5"
Enopévog dev vadpyet 6pio g foto 5.
i) [ X < 5 etva:
x=5l+x" —4x-5 —(x=5)+x*—4x+5 x> —5x
x=5 x=5 x=35

Emopéveg lim f(x) = lim x =5.

x5 x5

iii) T X > 5 elvau:
x—5|+x*—4x-5 - 2 _ 35—
f(x)=| | _X- 5+x*—4x-5 _x 3x-10
x-5 x-5 x-5
Emopéverg lim f(x) = lim(x+2)="7.
x—>5" x—>5"

+2

iv) @étovpe Jx =1, omére éyovpe

2
. N B G (GRIED))
x—l \/;_1 11 t_l 1—1 t_l

:linllt(l‘2+t+1):3,
-

3. 1) Eivar a =

Kot f=g@b = U , OTOTE
cvvl cuvl

lim (@ - ﬂ)—hm( ! ”“sznml_““e
0% cuvl ocvvl 0% cuvo

2

~lim 1-np’o _ lim cuvl
07 cuvO(l+nub) 0% 1+npo
i) hm(a -p*)= hm(l) =1

0= 9%*
2

i) llm ﬁ = hm(nue) =1.

0% o 0%
2

4. 1) ®érovpe g(x) =4f(x)+2—-4x,ondte f(x)= %g(x) +x —% . Eme1on
lin} 2(x)=-10, érovpe
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lim /() =lim| L g0+ v -+ | =L c10pr1-L =2
xo1° x>l 4g 2 4 2 ’

JS(x)

>
xX—

ii) ®¢étovpe g(x) = omote f(x)=(x—-Dg(x), x=1.

Emeidn hnll g(x) =1, é&govpe
linl1f(x) = linl1(x—l)~1irr11g(x) =0-1=0.

1.6 A" OMAAAX

. . . 1
1. i) Enedn 11r13(x4 +3x7) =0k X* +3x* > 0 yia X # 0, eivon lim ——— =+,
X—> x=0 ¥

Eneidn, emmAéov, lin(}( X+5) =5, égovue

X+5 1
lim =lim| (X+5)- = 400
x>0 x* 4 3x7 HO[( ) x* +3x2}

il) Eneion lirrll 4(x-1)* = 0kon 4(x—1)* > 0 kovté o710 1, £ivon linll P = +o0
X— X— X -
Enedn, emmAéov, lin}(ZX -3)=-1<0, éovpe

im 2272 fim| (2x-3)—— | = 0
oL4(x—1)" ot 4(x-1)
ii1) H f 670 medio opiopod e R — {0} ypdoeton

2 avx<0
f()=1x" :
0, avx>0
oToTE EYOVLLE
. .2 .
lim f(x)=lim —=—co, evéd lim f(x)=0.
x>0 =0 X x—0"

Emopévag dev vdpyer 0pro mg f oto x,=0.

2. i) H f oto0 medio opiopod g R — {~1,1} yphoetar:
4 3(x+1)-4 3x-1
1-x7 1-x7 1-x*

3
)=

Eneidn x = 1 nepopiiopacte 610 vwocshvoro (0,1) U (1, +00) tov mediov opiopod
mg f.

[137]



e Av X € (0,1) &ovue 1-x> >0 xa hm(l x*) =0, onote lim — = +00
x—1 —X

Emumdéov eivar lim(3x—1) =2 > 0, omdte égovpe

X—=1"

3X— 1

lim—— = hm = 400,

x—>1" 1 — X X
e Av X € (1,+00) égovpe 1— x> < 0 kat hm(l x*) =0, omote lim = —o0,

xo 1= X2
EmimAéov eivon lim(3x—1) =2 > 0, ondte
x—1"

Iim —— 3x- > —hm[
1-x

x—1"

o]

Emopévamg, dev vrapyet opio tg foto x, =L
i) H f 670 medio opropod g R — {0} ypapeton:

X +3x-2

2

f=4 7
X +3x-2

B >
X

,x<0

x>0

® Av X < 0 éyovpe —x> <0, lim(=x*)=0 kot lim(x*+3x-2)=-2<0,
X—0" X—0"

1 ,
oToTE hm —— = —o0 KO GpaL
—x

. . 1
lim f(x)= lim {(x2 +3x—2)-—2} = +o0.
x—=0" x—=0" —X
e Av x>0 éyovpe X* >0, lim x* =0 xon lim(X* +3x—2)=-2<0, ondte
x—0"

x—0"

1
lim — = +o0 Kot Gpa
x—0" X

. . 1
lim f(x)= lim {()c2 +3x-2) —2} =—o0.
x—0" x—0" X
Emopévmg, dev vapyet opio ¢ foto X,=0.

iii) H f 610 medio opropod e R — {0} ypdpeton:

3 3
X X X

1
® Avx <0 &povpe X <0, hmx 0 Kot hm(x +1)=1>0, on6te lim — =—o0
Ko Gpa o X
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. . 3 1
lim f(x) = lim {(x +1) ~—} = —o0.
x>0~ x>0~ X

® Avx> 0 égovpe x>0, lim x =0 kot lim (X’ +1) =1>0, ondte lim — =+
Ko Gpo =0 x>0 x50° X

lim /(x) = lim {(f 1) .l} ~ oo,
x—0" x—0" X

Emopévmg, dev vmdpyet 0po g f oto X, =0.

1.6 B’ OMAAAX
1.’Exovpe: 9 9
f(x)= =
i —2x-aVx+8  x(Vr-2)-(4/x-2)
-9 1 -9

Coen(Vx-2) (Jxo2) Ve

To nedio opiopod g f gival 1o cvvoro A =[0,4) U (4, +w0).

2 . 2 . 1
INo Xxe A givon (\/X —2) >0 ko hm(\/X —2) =0, ondte lim————— = +o0.
x—4 X—4 ( [X _2)
EmmAéov ivon lim -9 = —2 , omote
oA X +2
. . 1 —
11rr} f(x)= lm} i = —00,

e e

" . T , .
2.1)'Eyovpe lim cuvx =0 kotcovx>0vyia Xe| 0,— |, ondte lim =+00 .
Xt 2 s OLVX
2 2
Emméov eivar lim (nux) =1, ondte
x>
2
. . 1
lim (epXx) = lim | npuX- = 400,
xei xai GLVX
2 2
= —00,

. . T L
Opoimg, lim (cuvx) =0 «kotovvx<0yw X €| —,7 |, omote lim
. 2 7 OLUVX
2 2
Emmiov gtvan lim (npx) =1, ondte
T

X—>—
2
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lim (g@x) = lim {nux- ! } = —o0,
’ ’ GLVX

x»% x»%
Emopévemg, n f(X) = gpx dev éyet 6p1o 610 % :

. . . 1
ii) Eyovpe lim(mux) =0 ot nux > 0 yia X € (O,ZJ, onote lim —— =+,
X—0" 2 X=0" T UX
Emméov givar lim (cuvx) =1, ondte

x—0"

1
lim cpx = lim |:CSUVX —} = 400,
x—0" x—0" ’I’]HX

. . 1
Opoimg, lim(nux)=0 kounux <0y X € —E,O , omdte lim — =—o0 .
X0~ 2 x=0" T UX
Emméov ivar lim (cuvx) =1, omdte

Xx—0"
1
11m 1(6pX) = lim | GLVX - —— | = —0.
x—0" nux
Emopévac, 1 f(X) = oox dev éxet dpro oo 0.

3."Eyovpe
linll(x2 -1)=0 xot linll[(i x> +x-2]=A-2.

—AvA—2>0dmAiadnq av i >2, 161 hm f(x) =400 ko llm f(x)=—00, ondte
dev vmapyet opto g foto 1.

—AVA—2<0Miadn av A <2, tote hm f(x) =—00 ko llm f(x) =400, omote
dev vmapyet 6pto g foto 1.

X 4+x=2 C(x=D(x+2) x+2

TAVA=2.6w S =5 T (x=D(x+D)  x+1

, pe X =1, omote
limf(x)=—=
x—1

Emopévag to lin} f(x) vrapyetoto R poévo av A =2.

Opolmg, éxovpe:
limx =0 xat lirr&(x2 +2X+ 1) = .
X—> X—>

— Av ;> 0, tote lim g(x) = +o0 Ko hm 2(x) =—o0, ondte dev vIApyEL Oplo
m¢goto 0. =
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— Av 1 <0, t6te lim g(x) =—c0 Ko hm 2(x) =+, omdTE deV LVILAPYEL OPLO
x—0"
m¢goto 0.

X2 +2x

—Avu=0,tote g(x) = =x+2pe x=0, ondte Iing g(x)=2¢R.
Emopévac, to 1in(} g(x) vrdpyetoto R povo av i =0.

4. 1) @étovpe g(x)= ﬂ Emedn lirrll g(x) =+, givar g(X) # 0 kovtd oto 1.
Emopévag (x) 7

f(x )— (x) , Kovtd oto 1.

Emedn lirrll(x -4)=-3<0 ko 111111 2(x) =+ &yovpe:

11mf(x) = llm g(x‘)l = lxiir}[(x—4)$} =0.

i) @¢tovpe g(x) = f( )

, omote f(X) = (X + 2)g(x) xovtd oto 1. Enedn
lil‘Ill(X +2)=3>0 kot 1111]1 g(x) = —o0, &yovpe:

lim /(x) = lim[(x-+ 2)g (x)] = —=0

iii) ®@tovpe g(X) = f(X)(3x* - 2), ondte f(X) = 3g2(x)2 Kovtd 670 1.
x

. . 1
Eneidn 111’1’]1 g(x) =+ Kot 111111 2 =1>0, &ovue:
xX—> X— X —_

. . 1
132?f<X>=£1£?[g<x>'3x2_z}:“‘"

1.7 A" OMAAAX
1. i) lim (=10%* +2x—5) = lim (=10x*) =10 lim x* = —

ii) lim (5%’ —=2x+1) = lim (5x’) =5 lim X’ = —

iii) lim —
x—-0 X7 4+ 8 X——0 X

oo xresdeax-1 Xt
iv) lim —————= lim — = lim X=+©
X—>+o0 x> =3X+2 X—>+0 )(3 X—>+0
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2% +x-1 o (2xr) 1
V) l —2: hm — = —
x>t 4yt —x2 42 x| 4X 2

vi) llmx—2: lim%: limig:O
x»mox +X+3 X+ Y X+ X
s X 5 X 42X=5x0 -5 . —4X*+2x-5
vii) lim 3 - =11m2—= m ———
x4 XT+1 X+2) xore (XTHD)(X+2) X +2XT+X+2
—4x%* -4
=lim—=0
X—+0 ¥ X=>+0 ¥
2 2 2
viii) lim X +5_x +3 — lim 2X ;L2x+10 lim 2x2 s
X—>+0 X X+2 X—>400 X +2X X4 ¥

2. i) Emedn A= 4 —4-4-3 <0 1o medio opiopod mc f(x) = V4x” —2x+3 sivarto
R. Tlepropilopaote ato ddotnua (0,+0) 6mov n fypdeston:

f(x)=mz\/x2(4_z+%):|x|\/4_2+%: \/ 2 3
X X X X

X, |4—-—+—
lim f(x)— 11m (x /4—%+%J:+oo.
xX—>+00 X X

>
ii) Ot pilec Tov TprvdpoL X2 + 10X + 9 givar —9 kot —1, omdTE TO TESTIO OPIGHOD

Emopévag

me f(x) =vx” +10x+9 givor A = (—o0,-9]U[~1,+00). [Teploptldpacte 6To
ddotnpa (—o0,—9] omov N fypdoetat:

f(x)=+x> +10x+9 x2(1+g+%J
X x

x|\/1+—+—:—x\/l+&+%.

X X
lim f(x)= hm [—x fl+£+%]:+oo,
X—>—00 X x x

iii) To medio opiopov g f(x) = \/x2 +1+ \/x2 —3x+2 givar A = (—0,1]U[2,+0)
[epropilopaote oto didotua [2,+0) omov 1 f yphoetor:

Emopévag
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1 3 2 1 3 2
= 1+— 1-=+== 1+—+,1-=+=|.
f(x) |x| +x2 +|x|\/ x+x2 x[\/+x2 +\/ x+x2j

Emopévag

lim f(x)= hml: (\/Hiz +\/1_§+%H:+oo.
X—>+00 X ¥ ¥

iv) To medio opiopov givat to cvvoro A = (-, p,]U[p,,+®©), 6TOV P, P, 01 pileg
g e&lowong (X + a)(X + ) =0, mov ivan ot apBpoi—a, — B. Apa, 1 f opileran
o€ ST TNG Lopeng (—0,¥) pe y < 0. Ilepropildpacte 6t0 didotnpa avtd,
OTOTE EYOVLLE:

F) =¥ +(a+B)x+af —x=| 1+06+ﬁ o _,

x
=—x( 1+a+ﬂ+@+l}
X X
Emopévag

lim f(x) = 11%{-;{ 1+M+@+1H = oo,

X X

v) To medio opiopod g f(x) = 2x — 1 —~/4x* —4x + 3 eivan 10 R. [epropildpoocte
010 ddotnua (0,+0), ondte n f(X) yphoetor:

2x =1 —(4x* —4x+3 -2
flg= D —G ) :
2x—1+V4x* —4x+3  2x—1++4x" —4x+3
_ -2 B -2
R A {2_1_ 4_4+1}
X X X X X
Enopévag
1) .. -2
hm f (x)= hm( jhm
x40\ x Jxo+o l 4 3
24—
X X X
=0- —2 -



3. 1) To medio opiopod g f(x)=
Saotpa (0,+0), ondte

Floa) el A2

Emopévaog lim f(x)=1.

| ,
givar To R*. Tlepropilopaocte oto

J(x) =

+ —
x2

ii) To medio opiopod g f(x) =vx* +1—x eivor 1o R. Teplopildpacte 610
dtaomua (0,+0) , ondte

(\/x2+1—x)(\/x2+l+x) 2 ]— 2

L r
1
x1+i2+x (/ 12+J
X

Enopévag lim f(x)=0.
givar to R*. Iepropllopaote 6to Sidotn-

—_—

x +1

iii) To medio optopov g f(x) =
po (—0,0), ondte

Emopévag lim f(x)=-

iv) To medio opiopod g f(x) =vVx* +1+x eivan 0 R. Iepropildpacte oto
dibotpa (—o,0), onote

Vi 14 x)(Vxd +1-x
f(x):( L) 1)= 1




1

EEEE(on)

Emopévag 11m f (x)=0.
 +1 givar A = (—o0,—1)U(1,+0).

v) To medio opiopod g f(x)—
x’ -1

Iepropiopaocte oto dotnpa (1, +oo), oToTE
(x—m)(x+m)(x+m) (—1)(x+\/ﬂ)
SO ) e Ve (e 1) (e o)

X+ X 1—L ){H 1- ] 1+ /l—iz
X

X

B 1 1
X+ X 1+7 x[l lzj l+\/l+x2

Enopévac,
1

vi) To medio optopod ™mc f(x) = xv/x” +2x+2 —x° sivou 1o R . Tlepropildpacte

010 diotnpa (0,+w), ondTe
(\/x2 +2x+2 —x)(\/xz +2x+2 +x)
f(x)zx(\/x2 +2x+2—x)=x
(\/x2 +2x+2+x)

X 2+g 2+2

2X+2 X
=X =X

2

=X = .
2 2
X +2X+2 4 X x[ /1+2+22+1J \/1++2+1
X X X X

Emopévag, lim f(x) = +oo.
X—>+00
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1.7 B OMAAAX

1.1) Iepropildpacte oto didotnpa (—o,0), ondte

f(x)= x| /1+—+,ux——x {1+—+/,tx—— { /1+L—uj,

Enedn

1 i , ,
lim (—X) = +o0 Ko 11m I+— —u | =1-p, &ovpe T1g £EAG TEPIMTOGELS:
X—>—0 X

— AV 1 —p>08hadh u <1, 1018 lim f(x) = +o0

—AvV 1 —pu<0diadn x> 1, 101€ lil’El f(x)=-

—Avpu=1,1018 f(x)=x" +1+x, ond1e

A \/x2+1—x

= ]1m ! = lim

1
i —x 7 —x\/l+lz—x
X

= lim ! = lim L; =0-

1
X—>—00 1 X——0| —X 1 1 1 2
(=x)| 1+ Z +1 + & +

(u=Dx* +2x* +3
ux> —5x+6

2x* +3
—Avu=1,101¢ f(x)=2x—,0n()ts
—5x+

ii)'Eote f(x) =

lim f(x) = lim

X—»+o0 X—>+00 x2 —S5x+6 x> x2

43 2 2
—Avu=0,10t€ f(x)= M, omote
—5x+6
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—Avu#0,1, tote
(u=Dx’

2

lim f(x)= lim ———

X—>+00 X—>+0 ux

X—>+o0

. (H 1) 400, av u e (-0,0)u(l,+0)
= um —-
H —%0, av pue (09 1)

2. ITepropilopacte oto (0,+), ondTe:

f(x)=vx* +5x+10 - Ax = 1+5+m —Ax=x [1_1_54_&_1
x X x x
Emedn . . ST
lim X =+ xot lim | ,[1+— +——/l =1-A.
X—>+00 X—>+0 X X

"Exovpie 115 €€1¢ TEpTTOGELG:
—Av1-2>0Mhadn A <1, tote lim f(x) =+
—Av1-A<0miadnA> 1, tote lim f(x)=—o0

X400

— Av téhog A = 1, torte:

F(x)=~/x* +5x+10 - x_Llo
Va2 +5x+10+x

_ X _ X
510
X \/1+5+10+1 \/1+ +— +1
omoTE X X X X
lim £(x) =20 3R
X—>+o0 \/i+1 2
Qoteto lim f(x) vrdpystoto R pévo av A= 1.
3. Eivau , . ,
f(x):x +1—ocx+ﬂ:x +l-ax” +Bx—ax+p
x+1 x+1
_(-a)X+(B-a)x+1+p
X+1
—Ava#1,16t¢
2 +00, <1
lim /(x) = Jim L% _ lim(l—a)x:{ o avast
X—>+00 x X—>+00 —o0, av a >1
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—Ava=1«kua#p, t0te

lim f(x)= lim ——— B-a)x =f-a=#0.
X400 X400 X
1+1
—Ava=p=1,16t¢ hmf(x)— lim — =0.
x40 x 4 |

Qote
lim f(x) =0 a=8=1.

|x —5x|

4. 1) To medio opropod g f(x) = 5 givarto R— {1, 2}. Ilepropilopoote

670 diotnpa (—,0), ondte

X' —5x+x X’ —4x
X)= = .
F&) ¥’ =3x+2 x*-3x+2
Enopévag )
lim £(x)= lim -1

-°°x

VXP+145-

ii) To medio opiopod g f(x) = Y givartoR. [eproplopacte oto

(—,0), omoTE X++v4+3x7

|x| /1+— - —X /1+—+5 x
) 4

—+3 —Xx,[—+3
x+|x|\/x2+ X x\/x2+

Enopévag

e 2 _2(J§+1)
-1 BBl 2
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iii) [Tepropifopoote oto ddotnua (1,+0), ondte
¥-x x(x-1)
fo=" =Ty
x—1 x—1
Enopévag
lim f(x) = lim x = +oo.

1.8 A" OMAAAX

1. 1) Hf dev eivar cvveyng oto0 X, =1, apod
2=1lim f(x) # lim f(x) =1
Yta vohoimo onpeio Tov TEdIoL OPIGHOD TG, OTWOS PAivETOL OO TO GYN L0,
n feivon cuveyne.
i) H f dev givar cvuveyng oto 1, apov 1)[11111 f(x)=2# f(1)=3. Xta vrorowma

onpeia Tov mediov opiopo g, OTMS Paivetat amd To oynua, 1 f etvon cuveymgs.
2. i) Eivot: lim f(x) = lim(x* +4) =8, lim f(x) = lim x’ =8 xau f(2) =8, ondte
x—>2" X2 x—2" x—2"
lim £(x) = £(2).
Emopévmgn f eivar cuveync ato X,=2.
ii) Etvow:
lim f(x) = lim(x* +1) =2, lim f(x) = lim 3+ x =2 ku (1) =2, omdte
x—1" x—>1" x—1" x—1"
lim /(x) = /(1).
Emopévamg n f eivon cuveyng oto 1.
X x-2 _ (x—=1D(x+2) ~(x-1),
x+2 x+2

iii) o X #— 2 wyder f(x) =

onote
1ir{12 f(x)= lirg(x -)=-3=f(-2).

Emopévagn f eivon cvveyng oto X,=—2.

2

—, x<-1
x
3. i) Hf(X) ypaoetan £(x) =4 2x*, —1<x<1.
%, x>1
X
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Y10 dudomua (—1,1) n f eivar cuveyng og Tolvwvouky cUVAPTHON EVO oTA
Swotiuata (—o,—1) xar (1,+0) 1 feivar cuveync og pntm cuvaptnon.
Zto X, =— 1 éxovpe:

lim f(x)= lim 2 =-2, lim f(x)= lim 2x* =2 xau f(-1)=2.
x—>-1" x—>-1" x x—>-1" x—>-1"

Emopévacn f dev givan cuveyng oto
—1.Xt0o x =1 éyovpe:

lim /(x) = lim 2x* =2,
x—1" x—1"

lim f(x) = limz =2 xou f(l)=2.
x—1* -1t x

Emopevog 1 fdev etvar cuveync oto 1.
H ypagwn mapdotaon g f paiveron
670 SuAavo oyNLOL.

ii) [ X # 2 éyovpe
2_ — —
f(x):x 5x+6:(x 2)(x 3):x—3,
x—2 x-2

omote 1 f givon cuveyng og kabéva and ta
Stactiuata (—0,2) Kot (2,+0), ©g ToAv-
MVULUIKT] CLVAPTNOT).

INo x =2 1oyder

ljrrgf(x) = 1irr21(x—3) =-1# f(2)=5,
onote N f dev givan cvveyng oto X = 2. H
ypo@ikn mapdotaon g f gaivetor oto
Sumhovo Gy,

ii1) Xto ddotnua (—o,1) n f eivan cvveyng wg
olvovopkn. o didotnua (1,4+0) n f eivon

oLVEXNG WG AOYOPLOLUIKT.
Zro X =1 &qovpe:

lim f(x)=limx=1,
x—=1" x—1"
lll’? f(x)= lirg (ln x) =0« f(1)=0.

Enopévogn f dev eivar ouveyfig oto x = 1.
H ypaoum napdotacn g f @aiveTol 6To SumAovo Gy
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iv) Xto dudotnpa (—0,0) n f éxertomo f(X) = €* kou givon cuveyng.
210 Stopa (0,+00) 1 f éyer omo f(x) = —x” +1 Kou eivar cuvexic og
TOADOVULLKT.
X0 X =0 &govpe:

lim f(x)=lime" =1,

x—0" x—0"

lim f(x) = lim(-x" +1) =1
x—0" x—0"

kot f(0)=1.
Emopévac 1 f ivor cvveyng oto x,=0.
H ypogwn mapdotaon g f eaiveton
070 SuTAavd Gy

4. 1) Zro dtdotnpo (—oo,1) 1 feivar cuveync og molv@vopikn. Xto didotnua (1,+00)
n f eivar cvveync wg mnAiko cuveydv cuvapTNCE®V.
Zto X =1 &govpe:

lim £(x) = lim(2x* —3) = -1,
x—1" x—=1"
el (x—l)(\/x+1)
lim f(x) = lim = lim
x—1* x—1* N

x—1 xo x—1 x—1"

kon f(1)=-1.
Emopévacn f dev eivar cuveyfic oto x,= 1.
ii) Xto drdomua (—0,0) n  elvor cuveyng wg TNAiko GuVEXDY GUVOPTHCE®V.
1o dbotnua (0,490) 1 f elvan cuveyns.

Z1o X =0 &yovpe:
. MU . L B _
lim f(x)=1lim —=1, lim f(x)= lim covx =1 ko f(0)=1.
x>0~ x=>00 X x—0" x—0"
Emopévacn f eivar cuveyng kot oto X,=0.

5. 1) H f givan cuveyng og ohvBeon Tov cuvey®v GUVOPTAGE®MV Y = NUU Kol U = GUVX.

ii) H f eivatl ouveyfc wg ohvbeon tov cuveydv cuvaptioemv Y = Inu Kot u =
2
X+ X+1.
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i) H f givon ovveyng wg obvbeon tov cuveydv cuvaptioemy Yy = nuu Kat
1
x*+1
iv) H f givon ouveyng og o0vBeon tov cuveydv cuvoptioemy Y = e" kat U = nuX.

v) H f givon ovveync og odvbeon tmv cuveydv cuvaptioeny y = Inu kot U = InX.

6.H ocvvdaptnon f(x)=nuw—x+1 eivar cvveyng oto [0,7] xatr toydet
f()f(r)=10-7) <0, dnradn TAnpei TiIc cLVONKEG TOV Be®PNLOTOG TOV
Bolzano. Enopévag, n e&icoon f(X) = 0, dniadn n e&icowon nux —X + 1= 0, éyet
pia, tovAdyotov, pia oto (0,7).

7. 1) Hopatnpoovpe 6t f(0) =—1 ko f(1) =1,

ométe M f(X) = X* + X — 1 o710 [0,1] TANpei T1C GLVONKES TOL BEMPHULOTOS TOV
Bolzano. Enopévag, 1 eélcwon f(X) = 0, Sniadn n eéicoon X +x—1=0, éxet
pia, TovAdytotov, pia oto (0,1). Apa, £vag amd Tovg (ntoduevous akepaiovg
glvaro o =0.

ii) Opoiwg, £vag amd Toug (nTrovevovg aképatovg etvato a =— 1

iii) Opoimg, 0 a=— 1

iv) Opoiwg, 0 o= 1.
8. @swpovpie T cvvaptnon
S =alx—m)(x=v)+Bx-)(x=v)+y(x=A)(x— ).
H f eivai ovveyng oto [4, u] xar woyver f (L) f(u) <0, apod
f(A)=a(d-w(A-v)>0 xa f(x) = p(u=A)(u-v)<0.
Enopévac, coppmva pe 1o Bedpnuo tov Bolzano vrdpyet éva, TovAdyictov,
X, € (4, 1) téroro, dote f(x ) = 0.
Avbhoya Bpickovpe OTLurapYEL évat, TOVAAYIOTOV, X, € (1,V) TéTot0 dote f(X ) = 0.
Enednn f givon devtepoPdduio tpudvopo, dev Exet Ghheg piles.
9. 1i)’Eyovpe:
f()=x"+2x" —x-2=x"(x+2)-(x+2) = (x +2)(x* — 1)
=(X+2)(X+1)(x-1),
omdte

f()=0x=-2Ax=—11x=1.

[152 |



O napakdTo wivakog deiyvel to tpdonpo g f oe kabe ddotnpa.

AldoTnpo (=0,-2) (=2,-D (LD (1,+0)
Em)»syp,tévog 3 3 0 2
apBuds X, 2
f(x) -8 2 -2 12
8
Ipoonuo g f - + - +
i) Exovpe f(x)=x"(x" —9) = x*(x—3)(x +3), ondte
f(x)=0x=0 )M x=319x=-3.
O napakdTo Tivakag deiyvel to tpoonpo g f o kabe didotua.
Adotpa (—00,-3) (-3,0) (0,3) (3,+0)
Emksyp’lsvog 4 1 1 4
aptBpog X,
f(x) 112 -8 -8 112
Ipoonpo g f + - - +

iii) ‘Eyovpe:

g(pX:\/§<:>X:—2?ﬂ il x=§, aeoV X € (-, 7).

O mopaxdte nivakag divel to Tpdonuo g f oe kabe ddopa.

i 2 2 @ T T T T T
Avdotnpo -, —— - = == - = s
3 32 2°3 32 2
Emuheypévog 37 T 0 5 3z
apOpog X, 4 Y o v
f(x) L1243 2 i 2 | h
Ipdonpo g f - + - + -




iv) YroAoyilovpe tig pileg tng f(X) =0 ot0 [0,27] £xovpe

NUX + cLVX = 0 < NUX = —GLVX

S epx=-1
3r Tr
SX="—7—1f X=—.
4 4
O mapaxdtm wivokag divel 1o mpdonpo g f(X) = nux + cvvx og kabe ddoTnua:
7
AlboTnpa 0, 3 (3_”,7_7[j (_ﬂ , 27r}
4 4 4 4
E .
m?»eyp,tsvog 0 . o
apOpog X
f(x,) 1 -1 1
Ipdonuo g f + - +

10.1) H cvvépnon f(x) = Inx — 1 givar yvnoiog avovoa kot cvveyng oto [1,e].
Emopévmg 1o obhvoro Tiudv g eivarn to ddotnpa [f(1), f(e)] =[-1,0].

i) H ovvaptnon f(X) = — X + 2 givon yvnoing edivovoa kot cuveyng oto (0,2).
Emopévamg, To obvoro Tipdv g givar to dtdotnpa (0,2), apov 1iII21 f(x)=0
o lim £(x) =2. H

iii) H ovuvéaptnon f(X) = 2nux + 1 givon yvneing avovoa kot cuveyng 6to [0,%).

(Ao n ovvaptnon tov g(X) = Nux gival yvnoing avéovca 610 TpMTO
teToptUopLo). Emopévamcg, to ohvoro tdv g eivar to dtdotua [1,2), apod
f(0) =1 xon linf} f(x)=2.
6
iv) H cuvdpmnon f(x) =€*+ 1 eivar yynoiog avéovca kat cuveyng oto (—o,0].
Emopévag, to ovoro Tindv g eivat to dtdotnpa (1,2], apov lim f(x) =1
xan f(0)=2. o
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1.8 B OMAAAX

1. H f eivar cuveyng oto X, =2, av Kot povo av

lim f(x) = lim f(x) = f(2)  lim(x* —k*) = lim (kx+5) =4 -«
X2 x—2" X2 x—2"

S 4-Kk*=2Kk+5
SKP+2k+1=0
oSk =-1.
2. H f givan cvveync oto x,= 1, av kot povo av
lim f(x) = lim f(x) = f() & }ig}(azxz +px-12) = lim(ax+ ) =5
sa’+pf-12=a+p=5.
Amd v enilvon Tov TEAELTAIOV GVGTHROTOG Bpickovpie
(a=4,=1) 1 (a=-3,5=23).
3. i) H ouvépmon f eivar cuvexnig oto X = 0. Zvvenag,
covx -1 oovix-1 . —mu’x

7(0) = lim f(x) = lim =1lim
x—0 x—0 X

-0 x(ocLuvx + 1) -0 x(1+cvvx)

— lim (—nux)(”—“xj; —0-1.1 -0,
X0 X )14+ ocvvx 2

i) Exedn n g eivar cuveyng oto 0 Bo woyver g(0) = lim 2(x)=lim g(x).
—0" x>0~

Emopévac, apkel vo vroioyicovpe to hm g(x).
T x> 0 éyovpe dadoyikd:

g (x) —nux| < x*
—x* < xg(x)—mux < x7
—x* +npx < xg(x) < X7 +nux

—x+m<g(x)<x+

lim (_Hn_qu =1 xou lim (X+n—uxj =1,
x—>0" X x—>0" X
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omote, and to Bedpnpo wapePoAng, sival lLIgl g(x)=1. Emopévac g(0)=1.
4. Osmpovpe T cvvapTNon )
9(x) = 00 —g(x).
H ¢ eivar cvveyng oto [0,1] kot woyvet p(0)p(1) <0, apod
@(0) = 7(0)-g(0) <0 xor (1) = f(1)-g(1) >0

Emopévac, cbupova pe to Osdpnpa Tov Bolzano, Ba vrdapyet £va, TovAdyictov,
& €(0,1) této10, dote p(&) =0, ondte (&) =g(d).

5. a) Zto avoiktd ddotnua (1,2) n e€icwon ypdeetal 1codvvaLo
(x* +D)(x=2)+(x* +1)(x=1)=0.
Emopévac, éxovpe va deifovpie 6TL 1) cuvaptnon
fx) = +D)(x=2)+ (x* +1)(x 1)
€yel [o., TovAdyotov, pifa oto (1,2). Ipdypatt
* H f givan suveyng oto [1,2] ko
o Ioyoer (1) f(2) = (-2)(65) < 0.

Emopévmg, ovppmva pe to @sdpnpo tov Bolzano, 1 f éxet pia, tovddyiotov,
pilo oto (1,2).

B) Zto avouytd ddotnua (1,2) n e&icwon ypdeetot tloodvvapa
(x=2)e" +(x—1DInx=0
Emopévac, égovpe va deiéovpie 6TL 1 cuvaptnon
f(x)=(x-2)e" +(x—1Inx
€yl [, TovAdytotov, pifa oto (1,2). Ipdypatt
e H f givar cuveync oo [1,2] kon
o Ioyve f(1) f(2)=(—e)In2 <0.

Emopévac, copenva pe 1o O@sdpnpo tov Bolzano, n f éyet pia, tovddyiotov,
pilo oto (1,2).

6. i) Avalnrovpe Avomn g e&icwong f(X) = g(x) oto svvoro (—0,0) U (0,+0).
Enedn opwg f(X) =€ > 0 yio k60e X e R* xar g(x) = 1 >0 ue x>0, evd
X
g(x)= 1 <0 pe x <0, n e&iowon, f(x) =g(x), av éyel kamowa Avom, avt Ha
x

avikel oto (0,+c0).

[156 |



Youvenmg, avalntodpe Avon g f(X) = g(X) oto (0,+0) 1, 160d0Vaua, TNG
e€iowong f(X) —g(x) =0 ot0 (0,+0).

1
Oewpovpe ) cvvaptnon @(x) = f(x)—g(x)=e" ——, x € (0,+). H cuvap-
Tnon oty elvat: *
® cuveyng oto (0,+).
o yvnoing avéovoa oto (0,+0). [Ipaypartt, éotw X, X, € (0,+0)pe X, <X,. Tote:

el <e” el <e” . |

1 1 ,omdte 1 1 ,xoiapa e’ ——<e” ——,3nhadh p(x ) <g(X,).
—>— — < X, X,

XX X X,

Emopévag, 10 6hvolo TudV g ¢ eivar to Stdotnue (—o0,+0) =R, apob
lim @(X) = —oo kot lim @(X) = +o0. Apan @ £xel pia, TovAdyoTOV, pilo 6TO
x—0" X—>+0

(0,+00). Enedn, opwg, n ¢ yvnoing avcovca 1o (0,+0), 1 pia avt etvan
LOVaOKT).
Apa, n e&icwon f(X)=g(X) oto (0,+0) éxel axpiBog o pita.

i) Avantoope AMon tng e&icwong f(X) = g(x) oto (0,+%) 1, 10oddvaua, TG
gklomong Inx = 1 610 (0,+0).
X

1
®empovpe ) cvvaptnon @(X) =Inx——, x € (0,+). H cuvaptnon avty:
X

e Eivai cuveyng oto (0,+0).
e Eivai yvnoing avéovoa oto (0,+w).

Ipbrypatt
‘Eoto X, X, € (0,+0) pex, <X,. Tote:
Inx, <Inx, Inx, <Inx, . .
1 . 1 , ondte 1 1, xuépo Inx, —— <Inx, ——, dnradn
—>— ——<-— X X
Xl X2 Xl X2 l ?
p(x) <o(X,).

Emopévog, to 6hvolo Tudv g ¢ givat to dtdotnua (—o,+0) =R, apov
lim @(X) = —o0 ko lim @(X) = +0. Apa 1 ¢ €xet o, TovAdyotov, pila oto
X—0" X—>+0o

(0,40). Eme1on, emmAiéov, n ¢ eivan yvnoimg avcovoa, 1 pile auth givat Hovadiki.

Apan e&iowon f(X) = g(X) ato (0,+0) &xer axpPog pua pila.
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7.1) N kdbe X e[-1,1] &ovpue
fix)=1-x (D

o) H e&iocmon f(x) =0 oto [-1,1] yphpetan icodOvoua:

o
f(0)=0c f(x)=01-x" =0 x=-1x=1.
Emopévag, Maoeig g f(x) =0 oto [-1,1] givor povo ot —1 ko 1.

B) H f oto (—1,1) gival cuveyfg kot dev pundevileton ¢’ awtd. Erouévac, oto
(-1,1) n f dwatnpei TpdoNpO.
e Av f(X)> 0 10 (—1,1), 161 A6 TN GYéom (1) TpokvmTel 6TL f(X) =1 — X"
ko gnedn f(=1)= f(1) =0, &ovue

f(x)=v1-x*, xe[-1,1]

o Avf(x) <0 oto (-1,1), 618 amd ) oéon (1) mpoxvmtet dt f(x) = —1—x
ko gnedn f(=1)= f(1) =0, éovue

f(x) =—1-x%, xe[-1,1]

2

H ypagwkn napdotaon ¢ f og kabe
TEPIMTTOON POIVETAL GTO STAOVO GYNLLOL.

ii) a) Exovpe f(x)=0< f*(x)=0=x* =0 x=0.
Emopévag, n e€icwon f(X) =0 éxet oto R povadu pilo v X = 0.

B) H ouvéptnon f oto (—0,0) eivor cvveyrg kar de pndevileton 6° avtd. Emo-
pévagn f dwtnpei otabepd npdonuo oto (—0,0). Etou:
—av f(X) <0 oto (—=0,0), T0Te 670 ddoTNHA CVTO Eivar

() =x" & f(x)=x, apod X <0, evid

—av f(X) >0 oto (—,0), to1€ 670 drdoTNUA AT Eivar
f(x)=x" < f(x)=—x, apod Xx<0.

Enedn, emumdéov f(0) = 0, éyovpe
f(X) =X, Y10 kdBe X € (—0,0] 7

f(X) =—X, y1o k60 X € (—0,0] .
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Opoimg, éxovpe
f(X) =X, yuo ke X € [0,+0) 1
f(X) =—X, yua k66g X €[0,+00).
Zuvovalovtag o Tapamave, 1 f €yl évay amd TOVG TOPOKATE® TOTOVG:
a) f(X)=x, xeR,
-x, x<0 | ;
) f(x)= 1, 1o amhd, f(x) =|x]
x, x20

x <

X, 0
) f(x)= {—x 0 M, mo amAd, f(x) =—|x].

P’ =

H ypagwn nmapdotoon g f eaiverol og kdbe nepintwon oto Topakdto
oynuato (a), (B), (v), (8) avuiotoiywg.
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8. 1) H e&lomon g Staywviov OB givai
1-0
—0=—-(x-0)e=y=x
y 0 0( )&y

Opoimg M e&lomon g dwrywviov Al eivarn

1-0

y-0=—x-D)<= y=—x+1.
0-1
it) H ovvapmon f eivar suveync oto [0,1] kot ypaeikh tng mapdotacn Ppioketot

oLhOKANpT péca 610 TETPaYVO. ETopévag, To covolo TydV g etvat vtochvoro
tov [0,1]. Eivor dnAadn 0 < f(x) <1y xébe x €[0,1].
® Oa amodeifovpe, tpdta, 611N C tépver T Swaydvio y = X. Apkei va deiovpe
ot e€icwon f(x) =X éyet pa, TovAdyotov, pila otov [0,1].
Ozwpovpe ™ cuvapton ¢(X) = f(X) — X 1 omoia ivor cuveyng oto [—1,1] ko
oyvel p(0) =f(0) >0 ko p(1)=f(1)—1<0.
— Av ¢(0) =0, 1€ f(0) = 0, omdte M e&lowon f(X) =X €xer wg pila Tovx =0
ko C tépvermy OB 610 0(0,0).
—Av p(1)=0,tote f(1) =1, omdte N e&lowon F(X) =X &xer og pilo Tov X =
1 xaun C téuvermy OB o10 A(L,1).
— Av p(0)-¢(1) <0, T0t€e, SVPE®VA e TO Bedpnpa Tov Bolzano, vdpyet éva,
TovrayieTov, X, € (0,1) tétoto, dote (X ) =0, omote f(X ) =X xoun C tépver
mv OB oto onpeio P(X X ).
Enopévag oe kabe nepintwon n C téuver my OB.

o [lo v GAAN Saydvio epyaldpacTe opoimg.

9. i) 'Eotw M(X, f(X)) tuyaio onpeio tng Cf. Torte

d=d(x)=/(x=x,)* +(f(x) - 3,)* ne xela,Bl.

il) H ocuvéptnon d eivar cuveyng oto [a, B] og pila abpoicuotog cuveymv
cuvaptioemv. Etopévmg, coppmva pe 1o Bedpnpo pHéylotng Kot eAdytotng
NG, Ba vmdpyet kdmoto X, €[, B] ya to omoio 1 d Ba mdpet T péyoTn TN
™G Kot Kamowo X, € [o, B] ywa to omoio 1 d Bo mhpet TV EAG IO TN TNG.
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KE®AAAIO 2

ATA®OPIKOX AOT'TEMOX

2.1 A" OMAAAX

1. 1) T x # 0 éyovpe:
f(x)-f(0) _ Xt +1-1 :i

>

x—=0 X X
oToTE

11mM =limx=0.

x—>0 _x_O x>0
Emopévag f'(0)=0.

i) o x € R * {1} &yovpe:
1y
JO)-fO) ¥ 1=x —(x+])
x—1 x—=1 x*(x=1) xt

oToTE

LSOy eeD

2

‘c~)l X — x—l X

Emopévaog f'(1)=-2.

iii) ' X # 0 éyovpe:
x)—-f(0 ’x
S(x)=/0) _np IS
x—1 X X
onote
lin&f(x) /O lin(}(m'w np.xj—hm hmnwc—l 0=0.
X x— X x

Enopévog f'(0)=0.

2. 1) Ta x # 0 éyovpe:
S()=/(©0) _x[x-0_ K

x—0 X
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omoTE

limf(x) f( ) =lim|x|=0

x—=0 X — x—=0

Emopévamg éxovpe f'(0)=0.

ii) @ [t X > 1 éyovpe:

SE)-f() _x-1-0 _,

x—1 x-1

omoTE

f() f()

xﬁl* »ﬁl*

m(l) =1
o [a X <1 &yovpe:

JO-/O _~(x=D-0_

-1,
x—1 x—1
omoTE
Jim £ )= 1f @ = lim(-1) = -
x—1"
Enedn lim J (x)_lf @ # lim J (x)_lf @ , n T dev mopoywyiletar oto
X — x—1" xX—

, x—>1"
onueio X = 1.

iii) Na k&be X € (0,1) U (1,3) éyovpe:

SO—f1) " +3x-2  —(x-D)(x-2) _

—x+2,
x—1 x—1 x—1
onote
lim /D =/ _ lim(-x+2) =1.
x—1 x—1 x—1
Emopévac f'(1)=1.
iv) @ Tl x < 0 €yovpe:
Jf(x)-f(0) X Hx+1-1 o x(x+1) ‘1
x-=0 X X ’
onote
lim 2228 f(x) f( ) _ fim(x+1)=1.
x—=0" x—0"
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® [l X > 0 &yovpe:

fE)=fO) _x+1-1_,

>

x—0 X
ondte
lim L& =7O _ lim (1) =1.
x—0" xX— 0 x—0"
Emedn lim f(x);g(()) =1=lim Lof(o), n fetvon Tapayoyion oto
x—=0" X — x—0" X —

x=0,pe f'(0)=1.
3. T kG0e X amd o medio opiopov g f e X # 0 éyovpe:

g()-g(0) _ /(1) -0£(0) _ o/ (x) _
X

x—0 X

S(x),
onote

lim £ =8O _ F(x) = £(0),
x—0 x—0

x—=0
apov M feivor cuveyng oto onueio x,=0.
Emopévmg n g mapaywyiletar oto 0 pe g'(0) = f(0).
4. 1) 'Eyovpe:

lim £(x) = im(* +1) =1, lim £(x)= lim x* =0 ke f(0)=0.
x>0 x>0 x—0" x—0"

Enedn lim f(x) # lim f(x), to 6pio tng f oto 0 dev vmapyet. Emopévarcn
x—0" x—0"
f dev eivan cuveyng oto 0. Apovd dpwe n fdev givar cuveyng oto 0, dev givat
0VTE TOPAYOYIoIUN G AVTO.
i) Exovpe:
1in11f(x)=1jrrll(|x—l|+l)=1 ko f(1)=1.
Emopévacn f eivan ouveyng oto x,= 1L

— T x <1 éyovpe:

JO-fO) _ ~x-D+I-1_

x—1 x—1

>

onote
lim L =/® _

x>l x—1
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— T x> 1 éyovpe:

SO =) _x-141-1_

>

x-1 x—1
ondte
lim PACIEIAO) =1.
xol x—1
. -fa . f(x)-fa
Enedn lim S(x) { @ # lim Sx) lf @ . f dev mapayoyiletarotox = 1.
x—1" X — x—1" X —

5. @ Ao v doknon 1 €yovpe:
i) f(x)=x"+1, f(0)=1«xon f'(0)=0. Emopévac n e&icmon The eQomTopévng
g C, oo onpeio (0,1) etvou:

y—1=0-(x-0)<= y=1.
i) f(x) = Lz, f(1)=1xa f'(1)=-2. Eropévmg n e&icmon g epantopuévng
ms C, 0:0 onpeio (1,1) givat:
y-1==2(x-1) < y=-2x+3.
iii) f(x) = qu2x, f(0) =0k f'(0) = 0. Emopévaq 1 eicoon e pamtopévng e
C, oo onueio (0,0) eivon:
y-0=0-(x-0)<= y=0.
® Ao v doknon 2 £yovpe:
i) f(x)=x|x[, f(0)=0xa f'(0)=0. Eropévagn ekicwon mg epantopévng
oto onueio (0,0) eivau:
y=-0=0-(x-0)&=y=0

i) £ (x) =|x=1],f(1)=0xo lin}L_lf(l) dev vapyet. Emopévaog dev opiletar
xX—> x —

epantopévn g C, oto onpeio (1,0).
iii) f(x) = |x2 —3x|, f(1)=2xa f'(1)= 1. Eropévag 1 e€icmon TG epantopuévg
mg C, ot0 onpeio (1,2) eivou:
y=2=lx-)<y=x+1

iv) £ (x) ={x2 tatl %< 8 £(0) = 1 kar f'(0) = 1.

x+1, x>
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Enopévag n egicwon g epontopévng g C, oto onueio (0,1) eivaw:
y-1=1(x-0)< y=x+1.

2.1 B OMAAAX

1. T k60e X # 0 €xovpe:
f(x)—f(O)ZZ—x+xm,t|x|—2 ( 1+T]M|x|)
X

-1
x—=0 X +11M|x|
ondte
0 . Lo
lim f(xi_f( )—llir(}(—l+nu|x|):—l, 0oy lxlir(}(nMX'):O'

Emopévag, f'(0)=—1.
2. )T i =0 &povpe f(1)=2.

il) Mo k@0g h e R * éyovpe:

SA+h)—fQ1) B +3h°+3h+2-2  h(h®+3h+3)
h - h - h

=h>+3h+3,

omoTE

f(1+h) Q)

haO

%irr(}(h2 +3h+3)=3.
Emopévag f'(1)=3.

3. @ T X <0 éovpe:

Ly

SO)-fO) _1-x  _1-l+x_ 1
x—0 X x(1-x) l—x’
onote
limZD=SO Uy
x—0 X 0] —x

e [ x>0 éyovpe:

f()=f(0) _mpr+1-1 _npx

x—0 X X
onote
N AC A f O _ iy wr
x—0 X — x—>0 X

Emopévac f/(0)=1.
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Apa, opiCeton gpantopévn mg C, 610 onueio O(0,1) kon et ouvreheoth dievbuvong
A=1"(0)=1, omdte .
epo=1o0= T

4. Tho kéBe X # 0 ggovpe:

l—covx_o

S)-f0) & _l-ocvvx  l-ocuvx
x—0 X X x*(1+cvvx)

Jowx ()1

X*(1+ GLVX) X ) l+ocovx’

omoTE
2

i LGSO [M) R RS Y
=0 x=0 0| x 1+ ocuvx 2 2

Emopévamg, f'(0)= %

5. T kéBe X € R yvopilovpe Ot
(x+D)< f(x)<x”+x+1 (1)
1) T x =0, amd v (1) érovpe:
1< f(0) <1, omore f(0)=1.
H (1) ypdoetot icodvvopa:
x< f(X)-1<x* +x < x < f(x)— £(0) < x(x+1) )

ii) @ I'a X <0, and ™ (2) €yove:

|5 JG)=1(©)

————2>x+l. 3)
x=0
o o x>0, amd  (2) égovpe
1gw§x+1 4)

X
iii) An6 m oéon (3) enedn lim1=1= lim(X+1), cOppwva pe t0 KpLrriplo
mapePPOANG Exovpe . e
i SO
x—0" x=0
Amé ™ oyéon (4) emedn lim 1= lim(X+1) =1, copewva pe to kprrMpro
mapeRPoAng Exovpe . =0
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i SO
x—0" x—=0
Enopévag f(0)=1.
6. [0 kéBe X € R yvopilovpe 011 oyvet:
nx—x* <xf(x) <nquix+x* (D)
1) Enedn n f elvon suveync oto 0 Oa 1oydet
f(O = lim /(x) = lim £(x)

Emopévac, apkei va Unoloytcovus 10 hm f (x).
T x>0, and v (1), éxovpe

nw'x x* <f(x)<nux xt
X

1, wwodvvapa,
T2 < £ () < S e

Emeidn llm(— npx — X j:1~0—O:0 Ko

11m[mL nux+x3j:1-0+0:0,
x—0"
&ovpe lim f(x)=0. Apa f(0)=0.

x—0"

ii) @ ' X # 0, and v (1), éxovpe
2 4 2 4
ey X f() _nmpx x

2 2 = - 2 2
X X X X X

(n_jz_xzSf(X)—f(O)S(MJZH;
X

1, wodvvapa,

X X
Emeidn

2 2
1im“”—”xj —xz}:lz—O:l K 1imK“—”Xj +x2:|:1+0: ,
x—0 X x—=0 X

[0-10)_, o

&yovpe hm
Apa f'(0)=1.
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7. 1) Apov n T eivon cuveyng oto 0 1oyvet
lim £ (x) = £(0).
AMG lim f(x) = lim[&.x} = lim&'limx =4-0=0.
x—>0 x—0 X x>0 X x—>0
Enopévag, f(0)=0.
i1) Etvau
X 0 X
710y = f()f() im L)

=0 x

=4, AMoy® g vobeonc.

8. 1) Exeidn n f eivar mapoaywyiown oto X, LoYvEL

iy f(xo /),
Tw i #0 eivan
SO =M= f(x) _ SO+ (M) = f(x)
h —h ’
Enopévac
pon LG == ) O+ ) = ()
h—0 h h—0 —h
~~lim Sy + (—hz) -/ (x)
i L DT 00) g
i) ' /2 # 0 givan

f(xo+h)_f(xo_h) _ f(xo+h)_f(xo)_f(xo_h)+f(xo)

h h
_ SO+ = f(x) S =h) = f(x)
h h ’

onote

f(xo+h) f(xo h) = lim f(xo+h) f(xo) limf(xo_h)_f(xo)
h

= f (xo) - (_f (xo ))
=2/'(x,).

(ZOppova pE T0 EpdTNHOL i) %ﬂw =—f"(x,)).
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9. 1) And v apyn Tov d&ova kivnong Eekivnoe 1o Kivntd B.
i1) Mévo mpog ta. de&id kKivinke to kivnto I, apov 1 cvvdaptnon Béong tov sivat
yvnoiong avovoa.
iii) Tn xpovikn otrypn ¢ = 2 sec to Kwntod B dAlo&e popd kivnong, yrati tote n
ouvaptnon Béong and yvnoing edivovoa yivetal yvnoing avovoa.
Tn oty ¢ = 4 sec GAla&e popd kivnong to Kivntd A, apov 1 GLVAPTNOT
0éomg tov and yvneing edivovoa yivetat yvnoimg av&ovoa. TELog ™ ypovikn
otiypn ¢ =5 sec dAha&e popd Kivnong to kivnto B, apov T cuvaptnon 0éong
Tov amod yYvnoimg avéovca yivetal yvnoimg efivovsa.
iv) 10 xpovikod didotnua [0,4] To Kivntd A KiviOnke povo aplotepd, apod N
ouvdptnon B€omng tov givor yyvnoimg edivovasa.
v) ITo kovtd otV apyn Te@v advev tepudrios To Kivnto B.

Ola ta mopamdve eaivovtal koldtepa, ov TPOoPAALOVUE TIC YPOPIKEG
TAPACTAGELS TV cuvapTnoemy Béong otov dEova kivnong:

vi) To kivntd A d1dvoce to peyoAHTepo SAGTNUA, CPOV:
— To A xivnto Swypaget diaotpa ico pe M M, + MM,
—To B xkuvnt6 Swypaget draotnpa ico pe MM, + MM + MM,
—To I"kwvnto dwryplget Sihompa ico pue MM,
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2.2 A" OMAAAX

1. i) T kdbe X € R woyver ' (x) = 4%, ondte f'(-1)=—4.
i) ' kaBe X € (0,+0) 1oyveL

f'(x)= % ondte f'(9) = L

Jx’ 2

iii) [a k6Be X € R woyver f'(x) = —npx, onote f '(%) = —nu% =——.

&
N | =

. 1 1
iv) T kdPe X € (0,+0) 1oyder f'(x)=—, onote f'(e)=—.
X

e
v) T'o kéfe X € R oyvet f/(x) = €, ondte f/(In2) =e™ =2.

2. 1) @ T'la k@0 X < 1 1oydet f'(x) =2x.
1
o [N kaBe X > 1 woyvel f'(x) =——.
2x
E&etalovpe av n f mapaywyiCetar oto onueio X, =1

— TN x <1 éovpe:

SO =f() &1

x+1,
x—1 x—1

omote

lim

x—1

JOZIO _pinerny=2.
x—1

x—l

— T x> 1 épovpe:

S@-fO) NJr-1_ x-l |

x-1 x-1 _(x—l)(J}+1) Jr+1

omote

S -f@_ .1

lim lim ——=—.
ol x—1 ol \/;_,_1 2
Emopévamg n f dev mopaywyiletor oto x,= L.
2x, x<l1
Apa f'(x)= .
pa f'(x) L

NP
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i) ® T kaBe X < 0 1woyver ' (X) = cuvx.
® I'ia kdBe X > 0 woyver f/(X) = 1.
e E&etalovpe avn f nopaywyiletor oto onpeio X,=0.
— TN X < 0 érovpe:

S()=f(©0) _npr-0 _npx

B

x-=0 X X
omote
limwz 1imM:1_
x—0" X x-00  x

— TN x> 0 éyovpe:

f@-/O _x=0_,

x-=0 X

>

omote

i L)

x—0" X

Emopévag f'(0)=1.
Apa f'(x) ={

cuvx, x<0
I, x>0

iii) ® I k6Be X < 2 1oyt f'(X) = 3x°.
o To, k60 X > 2 1oyder f/(X) = 4x°.
e E&etalovpe avn f mopaywyiletorl oto onueio X, =2. Emen

lim f(x)=lim x’ =8 xat lim f(x) = lim x* =16,
x—>27 x—2" x—>2" x—2"

n f dev eivon cuveyng oto X,=2.

Emopévogn f dev mopaymyiletal oto X, =2.

, , 3x%, x<2
Apa f(x)=

43, x> 2
. , 2 ,
iv) @ I k6B X < 3 oyvetl f/(X) =2x.

2
o T'o kGBe X > 3 oydel f'(x) = 3%

2
e E&etdlovpe avn f noapaymyiletor oto onpeio x, = 3
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IMapatnpovpue ot
8 2

lim f(x)=g=f@J ko lim f(x)zﬁif[gj'

X—>—

X—>—
3

2
Anhadn n f dev eivon cvveyng oto X, = 3

2
Apan f dev mapaywyiletar oto onpeio X, = 3

2x, x< z
Enopévo, f'(x) =
3x%, x>=

3.’Ecto 6t vmdpyovy §bo onpeia, o M, (X, X7) kon M,(X,,X>) e X # X,, o0

omoio ot epantopéves g C, eivon mapdiinhes. Tote, enewdn n f mapoywyieron
o0 medio opiopod mg, ba mpémer f'(x) = f'(x ), omdte 2X = 2X Kon Gpa X =X,,
mov gtvan dtomo, apov X * X,.
Apa, dev vmapyovv SlapopeTikés epamtopéves g C, mov va eivon TapdAinhes.
T ypapikh mapdotacn e f(X) =X Sev cvpPoivet to id10. Mpdypatt, yia vo
VIapovY §V0 TOVAGIGTOV oNpEin owThG, ToL M, (X, X)), M,(X,,X]) oTa omoia
01 EQANTOUEVES glval TOPAAANAES, apKEl VoL IGYVEL:

{f’(xl) =f'(x,) - {31612 =3x;

X, # X, X, #X,

S X ==X, 0.

Enopévag, ot onueia M, (X,X), M,(=X,=X') pe X # 0 ot epantopéveg
etvat mapdAnAes.

4. @ 10 dudotnpa (—2,0) n kMo g f sivar otabepn Kot ion pe

2-0 _2_
0-(2) 2
® 210 (0,2)n T éyerrchion fon pe _2 _0 =2
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® 210 (2,4)  kAiom g etvon 0.

® X170 (4,6) n KAion g etvon iom pe 4+2 = 6 =3.
6-4 2
, L 0-4
® 3710 (6,9) n kAion ¢ f sivarion pe 96 = 3
1, xe(-2,0)
-2, x€(0,2)
Emouévag, f'(x)=4 0, xe(2,4).
3, xe(4,6)
4
—-—, x€(6,9
3 (6,9)

H ypagun napdotacn g cuvaptnong f eaivetol GTo TOPUKATMO G L0

5. %10 d1dotnua [0,2) givor f'(X) = 2. Apa,
07To0 dtdoTnpa avtd 1 f TaploTdvel £va
guBOypappo tpuqpa pe kiion 2, dniadn
TopdAAnio oty gvbeia y = 2X. Zto SrdoTnpa
(2,4) givar f'(X) =— 1. Apa, 670 ddoTnpa ovTd
n f nopiotdvel éva gvBOYpappo TuRpO pE
Khion — 1, dnhadn mapdAinio otnv vbeia y
=—X. Télog, oto didotnua (4,8] givar f'(X) =
1. Apa, oto didotnpo avtd T napiotdvet éva evBhypappo Tpupo pe kiion 1,
dradn mapdrinio oty gvbeio y = X.
Aapfavovtag vroym ta mapomdve, my vwobeon otin C, Eexwaet ano 1o 0(0,0)
ko ot f eivon cvveync ota onpeia 2 kat 4, Taipvovue T ypoeikn TopdotaoT
TOV SITAAVOD GYNUATOG.
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2.2 B OMAAAX

1. Apykd 0o mpémern T va eivar cuveyng oto X, =T.

‘Exovpe:
lim f(x)= lim nux =0,

lim f(x) = lim(ax+pB)=ar+ B xo f(r)=ar+p.

xont

Apa B mpémel

ar+p =0 f=—ar 8
‘Etoin f yiverou:
nw, x<7
f(X)={ .
ax—Qam, X271

lNoa va eivarn T nopayeyiown oto X, =T, apKei:
e SO =) L )= ()
x> X—7 xon’ X—7

— TN x <7 éyovpe:

S0~ f(x) _npx—0

>

X—7 X—7

onote
i S-S e meGr-x)
o X7 v a1 sor (%)

—T'a X > 7 éovpe:

f(x)—f(m) _ax—on —q

X—T7 X—T7

>

onote

lim f(x)_f(ﬂ) —q

xont X—7

Apa a=-1, ondte and v (1) éxovpe f=m.
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1

2. T kdBe & € (0,+0) épovpe f'(E)=——.
2

H e&iowon g epamtopévng g C, oto onpeio A(E, (&) etvan:

JE
IENCE f( —é)@y—z\f

H gvbeio avth diépyetar amod to onpeio B(—LE,0), apod

Ve _ ff
@(5) )

3. T kéBe X e R * 1oyver f'(X) =3x% onote f' (o) = 30

H efiomon g epomtopévng g C, oo onueio M(a,0) eivo:

y—o’ =3a’(x—a) < y=3a’x-2a’.

, , y=x
Avdvovpe 10 choTNHO
y=3a’x—2a’

"Exovpe:
y=x y=x y=x
& &
y=3a’x-2a’ ¥ =3a’x+20’ =0  |x(x’—a’)-2a*(x-a)=0

y PN y=X
(X—a)(X* +ax-2a’)=0 |(X=a fx="2a

=a’ =_-8a°
- y=oa - y @
X=a X=-2a
Enopévag n epamntopévn e Cf oto onueio M(a,o) &xer kar dAdo kowd onpeio
pe v C, o N (-2a,—8a’). Eivau

f'(2a) =3(2a) =120° =4-3a° =4- f'(a).
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4.1) Eivan
6 - lim LD =L ©)
x—¢& x_é
L
=lim 3 =1i _—lz—i

Emopévag n e€lomon g epamtopévng € ivat

1 1
VoEs 5—2(96 S)-
TlNay =0 etvon
_é:_élz(x—é)ﬁ’g’zx—§©x:2§.

Apan & tépvel Tov x'x oto onueio A(2Z,0).

T X =0 givan

1 1
y-o=-2

2
0-§Heoy=-—.
£ 52( ey 7

2
Apan e téuvertov y'’y oto B [O,EJ.

Emopévac, ot cuvtetaypuéveg tov pécov tov AB givo

2

0+~
2§+0:§ Km_g 1
2 2 ¢

1
Apa, to péco Tov AB givar o onueio M (ﬁ,gj

ii) To epPadov tov Tprydvov OAB givat

1 1 2| 1],, 2
L =5(OA)(OB)=5|2§|-‘E‘=5‘2§E‘=2W.
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23 A" OMAAAX

1 0) f(x)=7x" —4x* +6
i) /() = 62+
x
iii) f'(x)=x"—x>+x-1
iv) f'(x)=-nur—3ovvx
2. 1) fl(x)=2x(x-3)+x"—1=2x" —6x+x" —1=3x"—6x—-1
i) f'(x) = e nux +e‘ouvx = e* (nux + cuvx)

2x(1+x*)=2x(1-x%) _ 2x(1+ x> +1-x7) . —4Ax

i) f'(x) = 1+ 2 (1+x°) (1427

iv) f(x) = (cvvx —nux)(1+ covvx) + Tz]wc(nux +GLVX)
(1+ovvx)

_ CGLVX—NUX+ GLV X —NUX - GLUVX + N X+ NUX - GLVX
(1+ovvx)®

_ 1=mux+ocvuvx
(1+ovvx)’

V) f'(X) = 2XNIXGUVX + X GUVXGUVX — X 1 X1 X
= Xnu2x+ X’ (Guv’ X —Mu’x)

= XMU2X + X*GLUV2X = X(NU2X + XGLV2X).

. 1
e’ 1nx—e”1 e (lnX—j

3.0) fi(x) = X al
) S (Inx)’ (Inx)’
o 1 1 nmuix—ovv’x  —cvv2x 4ovv2x
i) f'(x)= 2. 2. 2 2. 2 2. 2
ocuovix Mu'x  Muix-oovix  Mulxovvix nu’2x
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cuvxe' —nuxe’ €' (CLVX—TUX)  GLVX —TNuX

111) f’(x) = 2x 2x x
e e e
iv) Exovpe:

x=17=(x+1)* —4x

ﬂﬂ=( )2( ):2 ,

x -1 x -1

ondte
, —4(x* -1 +8x*  4(x*+1
O (Gl | 3 S (C )

(x* =1y (-1
4. i) @ T'la kGO X < 0 1oydet f'(x)=4x+3
1

6
+6=—=+6.
Wx o

e Ecetalovpe avn f mopoywyileton oto x,=0.

o [N kGO X > 0 woyder f'(x)=12-

— TN X <0 éyovpe:

f(x)—-f(0) :2x2+3x:2x+3
x—0 b

>

onote

lim
x—>0"

SO=TO _ yinax+3)=3
X x—=0"

—Ta x> 0 éyovpe:

)= f(0) _12Jx+6x _ 12

—+6,
x—0 X Jx
onote
lim L =/O) _ (£+ 6) — oo,
x>0 X x—0" \/;

Enopévagn f dev mapaywyiletar oto X = 0.

4x+3, x<0

Apo f1(x) = 6[%“), x>0
X

ii) ® ' kGOe x < 0 1oyder f'(X) = 2X + cuvx
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o T k4B X > 0 woyver f'(x)=1.
e Ecetalovpe av 1 frapayoyiletar oto X =0.
— TN x < 0 éyovpe:

S)=f(0) _ X" 4mpx _  mpx
x—0 X X

B

omoTE

limwzlim(x+mj:1.

x>0 x—0 x>0 X

— T x> 0 éyovpe:
f@)-/(©0) _x

— =1, ondte
x=0 X

lim L9 =SO o,

x—0" x—0 x—0"

Emopévag f'(0)=1.

, , 2x+ovvx, x<0
Etol f'(x) = .
1, x>0
5. O@a mpéneL va Bpovpe exetva ta onpeia (X, f(X)) mg C, yio o omota woyder f'(x) =0.
1) ' X # 0 égovpe:
4 x*-4
! X)= 1— —_— .
J'(x) et

omoTE

f(x)=0=x"-4=0x=-2x=2.

Emopévag ta {ntovueva onpueio etvor (-2, —4) kot (2,4).
i) "Exovpe:

, e—xet e'(1-x) 1-x
e e

x 2

e
onote

f'x)=0=1-x=0=x=1.
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. ] o 1
Emopévemg to {ntovpevo onpeio etvarto | I,— |.
e

iii) 'Exovpe:
2 2 2
x -1

=2l ol
X

omoTE
f(X)=0=x*-1=0x=-1 qx=1.

Emopévag o {ntovpeva onpueia eivor ta (-1, =2) ko (1,2).

6. @ T'lo kGBe X # 1 wydet:
2x-1)=-2(x+1) -4
(x—1)* (x=1)°

® 'l kaOe X €[0,1) U (1,+0) elvar

(‘/;+1>2+(\/;_1)2 - 2(x+1)’ omdte g'(x) = o~ 2
x—1 x-1 (=1

Aev ioyvern oot ta tov ', g, 0pod avtég £xovv drapopeTikd Tedio 0piopov.

J'(x) =

g(x)=

7. e Tla xGOe X € R 1oyder f'(X)=2x, ondte f'(1)=2.

o [N kaBe X £ 0 wyvel g'(x) = —2%, ondte g'(l) = —%.
X

1
Enedn f'(1)-g'(1) = 2(—5) = —1, 01 EPUTTOUEVEG TOV YPAPIKOV TOPACTAGEDY
TV cuvaptioeoy f kol g oto kowd tovg onueio (1,1) sivar kéBetec.
8. Iapatnpodpe ot t0 onpeio A(0,1), yio kébe a € R*, Bpickerar néve omv C.
TlNa kabe x € R —{a} &yovpe:

a(x+a)-(ax+a) o’ -a
(x+a) C(x+a)’

1) =

onote

2_ [—
f’(0)=a a_o 1.
a o

2
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Enopévag

0 PNl Y G P SRV}
2 a 2

9. 1) Taonpeia mg C, ot omoia n epamtopévn eivon TopdAinin mpog Ty evbeia y
= 9x + 1 eivan owté Y10 T omoion 1oyvet f(X)=9. AAAG f'(X) =3x*— 3, omdte
X -3=9o3 =12 X =4 X=-2 X=2.
Emopévac, ta onpeia givan (—2,3) kot (2,7).

i) Ta onpeia g Cf ota omoia 1) epantTopévn efvar kdBetn mpog v gvbeia y
=—X givat ovtd Y10 to omoia woyvet: f'(x)-(=1) = —1 1 woddvaua:

2B, 23
—— A x="=.

(—1)(3x2—3):—1©3x2—3=1©xz:iex:
3 3 3

Emopévag o onueta eivar

(2\6 —10\B+45] Km[—zﬁ 10\B+45]'

3 9 3 9
10. H egamropévn tg C. oo toyaio onpeio M (x , f(x ) avtig éxer eSiowon:
Y=L 0) = 1) =x,) & y=x; =2x,(x~x,)
& y=2xx—X,. (D
T va mepvéier 1 € and to onpueio A(0,—1), apkel va woydet
—1=2%,-0-x, & x =1l X =11 %, =-1.

Emopévag ot (nrovpeveg epantopeveg mpokbmrovy omd mv (1), av Bcovpe X
=lxuX =—1.Apa, givor ot gvbeiegy =2x - lkary =—2x— 1.

11. H ypagn mapdotacn g f diépyetar and ta onueio A(1,2) ko O(0,0), ondte

{f(l):Z {a+ﬂ+y:2
=

f(0)=0 y =0 )

INa kéBe X eR 1oydel f'(X) = 20x + B.
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Enedn n C, epdntetan g evbeiag y = X oo onueio 0(0,0) Ha eivon:
f'0)=1< p=1. (2)
And g (1) ko (2) mpokvmtet d0tia=1, =1 xary =0.

12.1)'Eyovpe
() =(Bx* +4x7) ) = 203x" +4x°) " (3x* +4x7)
2
= (12X’ +12%X°
Bx* +4x’)’ ( )
_ 24(x+1)
X' (3x+4)
it) ' x € (1,+0) érovpe
2 2 2
') =((x-D)")==(x-1) (x-1'= .
S =((x=1D") 3( > ( )3.%/;

iii) Etvon
, 1 1Y
X) = oLV .
/@) (1+x2j (1+x2j
— SLV 1 -2X
1+x ) (1+x3)*
iv) 'Exovpue

XZ

X .(_L_IJ_M
C1=x)x?

C—(1+x})  xP+1

Cx(1-%) X -1)

V) Eivar f'(x)=e ™ (=x*) =e ™" -(=2x).
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13.1) T ke X > — 1 1oyvet

£ = @)1+ a? +x2(\/1+x3 ),

2 4
=2xV1+ X + %% 3x =2xV1+ X + 3x

NS N
onote
4
f'(2)=2-2v1+8 + 32 :12+§:20.
241+38 6
il) [ k60e X > 0 woyder
1 _2 2 1 2 204 1
'X)=—2x) *2+=(2x) *-2==(2x) *+—=(2x) 3,
f()3() 3() 3() 3()
omote
_2 1
f’(4):283+—83:l+2=§.
3 6 3 6

iil) I'lo kaBe X € R 1oy0et
f1(x) =3’ (rx) + x° 3N’ (nx) - ouv(nx) -
=3x’[Mu’ (7 X) + mxnu’ (TX)cvv(z X)),
omoTE
f,(i _3 (1 LB 1 (1 B 1643
6) 368 6 4 2 12 (8 48 12 48

iv) T kéBe X # 2 1oyvet:

2x(2—x)+x* +2 B Ax—2x" +x*+2 B —x*+4x+2

SO=""5" 2-x°  @-x

b

omote

“9+12+2

f'(3)= 5.
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14. 1) Tw X > 0 éyovpe f(x) =" =", ondte

f/(x) — elnzx . (ln2 x)r

L -(21nx~lj
X

:x‘“*-zllnx
X

=2x"*".Inx
ii) Eivon f(x) =e® " omodte
f1(x) =5 ((5x=3)In2)

= 5N 5102 = 297 52,

xIn(In x)

iii) [ X > 1 woyvel f(x)=e , omote

f/(x) — exln(lnx) -(xln(ln x))!

= (ln(ln X)+x- 1. lj

Inx x

= (In x)* -(ln(ln X) + Lj
In x

iv) 'Exovpe
f'(x) = (Mux-e™™) = cuvx - ™ + nux(e®™)’
=cvvx-e™ +nux -
=e™ (cuvx —np’x).
15. Etvon
(%) = (u’x)’ = 2npr - cuvx = u2x
Ko

f"(x) =cvv2x-2.
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Apa
f"(x)+4f(x) =200v2x +4npu’x
= 2(1- 2np2x) + 4npx
=2 —dnp’X+4np’x
=2.
2.3 B OMAAAX

1. Ovypogiés mapactdoels tov f, g Exouv éva Koo onueio, v Kot LOVO av VITAPYEL
X, TETO10 OOTE

: 1
fGx)=g(x) e —=x-x,+1x; —x; +x,-1=0
0

S % -DX +D) =0 x, =1.
Emopévac, o onpeio (1,1) eivon to povo kowvd onueio tov Cf Ko Cg.
TNo kabe X € R* 1oyvet:
1
f(x)=—— xa g'(x) =2x~1,

X

omotTe
f')=-1xkug=1

KoL ETOUEVOG 10YVEL

/' Dg'M)=-1.
Emopévog ot epoantopéves tov C, kot Cg oto onueio (1,1) eivar kdBeteg.

2. Abvovpe To cvotua
y=3x-2 y=3x-2 y=3x-2
3 = 3 = 2
y=x x =3x+2=0 (x-1)"(x+2)=0
y=3x-2 x=1  [x=-2
= = il .
X=1nx=-2 y=1 y=-8
Emopévag, n evbeio y =3x -2 tépvermy C. ota onpeia (1,1) ko (-2, -8).

INo k6B X € R woydet:

f'(x)=3x% ondte f'(1)=3 kou f'(-2)=12.
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Apan gvbeiay = 3X - 2 gpanteton mg C, oto onpeio (1,1).

3. Ovypagikéc mapaoctioelg towv f katl g £xouv kown epantopévn 6to x,=1av ko
povo av f(1)=g() ko f'(1)=g'(D).
INa kabe X € R* 1oydet:
f'(X)=2ax + Bxon g'(x) = —iz
omoTE ¥
f'(1)=2a+pxoug(l)=-1

Emopévacg
{f(1)=g(1) {a+ﬂ+2:1 {a+ﬁ:—1
< =
fOH=g'0  [2a+p=-1 2a+f=-1

a=0
= .
B=-1
4. H e&iowon g epantouévng me C, oto onpeio 4(0,1) eivon:

y—1= f(0)(x=0) < y=x+1, 0got f'(0) = 1.

H evBeio y =X + 1 Ba epdnteton ot ypagikn mapdotacn g g, ov kot pdvo av
VTAPYEL X , TETOL0, DOTE

< x,=-1.

{g(x0)=x0 +1<:>{—x§—x0 =x0+1<:>{x§+2x0+1:0

g'(x)=1 —2x,—-1=1 x, =—1

Emouévmg, ny =X+ 1 epdntetan ot Cg oto onpeio (—1,0).

5.To (ntoduevo moAvdVLEO eival Tng popenc f(x)=ax’ +Bx° +yx+35,
a,B,y,0 eRxara#0.

INo k6B x € R woyvet:

f'(x)=3ax’ +2Bx+y, f"(x)=6ax+2B ko [ (x)=6a.

‘Eyovpe: f(0)=4 §=4 §=4
f'(-H=2 3a-2B+y =2 y=-9
72 =4 7 120428 =4 B=-4
fO0)=6 |[6a=6 a=1
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Enopévag
f(x)=x"—4x* —9x+4.

6. Ecto 6t vmdpyst molvdvopo P’ Baduod f(x) =ax’ + fx+y mov wovomotel
T1g voBéaelg g doknong. Tote Ba etvon

f(0)=1xo f'(0)=1xar f(1)=2«o f'(1)=3.
Opwg, f'(X)=2ax + f. Emopévag, Ba 1oydet
y=lxaf=1lxma+pf+y=2«xm2a+p=3.
Avtd, Opmg, gtvar dromo apol omd TG TPELS TPMTES EEIGMTELS TPOKVTTEL OTL o =

0, =1xoy=1, mov dev enornBedovy v terevTaioL.

7. 1) T X # a etvan

() —afla) _ xf(x)-xf(a)+xf(a)-af(a)

x—-a x-a
_U®-f@) f@e-e) D@
xX—-a x—-a xX—-a -
Eneon n f ropaywyiletor oto X, = o, VIapyEL TO
i LS @ _
xX—a x _a

X—a

x—o XxX—a x—o

i) [ X # a eivon

efm=e"fla) _efx)-efla)+e fla)-e f(a)

X—a X—a

ea

+ @SS

_ S 1@
X—a

Emedn n cuvaptnon A(X) = €* eivor tapoyoyiciun oto X, = o 1y0eL

. e —¢é
lim

xoa x—o

=h(a)=¢e".
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Enopévac,
i €S o SDZS@ 3y € =
X—a x —_ a \’—NZ X—o x — a

=" fl(a)+ f(a)e” = e (f'(a)+ f(a)).

8. Ta on peio ™g C, ota omoia M £pomTo pévn etvo TapaAAnin Tpog tov dova tmv
X etvan avtd Yo T omoict woyvel f'(X)=0pe xe[0,27].

AMG f'(x) =200v2x —4npux - cvvx = 26Vv2x — 2Nu2x, OTOTE
f'(x)=0< 200v2x—2nu2x =0 < gp2x =1

KT T
& 2X = m+ S X=—+—.
4 2 8

Eneidn x €[0,27] éyovpe:

0< ™ T ot
2 8 8 8

NK

@—iSKS%QKIO, 1, 2, 3, 0ol k €Z.

TNo T1g TIpéG avTég Tov K Ppickovpe OTL:

9. i) @ Tl X # 0 éyovpe

S av x>0

f( )_| |2/3 { X)Z/S, avx<O0

Enopévag

—Av X <0, t0t¢

f!(x) _ ((_x)Z/B)/ _ _%(_x)—l/S — __

—Av x>0, 1018
f!(x) — (XZ/S)I — zx71/3 — 2
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® [ X, = 0 eivar

S -/ _

x—0 X
Emopévag
— Orav x>0, éovpe
-7 AP x 1
x e xdx U

onote

lim M = lim 1
x—0" x—0 x—0" i/;

— Ortav X <0 éovpe

[0 -1 = ey
x 2z x¥=x Y=

= +00

omotTE

S()=f(0) _ -1

lim = lim —— = —o0.

x—0" X x—0" ,3[_x

Emopévacn f(x) = i/x_2 dev mapaywyietor oto 0. Enedn n f sivan cuveyng
o10 0, ) e&lomon g EQATTONEVNC TNG Cf ot0 0(0,0) gtvaimn X =0.
it) Etvaw
-x)"*, x<0

f(x) = |x|4/3 = {(x4/3

S x>0
Enopévag
—Av x>0, tote
' 4 1/3 4%/’
X)=—x" =—=4/x.
S'(x) 3 3
—Av X <0, tote

10N — (A3 ;=__4 _x1/3:__43_
S =()7) =7 (07 = =mV=X,
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10.

® 210 X, = 0 £xovpe
J@-70) _hxt -0 et
X

x-=0 X

Enopévag:
— Av x>0 givan

S@-7O) It x e
X

X X

omotTe

lim 9SO _ v o,

x—0" X x>0

— Av X <0 givon

S =/ ) (0 _xdox

X X X

onote

lim £ =70 _ iy —o.

0 X 0"
Emopévag f'(0)=0.
H e&icmon g epontopévng g C, 610 onueio tg O(0,0) eivorny = 0.
Eme1dn n cuvapon f mopaywyiCetar oto R eivar
g'(x)=f'(x* +x+1)-(2x+1), omdte g'(0)= f'(1)=1.

Eniong éyovpe g(0)= f(0+0+D)—-1= f(D)—1.
Apa, 1 e&lomon TG EPATTOUEVNG TNG Cf oto onueio g A(1, f(1)) eivaun

y=fO =M= e y=x-1+f(1), (M
evo M e€lomon TG EPOTTOUEVTS TNG Cg oto onpeio g B(0, g(0)) eivorn

y=80)=g'O)(x-0) = y-fH+I=1-x

o y=x+f(1)-1. )

Amo (1) ko (2) mpoxvmtel 6tin Y = x + (1) — 1 givon kown gpamtopévn tov
C, Cg ot A, B avtiotoiymg.
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11.1) "Exovpe Sradoykd
(f (o) = (€' oovx)

f'(Mux)-cvvx = e*cuvx + " (—nux)

J'(Npx) - cvvx = e* (cLuvx — Mx).

Enopévag
/'(Mu0)ouv0 = e’ (cuv0 —npuo),
ondte
f'(0)=1.
ii) Eivon

f(Mu0) = e’cuv0 omodte f(0)=1.
Apa, n e&lowon g epantopévng e g C, oto
onpeio g A(0,1) eivon
ey-l=1(x-0)= y=x+1

H epantopévn e Téuvet Toug dEoveg ota ornpeia
A(0,1) kot B(—1,0) kar woyver (OA) = (OB) =
1. Emopévac to tpiywvo O AB gival 1IcOGKEALS.

24 A" OMAAAX

1. Enewdn) E(¢) = 47 () xon r(f) = 4 — £ &govpe:
e E'(t)=8xnr(t)-r'(t)
=87 -(4—17)-(=2t) =—167mt(4—1*).
Apa.
E'(1)=-16m(4—1)=—487 cm’/s.
e Eneidn
V)= éan(Z),
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€xovpe
V() =4rr* (t)-r'(t) = 4n(4—1") (<21)
=-8mt(4—1")".
Apa
V'(1) =87 -1(4—1*)* =727 cm’/s.
2. Enedn

V(t)= %nﬁ(l) éyovpe
V'(t)=4nr’ (t)r'(t) xoauyw t =¢,
V'(t,) = 4rr’(t,)r'(t,).
Eivar 6pag V'(z)) = 100 cm’/s ko r(z,) =9 cm omo6te £xovpe
100 =479 -7'(¢,).

Emopévag
100 25

=——=—— cm/s.
4r-81 8l-xm

r'(t)
3."Eyovpe
P'(x)=11"(x)-K'(x)
=420- x> +40x— 600
=—x" +40x—180.

Etvot P'(X) > 0 yio 6o T X PETAED TV pridv Tov Tplovipov —x* +40x —180,

SAodh X € (20—+/220,20++/220).

4. i) 'Ecto X(¢), y(f) ot suvaptioceig Oécewv tov mhoiwv I1,, 11, avtictoiywg. Tote
v, =x'(t)=15 xou v, = »'(1) =20

ondte X(?) = 15t xan y(¢) = 20¢,
apoV to. whoia 17, IT, avay®podv cuyypoves omd T0 AMUAVL.
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ii) Am6 to opOoydvio tptywvo AIL T, &xovpe
d’(t)=x"(t)+ y*(t) = (15t)* + (20¢)°
= 225> +4007* = 625¢°.

Apa d(f) = 25t, ondte 0 pLOUOS petaPfoing g andotacng d givor otabepog
KoL 1o00ToL e
d'(t) =25 Km/h.

5.Ecto M (x(l),ixz (z)j onpeio g mapafoing, T ypovikn otiyun ¢ pe ¢ > 0. Tote:
' 1 2 ' ! 1 '
x'(r) = Zx ] <xX@)= Z2x(l)x )
ol= %x(t) (apov X'(£) > 0 y10. kGbe ¢ > 0).

1
Apa x(t) =2, ondte y(t) = r 2° =1.Etot 1o onpeio sivon to M(2,1).

2.4 B OMAAAX

1.’Eoto r = r(¢)  axtive ¢ o@aipag, wg cuvaptnomn Tov xpovov ¢. Tote givar:

V()= gﬂ}"S(Z),

ondte
V'(t) = %n 3 -r() =4 - (1) 7). (D)
Eivon 6pomg
E(t)=4rn-r’(¢),

ondte

E'(t)=87-r(t)r'(t) = r'(t) = = .lr(t) -E'(2).
O tomog (1) yiveTon

V'(t)= 47rr2(t)-#r(t)-E'(t) = %-r(z)E'(t).
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Enopévag

V'(t,) = %-85 10 = 425 cm’/s.

2. 'Exovpe:
T =T(x)=(0OAB) = %xlnx, a@ov X > 1.

Ene1dn 1o X gival cuvaptnon tov xpdvov ¢, £xovpe
T()= %x(t) In x(¢), omote
T'() ! "(OInx(t)+ 1 x(t) 1 x'(t)
=—X — _
2 2 x(t)
1,
= 5 X' @)(Inx(2) +1).

Emopévag m ypovikn otiyun ¢, mov eivon X(Z,) = 5, éxovpe

’ 1 !
T'@t,)= Ex (t)(n x(z)) +1) =
- %4(111 S+1)=2(In5+1) om?s.

3. Ta tptyewva IAE kor I’ BA givat dpota.

Emopévag
DA R BTG
5 20 T 200 TS

Eme1d1] oLy kot S givat GuVOPTHGELS TOV XPOVOL
t, elvon

1
t) =—s(1).
y(1) 2 (0
Enopévag

V') = %s’(t) = % m/s.
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4. H yovia 6 givat cuvdptnon tov ypdvov t. Ao to opBoydvio tpiyovo OAIT Eyovpe

h(?)

e00(t) = ——. Mapayoyilovtog v 10dTTa Y0V UE d10O0)IKE.

100
, (h)Y
(£00(1)) = (—1 00)

! =Ly
WWmﬂem_mohm

0'(t) = %h’(z) -oLVv0(1),

omotTe
’ 1 ’
0 (lo):ﬁ'h(to)'covze(to) (1)
Opog, ™ xpovikn oTiypr £, 1oL 10 pradovi Bpicketar og Dyog 100 m 1oydet:

2
h'(t,) =50 xou cuvO(t,)) = cvv4s” = % Emopévamg

1 .
0'(t,) = L-50-g =— rad/min.
100 4 4
5. A6 v opordtnTa v Tprydvev @OX ko KITX &yovpe
1,6 s
-2 = . 1
8 x+s O

Ta X, S givatl cuvopTAGELG TOV XPOVOD ¢ Kat 1oyveL, X'(£) = 0,8 m/s evd S'(£) givar
0 puBudS petafoAng Tov ickiov ™G yuvaikog.

And v (1) €yovpe:
1
0,2= S o= 0,2(x+5) < 0,85 =0,2x < s() = — x(?).
X+s 4
Emopévag
s'(H)= %x'(t) =0,25x'(1)
Apa

s'(1)=0,25-0,8=0,2m/s.
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6. O mpoPoliéag Tov TEPUTOAKOD QMOTICEL KOTA TN d1e0BVVON TG EQAUTTOUEVNC TNG
C,, kaOmg avtd Kiveitol KoTd UNKog TG KOUTOANG.
Bpiokovpe Ty e&icmon g epantopévng g C, oto onueio g A(a -——a j

Etvar f'(x) = (—%fj =-—x’onote f'(a) =—a’. Emopévog, n epantopévy AM
éxet e&icmon:

y—i—%oc3 =—a’(x—a).
Tay =0, éyovpe

1 2 2
50(3 =—a’x+a’ <:>062X=§(13 oSx==

2
Apo, o onpeio M €xer teTunpévn x(¢) = ga(t). Enopévag,
2 2
X)y==a'()=—=al(t
(0 3 (0 3 Q)

KO TN ¥poviky ottypn ty, mov eivo, at)) = - 3, &xovpe

¥t =—2 ( 3)=2 povadeg umcoug
povada ypdvov

7. To puey€bn X, y, 0 glvat cuvapTnoeLg Tov xpovou t Kat toyvet:
= y'(¢) ko v =x(¢) =0,1 m/s.
Tn ypovikn otryun t, mov 1 Kopvey g oKdrag améxel omd To démedo 2,5 m eivar

y(t) = 2,5 xou x(t,) = V3 =1(,) =+/2,75 m.

i) 'Exovpe x(¢) = 3ovvO(?), omdte x'(¢) = =3nub(¢)-0'() xar pa

! _ 1 iy
0'(t) = o0 xX'().

Enopévac
1

0'(1,) :—;-x'(to) - 0,1= —2% rad/s.

3n10(,) 3.25
3
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ii) A6 To opBoydvio Tpiymvo OAB éxovus x° (1) + y* (1) =9, omdte

2x(1)x'(1) + 2(1)y' (1) = 0 & y'(1) = - E’; X (1).
Apa,
Vi) = (( )) Xy,
onote
Vity=-2B L NI e

2,5 10 25
8. Eotw X = X(¢) ko Y = Y(¢) o1 GuvTETOYHEVEG TOV KIVNTOD, TN YPOVIKN oTiyun ¢. Tn
, , . (1B,
XPOVIKN oTiypt| £, Tov T0 Kivntd Bpicketar ot Oéon > | &yovpe
1 V3
x(t,) =— xou y(t,) =—.
(%) > (1) >
Eniong éyovpe:
V'(¢,) = =3 povadeg/sec.
Eneidn 1o kvt kwveiton otov kokho X + Yy = 1, eivan
X(O+y(=1,
omoTE EYOVE SLOSOY LK
(@) + (' (1) =0 2x()x'(t) + 2y(1)y'(1) = 0

< x(to)x’(to) + y(to)y'(to) =0.

Emopévag

(3372

:3\/5 ovadec/sec.
1/2 HOVAOES

ol V)
) == Y@ =
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2.5 A" OMAAAX

1. i)H f(x)= x> —2x+1 givon
® cuveyng oto [0,2] og ToAvmvouk,
o opaywyicun oto (0,2) pe f'(x) =2x—2 kot
o wyvelf(0)=1(2)=1.
Enopévag, woyvovv ot tpoiimodéoeig tov 0. Rolle, omote vdpyet éva tovAdyiotov

£ €(0,2) tétoto, dote
f'€)=02-2=0¢=1.
i) H f(x) = nu3x eivau:

i 2 . , ,
® cuveyng oto | 0,— |, g ohvBeon cuveydv GUVUPTNGEDV,

2
® TOPAYOYICIUT 6TO (O,Tﬂj, pe f'(x) =3ovv3xX ko

e wyver f(0)=f (ZT”) =0.
Enopévag, woyvovv ot tpoiimobéocig tov O. Rolle, omote vdpyet éva tovAdyiotov
Ee (O,ZT”J T£1010, MOTE

f'(¢)=0<3cLv3E=0

< ovv3E=0
@3§=% M 35:37”, apod 0 < 3¢< 27

=T he=2
i) H f(X) = 1 + cuv2X givan
® cuveyng oto [0, 7],
o apayoyiown oto (0, 7) pe f'(X) =—2nu2x kon
e wyvel f(0)= f(x)=2.
Enopévag, woyvovv ot tpoiimobéocig tov O. Rolle, omote vdpyet éva tovAdyiotov

¢ € (0,7) tétolo, dote
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f'(§)=0< -2nu25=0

onu2é=0
<28 =7, apov 0<2¢<27

T
S E=—.
s 2
iv) H ouvépmon f(x) = |x| glvar ouveyng oto [-1,1], ®g amdALTN TN GLVEXOLS
ouVapTNONG.
H f, 6powg, dev eivan mapaywyicym oto X, = 0, apov
hmwz hmle Kol
x—0" x=0 x—0" x
lim LSO oy
x—0~ x—=0 x>0 X

Emopévogn f dev mopaywyiCetar oto (—1,1).
Apa dev 1oyvovv ot Tpodmobécelg tov O. Rolle.

2. i) Hf(x) =X +2x ivan
® cuveyng oto [0,4], g TOAV@VLLLIKT
o napayoyicwn oto (0,4) ue f'(x) = -2x+2.
Enopévac, woybovv ot vtobécelg tov ®.M.T., ondte vIdpyet £va TOLAGYIGTOV
£ €(0,4) térolo, dote

f'(g):—f(?:f(o)@zgu:%
©2£+2=6
SE=2

i) H f(x) = 3nu2x givan
® GLVEYNG OTO [O,%}, ®G 6VLVOEST) GLVEYXDV CLVUPTIHCE®Y,

® Topaywyicun 6o (0,%) e f'(x) = 6ovv2x.

Enopévmg, wovonolovvtatl ot vrobéosig tov @.M.T., ondte vEApyEL Eva

. T . ,
TovAdyoTov, & € O,E T£T010, MOTE
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T
f [2)— f(0)

70
2

') =

& 60LV2E =0

< ovv2é =0

o 28 =g, apobd 2¢ e (0,7)

iii) ® E&etalovpe t ovvéyea g f oto [-3,2]

—Tw xe[-3,-1) n f sivar cvveyng, og TolvwvLIKT.
—Tw xe(-1,2] n f eivan cuveync, mg TOALOVLLIKT.
— X0 X, =— 1 &ovpe

lim f(x)= lim (2x+2)=0
x—>-1" x—>-1"

En} f(x)= 1_i>r1}+(x3 —x)=0xa f(=1)=0,
ondten f siv:u GUVEYNG cxro 1.
Emopévamg,  f elvan suveyng oto [-3,2].
e Efctalovpe tdpa tnyv mapaywyiopomra mg f oto (-3,2).

—H f givar mopaywyioywn oto (-3,-1), pe f'(X) =2.
—H f givon mopayoyiown oo (-1,2), pe 17(X) =3x" — 1.

— Eyovpe
lim M: lim ﬂ:z Ko
xo-1" x+1 x>-17 x+1

fim LO=SCD Yo x(x—1)=2.

xo—1* x+1 x—>-1" x+1 xo—1"
Apa, f'(-1)=2.
Emopévamg, 1 f eivar mapaymyioyn oto (-3,2) ue
2, xe(3,-1]

f<x>:{3x2—l, xe(-1,2)
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Apa wavorolovvtal ot vroBéselg tov O.M.T., ondte vadpyet & € (—3,2)1ét010,
MoTE

f@O-f3) _6-(4
2-(3) o= -(=3)

H tehevtaia ioyvet yia ke & € (—3,—1], evd yia & € (—1,2) égovpe:

') = < f(E)=2

3 -1=2o38 =3 =1 é=1.

3. @ Hovvapton f(X)=e€"sivar cuveync oto [a, B] kon mapaywyioyn oo (a, ) pe
1(X) = €". Enopévag odppavo, pe o Osdpnuo Méong Tyig vrdpyet X, € (a, B)
T£T010, MOTE

f!( ) f(ﬁ) f(a) x(, :eﬁ_ea
B-a p-a
Eneidn o <x, < karn covépmon y =€” eivar yvnoiong adéovoa ioxdete” < e™ < e’
Apa, Aoy g (1), elvan

(M

B o

e —e
g% <

B—a

o H suvaptnon g(x) = Inx givar cvveyng oto [a, B] pe 0 < o < f kar mopayoyicun

<e’.

1
oto (a, ) pe f'(x) = —. Emopévag, ooppmvo pue 1o ©.M.T. vadpyet X, € (a, )
TETO10, MOOTE *

J(x) =

fB)-f(@) _np-lna _ 1 _pf-lna

B—a B—-a X, B-a M

1 1 1
Eneon 0 < a <X, <p, eivar — < — <—, ond1e, Moym g (1), Exovpe
X, «

1 <1n[3—lna <l

B B-a a
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2.5 B OMAAAX

1. i) @ Hovvapton f givor cvveynig oto dudotpo [-1,0] og molvwvopkn. Eivat
f(-1)=14+20-25+1+1=-2«m f(0)=1
Anadn
f(-1)f(0)=-2<0.
Enopévac, soppova pe to Bedpnpa Bolzano vrdpyet éva tovAdyiotov
X, € (~1,0) térot0, dote f(x)=0.

e H cuvapmon f givar cuveyng oo [0,1] kan f(0) =1, f(1)=1-20-25-1
+ 1=—-44.
Anlodn,

f(0)f(1)=—44 <0.

Emopévag, soppava e to Oedpnpo Bolzano, vedpyet Eva tovddyiotov X, € (1,0)
této10, wote f(X,) =0.

il) H ouvaptnon f ikavomoiei tig vrobéoeig tov Bewpnuatog Rolle oto
[X,X,]<[-L1], pe X, € (=L0) xou X, €(0,1), apov

e civa cuveyfg 6To [X|, X,] og ToAv®VL LK
e civou mopayoyicym oto (X, X,) pe

f'(x) =4x> —60x* —50x —1 kou
e wyvel f(x,)=0= f(x,).
Apavmapyet € € (X, X,) < (—=L1), étot0, dote f'(§) =0 N, wwodvvaua,
4% —60E* —50& —1=0.

Enopévac, n e&icoon 4x° —60x” —50x—1=0 éyet po tovAdyotov pila 6to
(-1,1).

2. 1) H ouvaptmon f wcavomnoiei tig vmoféoeig tov Oewpnpartog Rolle oto [0,1], agpod
® civai cuveyng 1o [0,1] og yvopevo cuveydv
e cival mapayoyioun oto (0,1) pe f'(x) = nux + (x —)ovvx kot
e f(0)=(0—I)Muo=0, f(1)=0nul =0.
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Apa, vapyet € € (0,1), tétoro, mote ' (E) = 0, dnradn n e&icwon ' (X)=0
€xel o tovAdytotov pila oto (0,1).

i) H e&iocwon epx = 1 — X oto (0,1) yphopetat icodvvapio

nux
GLVX

=l-xonu=>0-x)ovvx ©nu+(1-x)ocovx=0< f'(x)=0
Kot COLO@VA e TO epATNL 1) €yl TovAdyoTov pia pifa oto (0,1). Enopévac,
n e&iowon epx = 1 — X éyet pa tovddyiotov pila oto (0,1).

Xnp.: To ii) propel va amoderyBel kar pe o ©. Bolzano ave&aptnrta and 1o

1) EpOTNHLO.

3. H e&iomwon f(X) =X ypaopetar icodvvapa f(X)—x= 0. @étovue g(x) = f(X)—X,

X € Rxarvrobérovpe 611 m eicwon g(X) = 0 &xet dvo nporypotiég pileg X , X, oto R.

H ovvaptnon g wavomotet tig vroBéoeig tov Bewpnpatog Rolle oto ddotnpa
[X,, X,] agov

® civar cuveyng 610 [X,, X,] o¢ dBporspa cvvexdv. (H f eivor cuveyfig oto R og
napayoyiown oto R).

® cival Topaywyioun oto (Xl, Xz) pe g'(x) =" (x) — 1 xan

® g(x,) =0=g(x)).

Emopévag, vrapyet & € (X, X,), T€t010, OOTE

g)=0= f"(E)-1=0= [ =1,

nov givar dromo, apov f'(X) £ 1 yia kébe X € R. Apan ekicwon g(x) =0, 4
oodvvopa N e&icmon f(X) =X éyet to TOAD o mpaypotiky pica.

. X 0
i) Kot apydg n e&icmon 1 uE =X &yet pia 10 0, apov M ME =0.

Eoto f(x)=n u%. Tote

1
f'(x) =Ecuv§ # 1 y10ka0e X € R (apov Govg £2).

Apo cdppova pe 1o i) gpdtpa n eéicoon f(X) =X, niadn n e&icwon n ug =X,

€xel to moAD o Tparypotiky| pila. Apov, opwg, £xet pita to 0, n pifa avt Ba
glvot povadik.
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4. i)'Exovpe
X
1+ %

§%<:>2|x|s|1+x2|<:>2|x|£1+x2

<X =2x+120< (|X|—1)2 >0, mov 1GYvEL.

ii) @ "o a = S 1oy0eL 1 1odTNTOL
o [ a# f,m f oto Sidonua e AKpa Ta a, f IKAvoTotel TI VTOBEGELS TOV
O.M.T. Apa vrapyet & € (a, B) 1€1010, DOTE

t1&)=TPIZT@ () f(a)= 1ENB-0)
B -
_ __s B
@ 1) f@)= (o)
Emopévag,
[f(B)-f(a)|= 1552 |ﬁ—a|£%|ﬂ—a|, Aoy Tov i).

5.H f wovorotei 11¢ ouvOnikeg Tov ©.M.T. oto didotnua [0,4], ondte vVIApPYEL
£ €(0,4) térowo, dote

' HORIONRICR

f = = .

() 4-0 4

AMNG, 0md vdOeon éyovue 2 < f(x) <5 Yo kdbe X € (0,4), ondTe
2$$£5<:>8£ f(4)-1<20=9< f(4)<21.

6. ® H ovvapton f ucavomorei Tig vrobéoeig tov ®.M.T. oto didotpa [-1,0], apov
givat cvveyng oto [-1,0] kot mapoyoyicun oto (—1,0) pe f'(x) <1.

Emopévag, vrapyet éva tovAddyotov & € (—1,0), t€toto dote

_fO-fE=)_fO-CD
0+1 1

e H cuvéptnon f wavonotel 11 vmobBéaeig tov @.M.T. 610 didotnpa [0,1], apod

etvat ovveyng oto [0,1] ko mapaywyicwn oto (0,1).

Emopévag, vrapyet éva tovhdyiotov &, € (0,1) tétoto, dote

(&) f(0)+1. ()
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(&) = )

FO-1O) _1-FO) _;_ ¢,
1-0 1 '

Enedn f'(x) <1 yukébe X € (—1,1) o toyvet

{f’(él)sl {f(0)+1s1 {f(O)SO
= =
fi&)<1 [1-f)<1 | f0)=0

Apa f(0)=0.

7. Kot apyég f(0) =g(0) = 1 ko f(1) =g(l) = 2. Emopévag o1 ypaikéc Tapacticels
tov T, g éovv kowd ta onueia A kot B. Ag vmobécovpe 0Tt avTEG £X0VV KO
Tpito KOO onueio 'kl ag OVORAGOVUE p, < p, < p, TIG TETUNHEVES TMOV TPLOV
onpeiov. Tote, Oa 1oyvet:

S(p)=g(p), f(py)=2g(p,) xor f(p;)=g(p;).

Bempole, TOPA, TN CLVAPTNON

P(x)= f(0)-g(x)=2"+x" —2x-1.

' ™ cvvdptnon ¢ xvovy ot vrobécelg Tov @. Rolle ota dwactparta [p,, p,]
Kt [p,, p,], apov ivor mapaywyicun 6to R pe ¢'(X) =2" In2+2x -2 Kat ioy0et
@(p) =p(py) = ¢(p;) =0.

Apo, vrapyovv & € (p;, p,) ko &, € (p,, py) tét010, OoTE 9'(E) = 0 KON 9'(E) = 0.
Eneidn, emmdéov, ) ¢’ efvar mopaywyioym oto [£), &, ], yio ) cuvaptnon ¢’ ioydovv
otvmobéoeig tov O. Rolle. Apa vrmapyet & € (&,,€,) tétoto, dote ¢"(€) =0. Avtd
dpwmg efvor dromo, apod @"(X) =2"In*2+2> 0 yio kGde X.

Apa, 1 e&lowon g(X) = 0 &xet akpiPdg 800 pileg, Tovg aptBpovg 0 ko 1.

2.6 A" OMAAAX

1. T kéBe X € R €yovpe
@'(x) =2/(x) f"(x)+2g(x)g'(x)

=2/(x)g(x)-2g(x)f(x) =0.
Emopévmg, ¢(X) = C.

2. 1) T ke X € R gival
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f'(x)=3x"+3=3(x"+1)>0.
Apan f givoryynoiog adéovoa oto R.
ii) o kG0e X € R givor: f(x) = 6x” —6x—12 = 6(x" —x —2).

O1 pileg Tov TpLvHHoL X* — X — 2 givon 2 ko —1, omdte T0 TPdonuo g
ko1 povotovia g f eaivovior otov Topakdre tivaka.

X —00 -1 2 +00

O]+ 0 - 0 o+

| 7| |

Apan feivor:

— ywnoing avcovca 6to (—oo,—1], apod eivar cuveyng oto (—oo, —1] Kot wyvet
f'(x)>0, ot0 (—0,—1).

— yvnoing eBivovca oto [—1,2], apol eivar cuveyng oto [—1,2] kot woyvet
f'(x)<0, o0 (—-1,2), ko

— yvnoing avgovoa 610 [2,+0), apol glvat cuveyng 6To [2,+00) Kot LoYVEL
f'(x)>0, o0 (2,40).
iil) o k@O X € R o0&t
x* +1-2x7 1-x°

S'(x)= =

C+1)7 (d+x7)

Oupilegng f'(x) =0 givor—1 kot 1, to Tpdonuo g f' karn povotovia g
f paivovton otov TopakdTo Tivoka.

X —o0 —1 1 +00
S| - 0O + 0 -

LS R Il B

Apan f sivar yvnoing gbivovsa ota daotipata (—o,—1], [1,+0) kat
yvnoing avéovoa oto didotnua [—1,1].
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3. 1) — TN kéBe x < 1 1 f eivan ouveyMc, ®g TOAVOVLLIKT
— Opoimg yio kabe X > 1
— T x=1 éyovpe:

lim f(x) = linll(4—x2) =3, lim f(x) = linll(x+ 2)=3«xa f(1)=3,
x—-1" x> x-1" xX—>

ondten f eivon cvuveyng oto 1.
Apan f cuveyncotoR.
H cvvépmon f napaywyiletor oto R—{1} ue

, -2x, x<1
)= :
1, x>1
H f'(x) =0 &eraxpiPmg o pido v X = 0. To tpdonpo g ' xoin povotovia
™m¢ f @aivovtal GTOV TOPUKATM TIVOKOL.

X —o0 0 1 +00
S (%) + 0 - +

foo ] 7 1 N "

Anradnn T eivor:

® yvnoing avgovoa ota dractipata (—oo,0] kot [1,+00) Kot
® yvnoing edivovca oo [0,1].
ii) H cuvéptnon f ypaeetar:
x> =1, xe(-o,—1]
f(x)=11-x*, xe(-1L1)

x* =1, xe[l,+o)
e H f sivan cuveynic oto R, og amdruTn Ty cuveyovg cuvaptnong.
e [0 X # +1 éypovpue

2x, x e (—0o,-1)
f'(x)=1-2x, xe(=L1).
2x, xe(l,+o)

H f'(X) = 0 &xer akpipog pua pio tnv X = 0. To Tpoécnpo g f” Kot 1 povotovia
NG PAiVOVTOL GTOV TOPOKAT® TIVOKO.
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X —0 -1 0 1 +00

S - + 0 - +

L I i B

Anhadnn f eivar

® ywnoing ebivovoa ot dStouotiuata (—o,—1], [0,1] ko
® yynoing avéovoa oto dtoeotuata [-1,0], [1,+0).

4. i) T x60e X € R sivan f7(x) = e _lzx

2x X

e

H 7 (x) = 0 éyet o povo pio v X = 1. To Tpdonuo g [’ Kou 1 Lovotovia,
mg f @aivovtal 6Tov Tapakdte mivoka.

X —o0 1 +00
(X + 0 -
f(x) /' \

Anhodnn f etvon
® yynoing avéovoa 610 (—o,1] Kot
® yvnoing ebivovca oto [1,+0).

1-—x

ii) T k6Oe X > 0 givan f'(x) = l—1 =—.
x x

‘Exovpe f'(x) =0 <> x =1.Tompdonpo g f' koun povotovia g f gaivovrar
GTOV TOPAKATE VK.

X 0 1 +00
') + 0 -

100 | 7 | S\

Anhadn n f eivon

® yvnoing avgovoa oto (0,1] kot
® yvnoing pdivovca oto [1,+00).
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iii) H cuvaptnon f ypaeeton
f) = {anx, 0<x<rm
0, nm<x<2m
Emopévmg éyovpe va peketnoovpe ) povotovia g foto [0,7].
o H f givar cuveync oto [0,7]
o [0 kaBe X € (0,7) sivan f'(x) =2c0Lvx

H /' undeviletat oto (0,7) yioo X = % To mpdonpo g /' oto [0,7] paiveral
GTOV TOPUKATM TIVAKO.

X 0

S NN

1) +

) | 7 | S\

Aniadnn f eivan

; , T
® yvnoing avovca 6to {0,3},

e yvnoing edivovca oto [%,n} Ko
e otafepn| pe T undév oto [r,2x].

5. i) @ T kéfe X € R givar f'(x) =5x* +5=5(x" +1)>0.
Emopévagn feivar yvnoimg avéovoa oto R.

e H cuvdapton g eivor cuveyng oto [0, +00) kot mapayoyioyn oto (0,+0), pe

g'(x)=2- \/_ \/_+1>0 v k4O X € (0,+00).
Emopévag n g eivar yvnoiog avéovoa oto [0,+0).
ii) ‘Eyovpe:
e lim f(x)= lim(x’)=—o0 kou lim f(x)= lim x° = +oo.
Enopévagn f, og ouveyng kar yvnoing avéovsa oto R, Ba £xet 6hvoro Tipndv
70 dtdotnua (—oo,+0), dnAiadn to R.
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® Eyovpe:
9(0)=—3 xau lim g(x) = lim (2\/;+ x—3) = o0,

Apa T0 GHVOAO TIHAV TNG g, Y10 TOV 1810 AOY0 OT®G TPLY, £IVOL TO SLACTN A
[_3a +OO)'

iii) Ov e&iodoeig ypagovrat f(X) =0 kot g(X) = 0 avtiotoiymwg Kot £Xovv TpoPavn
piCo v X = 1. Ene1d1 ot cvvaptioeig f kot g ivon yvnoiog povdtoveg,

X =1 glvanr povadikn kowvn pila Tovg.

. 1
6. 1) o kéBe X >— 1 1oydel f'(x)=¢€" + s > 0. Enopévagn f sivar yvnoing
avéovoa 6to (—1,+0). T

i) H e€icwon e* =1—In(x+1) ypapeton icoddvopua:
e —1+ln(x+1)=0< f(x)=0.

Ipopavag f(0) =0. Enedn n f sivar yvnoing avéovoa oto medio opiopod
g kot oyvel f(0) =0, n i X = 0 givar  povn pida g e&icwong f(X) = 0.

2.6 B OMAAAX

1.’Eotw X, € R. Tote, Aoyw g vmoBeong, yio kdbe X # X, Exovpe

Q‘M <|x—x,|
X=X,

|0 = f ()| £ |x =,

f ()= f(x)

<:>—|x—x0|§' §|x—xo|.

X=X,

Al

lim (=[x = X,|) = lim |x— X, = 0.

X=Xy X=Xy

Enopévag, chpemva e to kprnptlo mapepforng Oa eivar:

i LS00 g o,

XX X — xO

Apa f'(x,) =0, i kdbe X, € R mov onpaivet 6t f otabepn oto R.
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2. i) H f eivar ovveyng oto [—1,1] wg moAlvwvopky kat 1oyt
f'(x)=3x>=3=3(x"-1) <0 yio.kd0e X € (—1,1).
Apan feivoryymoiong pbivovsa oto [-1,1].

i) Exedn n f eivar cuveyng ko yvnoiong edivovsa oto [—1,1], To 6UVoAO TGOV
g etvar o [f(1), f(-1)]=[a—2,a +2].

iii) H osvvépton f(x) =x’ —3x+a eivar cvveyng oto [~1,1] kat 10 cHhvoro
TWAV ™G [a — 2,0+ 2] mepiéxet 1o 0, apov — 2 < a < 2. Emopévmg, vdpyet Eva
TovAdYIoTOV X, € (—1,1) Této10, dote f(X)) = 0. Avtd dUW®G Eivar povadiko,
apov 1 feivan yvnoing pdivovoa oto (—1,1).

3. H toydmra tov kivntov etvat
v(t) = x'(t) = 4> — 24+ + 361 16,
eV 1 emtdyvvon tov gival
a(t)=x"(t) =127 — 48t +36 = 12(¢* — 4t +3).

i) H tayvnrta tov xivntov pe t Ponbeta tov oxynuatog Horner ypdoeton
L(1) = 4(t — 1) (¢ — 4) kou pndeviletar Tic yPoVIKEG oTIyNEG £ = 1 xan £ = 4.
I vol amavTGoVLE OTO EPMTNLOTO TG ACKNGONG OPKEL VO LEAETIGOVLLE TO
npdonuo g tovTToag L(f) = X'(¢) oto didotnua [0,5].

Ot piCeg tng x'(¢) = 0 givon 1 ko 4, evd T0 TpOOTHO TG X'(7) PaiveTar oTov
mivoko

t 0 1
Yo [ - 9 -

+

Lo &

i) Apa oto dtdotnpa (0,4) To KT KIVELTOL TPOG TA OPLOTEPT, EVG GTO SIAGTNLLOL
(4,5) xwveiton Tpog ta de€1d.

iii) To mpdonuo g svvaptmong a () = x"(¢) eaiveton oTov Tivako

t 0 1 3 5
a(f) + 0 - 0

Enopévag ota dtaotipata [0,1] ko [3,5] 1) togdTnd Tov anédvetat, evod 6To StdoTnpio
[1,3] newwveton.
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4. H cvvaptnon V mapayoyiletar yio ¢ > 0 pe

V’(t):(SO— 25#2] _ 100t3 .
(1+2) (t+2)

Apa n ovvaptnon V elvar yvnoiog pbivovca oto [0,+00), mov onpaivet 6Tt T0
TPOidV cuveydg vrroTidToLl. Emetdn

. . 25¢°
V(0)=50 kot lim V(¢) = lim | 50— 5
t—+0 t—+o (l + 2)

. 25¢7
=50-lim ———=50-25=25,
oo t” + 4+ 2
70 oOVoLo TI®V TG V givar to Sdotnpa (25,50].
Apa, 1 T TOV TPOTOVTOC dEV UIOPEL VAL YiVEL IKPOTEPT] OO TO LUGO TNG OPYLKNG
TOV TIUNG.
5.1) H cuvaptnon f éyel nedio opiopov o
A= (-0, (=L (l,+0),
glval ouveync, g pNTN, Kot Topayyiciun oto A pe
(x> =9x)' (x> =)= (x> =1)'(x* =9x)
(1)

_ (3x* =9)(x* —1)—2x(x’ - 9x)
(x* 1)’

o xP+ex’+9 (X1 +3)°

S s

J'(x)=

H povotovia g f paiverat otov mivaxa

X —0 -1 1 +00
f'(x) + + +
+00 +00 +00
f(x) / / /
—00 —00 —00

Anadn, n f eivan yvnoing avéovoa og kabéva and ta dootipata (—o,—1),
(—L1) o (1,+). Eivon

3 3
o lim £(x) = Tim 2% = lim = = 1o

X—>+0 T i | x40
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3

e lim f(x)— hmx—:—oo
X—> OOx
3_
e lim f(x)= lim _x 9%
x—-1 -1 (x—=1)(x+1)

e lim f(x)=—oo, lim f(x) =+ kot lim f(x)=—o0.
x—>-1" x—1" x—1"
Enopévmg to ohvoro Tiudv g f og kabéve and ta Slouctipore Tov 7 0piopuo

g elvar o R.

ii) Ot op1Bpoi —1 xan 1 mpogavac Sev sivon pilec g eéionong X —ax® —9x+a = 0.
Emopévag, 8o avalnmoovpe pileg avtig ota dtuotipata (—o,—1), (—1,1) ko
(1, 4+00). Z10 StooTHOTO QVTA EYOVLLE

X —ax*-9x+a =0 X -Ix=ax’—a

x* —9x
2 =
X =1
o f(v)=a.

Emedn n ovvaptnon f oe kabéva tov dwuotnudtov (—wo,—1), (=1,1) kot
(1,40) givon yvnoing avéovoa kot et cvolo Tudv 1o R, n e&icwon f(X) =
a, £xel akpPOG TPELG TPAYUATIKES PIlES, 0o Lo o€ KabEVa 0o To SLGTHLLOTO.
ToL ediov opiopov g f.

6. Mo kéBe X € R givan f7(x) = 3ox” +6x +1.
H f' givon dgvtepofdduo tpudvopo pe 4 =36 — 12a = 12(3 — a).

1
elwwa=3,n f' &gl dumhn pila tnv 3

1 1
Enedn n feivar cvveyng yo x = -3 ko wyvel f/(X) > 0 yuo kébe X # 3 nf
elvat yvnoing avéovoa yio kabe X € R.

o N0 o < 3 m ' et 6V0 pileg mpaypoatikég kat Gviceg kat dpa oALG el TpdoN Lo
oto R. Emopévag, yiw a <3 1 f dev eivan yvnoimg avéovca oto R.

e[l a>3n f’ dev éxer pileg oto R kon eme1dn o > 0 Oa woyvet f/(X) > 0 ya kabe
x € R. Emopévag, o a > 3 1 f eivan yvnoiong avéovoa oto R.
Apan feivar yynoiog avéovca oto R povo dtav a > 3.
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7. 1)'Eyxovpe
S'(x) = (Mx — xoLVX)' = GLVX — GUVX + XX = XT|LLX.

lNo xe (O,%j givan f'(X) > 0 ko agov n f eivon cvveyng oto [O,%} GIv]

glvat yynoing av&ovoa 6To ddoTnua aVTo.
it) Ereidn n f elvar yynoing avéovsa oto [0,%} , Yo ke X, pe 0 < X < % Oa
givon (0) < f(X), dnradf nux — Xovvx > 0.

iii) T kG0E X € (o,%) yveL

£y =TT 6 (v g i),
X

. ; ; ; . T
ondten f eivan yvnoing pdivovoa oto didotnuo (O,Ej.
8. 1) H f eivar cuveyng oto [0,%), ¢ aBpotopa GuveydY Kot yio kabe X € [0,%)

oyoEL:

B 2cuvix—3ouvix +1

1
f'(x)=2cvvx + —-3 >
GLV X GLV X

_ 2ouv’X—20VV’X—cLV X+1 2oLV X(cLVX —1)—(cLV’X—1)

GLV*X oLuviX

_ (ouvx—1)(2ovv’x—cvvx—1)  (cvvx—1)*(2cVVX+1) -0

LV’ X LV’ X
Emopévarcn f eivarl yvmoiong abéovoa oto {0,%).
i) Ereidn n f eivon yvnoing adéovoa oto {0,%), v k@Be 0 < X < % LoYVEL

f(0) < f(Xx). AAAG T(0) =0, ondte o k6Oe X € {0,%) woy0et:

0 <2nuxX+epX —3X < 2nuX +e@X = 3X.
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2.7 A’ OMAAAX

1. Enedn n f eivon mapaywyiown oto R, ta tomikd akpdtato Ba avalnmdovv
peta&d tav piov mg eéicwong f'(X) =0, dnradn tov 1, 2 kot 3. To Tpdcnpo
g f’, n povotovia kat Ta axpodtata g f eaivovral otov TopokdTe Tivaka.

X ) 1 2 3 +00

fr(x) + 0 - 0 - 0 +
f(x) /T'M' \ /
T.E.
Anradnn T,

® 670 X = 1 mapovo1alet TOmKO PEYIGTO Kot
® 670 X = 3 mapovoldlel TOmIKO EAGYLOTO.

2.a)i) Mo xébe X € R eivar f'(x) =3x" —6x+3=3(x—1)>. H f(X) =0 éyet axpt-
Boc wia piCa v X = 1. To Tpdonuo g f', n povotovia g f xat o 6p1é
TNG GTO —00 KOl +00 (POIVOVTOL GTOV TAPOKAT® TIVOKOL.

X —0 1 +00

() +0 +

fo | /*w

Apan feivor yvnoing adéovoa oto R.

ii) o k60e X € R givar g'(x) = 3x* —3.

O1 piCeg g g'(X) = 0 givar —1 ko 1. To Tpdonpo g g’, | povotovia g g,
T 0KPOTOTOL KoL TOL OPLA TNG OTO —00, +00 PAIVOVTOL GTOV TOPUKATE VKA.

X |—o0 -1 1 +00
9'() + o - 0 +
4 +00
X / T.M. \ 0 /
90 |oo T.E.
Aniodn M g mapovoralet:
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® 670 X =— 1 Tomd péyioto 1o g(—1) =4 ko
® 670 X = 1 tomd ehdyoto to g(1) = 0.

iii) [o k60e X € R givon A'(x) = 6x” —6x = 6x(x —1).
Ot pileg g eivan 0 kou 1. To wpdonpo g /', N LovoTovia KoL T 0KPOTATA
™G A KaBdG Kot T OPLd TNG 6TO —00 KOl +00 POiVOVTOL GTOV TTOPUKAT® TIVOKO.

X —00 0 1 +00

n'(X) + 0 — 0 +
-1

, /v T.M. \ / e

X

) . P

T.E.
Anrodn M A mapovoralet:

® 6710 X = 0 tomkd péyioro, to A(0) =—1 kot
® 670 X = 1 Tomkd ehdyioto, oto A(l) =—2.

B)i) Enedn n f(x) = x* —3x” +3x+1 givar cuveyng kar yvnoing avéovca 6To
R ko

lim f(x) = lim (x’)=—o0, lim f(x)= lim (x’) =+,
70 60voAo TV ¢ feivarto didompa (-0, +00), dnAiadh o R. Exopévac ba
vrdpyet X € R této10, dote f(X) =0, Snhadi n eéicoon X* —3x> +3x+1=0

Ba £xetl pia Tovddyiotov Tpaypatiky pifa. Avt eivor povadkn agov n f
etvat yvnoiong avéovoa oto R.

ii) H cuvépmon g(x) = x* —3x+2.

® Yt0 (—oo,—1] eival ocvveyxng Kol yvnoiog avéovoo Kol €mTELdN
lim g(x) = lim (x*) = —oo kon g(—1) = 4, T0 GHVOLO TGOV TG OTO SLAGTN A

at6 sivar 1o (—o0,4]. Apa 610 (—0,—1] N e€icwon X* —3x+2=0 &yst

axpBac pa pico.

® 310 [-1,1] elvan cuveyng kat yvnoimg Oivovso. Apo T0 GUVOAO TILDV TNG

o710 ddotnpa avtod givat to [g(1), g(-1)] = [0,4], omdte oto drdotnua [—1,1]

N eélowon X* —3x+2 = 0 éyst axptBodg pa pioe v X = 1.

® >10 [l,4+0) eival cvveyng Kot yvnoimg avéovoa Kol emeldn
lim g(x) = lim (x*) = +o0 ko g(1) = 0, To GHVOLO TILAV TNC GTO S1BoTHUA
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ot givor o [0, +90). Apa 610 [1, +00) 1 eéiomon X —3x +2 = 0 &xel axpiphdg
pa pilo v X = 1 mov BpiKoape Kot Tpwy.
Emopévac, n eicmon €xet oto R 300 dviceg pilec.

iii) Av epyactodue yio ™ cvvaptnon A(x) = 2x° —3x — 1, 6nwg Kot yia T1¢
cvvaptioeig f kot g, Bpiokovpe 6111 eéicoon 2x° —3x* —1=0 £yet o
axpifdc Mon oto R mov Bpicketatl 1o didotnua [1,+0).

3. )T x<1n f eivar cuveyng OG TOA®VULIKT.
T x> 11 f eivar cuveyng wg chVOES GUVEYDY GUVOPTICEDV.
Ta x=1 éyovpe

lim f(x) = lirrllx2 =1, lim f(x)= linllel’x =1« f(1)=1.
x>l x—> x—1" x>

Emopévagn f eival cuveyng oto R.
‘Eyovpe:
2x, x<Il1

f'(x)={ - ,
—e ", x>1

H f' undeviCetan oto 0. To mpdonpo g ', n povotovia kot o akpdTato TG
f paivovtat otov TopokdTe Tivaka.

X —0 0 1 +00

fr(x) - 0 + -

f(x) \ T% / T.M. \

Anhodnqn f mopovcidler
® 670 X = 0 Tomko6 erdyioto to F(0) = 0 ko
® 670 X = 1 Tomwd péyioto o f(1) = 1.

ii) — o X < 1 m g elvat cuveyng G TOAV®VOLKY|
— TN x> 1 1 g elvar eniong cuveyne.
— T x=1 éovpe:

lim g(x) = lim(x* —2x+3) =0
x—1 x—1

lim g(x) = lim(x* +4x+1) =0 xarg(1)=0.
x—1* x—1"
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Emopévmg n g efvan cuveync o’ 6io 1o R.
‘Exovpe:
, 2x—-2, x<1
gx)= {2)(—4, X1

H g’ undeviletar oto 2. To mpdonpo g g’, 1 povotovia Kot 1o akpoTata Tng
g QaivovTOl GTOV TOPUKAT® TIVOKO.

X —0 1 2 +00
g'(x) - -0 +

9(x) \ -1 /
min

Aniodn M g mapovctalet otov X =2 gldyyioto to g(2) =— 1.

4. )Takdfe xeR givan f'(x)=¢" —1.
"Eyxovpue

f'x)=0e" =1 x=0.

To npdonpo g f', n povotovia kot o axpdtata g f eaivovror otov
TOPUKATO TIVOKOL.

X —0 0 400

f'(x) - 0 +

0 \ mlin /

Aniadn n f mapovcidlet oto X =0 gldyioto o f(0) = 1.

xInx

i) Tl x> 0 épovpe f(x)=x" =¢€
Enopévag
fl(x)=e" (xInx)" = x"(Inx+]1).

‘Exovpe:
1
f'X)=0sx"(Inx+)=0hx=-1x=—.
e
To mpdonuo g ', n povotovia kot to akpotate g f eaivoviar otov ma-

pakdTo Tivaka.
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1
X 0 g —+00
f'(x) - 0 +
1)
00 | N, [gj —
min

1
1 1 1)e
Anradn m f mapovoidlel 6to x = = ghdyioto 10 f [—j = (—j .
e e e
5. H ouvapmon f mapayoyiletaroto R pe f'(x) = 3ax’ +2x —3. o va mapov-
oaCetn foxpotara ota X, =— 1 kou X, = 1, mpémnet:

f'(-)=0 3a-28-3=0 600 —-6=0 a=1
=S = =
f'‘M=0 3a+2B8-3=0 4B =0 B=0
(ITpocbéoaype kot aparpécope KoTd LEA TG EEIGMGELS).
o T1g Tipég avtés Tov a, 1 fypaestar £(x) = x° —3x+1 kou éxet Tapdywyo
f'(x) =3x" =3. Tompdonpo g f',1n povotovio ko o okpdTaTo g f paivovrat
GTOV TOPAKATO TIVOKOL.

X -0 -1 1 +00
f'(x) + 0 - 0 +

3
f(x) / T.M. \ -1 /
T.E.
Anhoon yio o = 1 kar =0 n f rapovoidlel 610 X, = —1 tomkd péyroto 1o f(—1)
=3 Kot 670 X, = 1 Tomkd erdyioto to f(1) =—1.

6."Eoto X, M ot dtootdoelg o€ m 1oV opboywviov owomédov pe epfadov E =400

m’. Tote Xy =400, ondte y = ﬂ 400 m? y
X

X
Emopévac, n mepipetpog P = 2x + 2y, mg cuvaptnomn Tov X, Sivetat amd Tov TV

P(x) = 2x+2ﬂ:2[x+ﬂ], x> 0.
X X
INo kGO x > 0 €yovpe:

Pl(x) = 2(1— 40;’) - z(xz——:l()()j
X

X
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omoTE
P'(x)=0< x> =400 =0 < x = 20.

To mpdonpo g P’, n povotovia kot ta axpdtata g P eaivoviol 6Tov TopoKato
mivoa.

X 0 20 +00

P'(X) - 0 +

PO | N 80
min

Aniadn n P mapovoidlet oto X =20 eAdyioto to P(2) = 80.
Emopévag to owodnedo yperaletor m pikpotepn nepiopaln 6tav X = 20. Amo v

, 400 . oo ,
womto y =—— 7y X = 20 €yovpe kot y = 20, mov onpoivel 0Tt To 0KOTEIO
X
elvat tetpdyovo.
7.'Ecto X, Y ot d1061d0elg o€ m Tov 01KoTESOV e TepipeTpo 80 m. Tote glvan 2x +
2y =80, omote y =40 —X.

To guPaddv E = xy, wg cvvaptnon tov X, divetat amd tov tomo E(X) = X(40 — X)
pe 0 <x<40.

INa kabe x € (0,40) givar E'(X) =40—-2x omodte y
E'(X)=0< x=20. X

To mpdonpo g E', n povotovia Ko ta akpdtata g £ gaivovial 6Tov mopokito
TivoKo.

x |0 20 40
E'(X) + 0
400

E(X) / max \

Anadn, To epPaddv yiverar péytoto otav X = 20.
Ao ™ oyéon Y = 40 — X yia X = 20 éyovpe Y = 20, ond1e TO 01KOMEDO Elvat
TETPAY®VO.

8. O pvOpdg petafoing g peiwong g Oeppokpaciog og TPog T 4061 TOL PAPLEAKOV
sivar A(x) =T'(x) =2x —%xz.
TNa ke x € (0,3) eivan A'(x)=2— %C, ondte
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H)=0e2-% 0ot
4 3

To npdonpo g /', N povotovia kot To akpdTOTo, TG /2 PAIVOVTOL GTOV TOPUKATM
VoK.

h'(X) +

h(x) / 3 \

Anhadn, o puOUOG peTaPoing e peimong g Beprokpaciog g Tpog Tt ddom

WiIh|O| W|H
|

, , . , 4
X TOV QAPUAKOL YIVETOL UEYIOTOC OTAV X = 3 mer.

9. 1) Ta opBoydvia tpiyove BEZ, I'ZH, AHO ka1 AOF eivan ica. Emopévac I'Z =
X, omote BZ=2 —X.
And 1o opBoydvio tpiyovo EBZ éxovyle:

(EZ)2 =x’ +(2—)c)2 =2x*—4x+4
ii) To euPadov E(X) tov 1eypaydvov EZHO diveton amd Ty 160THTA
E(X)=(EZ)* =2x> —4x+4, xe(0,2).
Mehetdpe T cvvdptnon £ og Tpog To akpOTATO.
INa ke x € (0,2) givar E'(X) =4x—4=4(x-1), onote
E'X)=0< x=1.

To mpdonpo ™ £', | povotovia Kot to. akpoOTato. TG E Qaivovtal 6Tov TopakiTe

VoK.
X 0 1 2
E'(x) - 0 +
E(X) \ 2 /
min

Anadn m E mapovctdlel oto X = 1 ehdyyioto 1o £(1) = 2. Emopévac to epupadov
tov EZHO yiveton eldyioto 6tav X = 1, dnradn otav ta E, Z, H, O givol péoa
TV TAEVP®V TOL ABIA.

10. To képdog Tov epyocTaciov sivatl:
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P(x) = E(x)— K (x) =420x —2x’ —%f +20x? —600x —1000

:—§x3 +18%% —180x—1000, pe X €[0,105].

INa kd0e X €[0,105] 1oyder P'(x) = —x* +36x —180, ondte P'(x) =0 <> x =6

1 x = 30.
To mpdonpo g P', 1 povotovia kot Ta akpoTaTa TG P aivovtol 6Tov TopaKkdTd
VoK.
X 0 6 30 105
P'(x) - 0 -

—1000 800
") \ TE. / M. \ TE.

Enopévog 1o epyootdotlo mapovotdlet péyioto KEPSOS, OTAV EXEL ILEPT|OL
mapayoyn 30 povades.

2.7 B OMAAAX

1.1) Eivan f'(x) = 2cvvx —1. H e€icwon g f'(X) =0 oto didotnpa [0,7] éxe pia

7 ; . ; ;
T0 g H HOVOTOVIO KOl TO AKPOTOATA TNG f @OalvovTal 6TOV TTIVOKO.

X 0 /3 T
' (x) + 0 -
3\/§+9—7r
f(x) / 3 \

Ankadn,n T eivon yvnoiog avéovoa oto {0, %} , Yvnoiong ebivovca 6to [% , ﬂ:l
KoL TOPOoLGLalEL:

3\/§+9—7r
3

. T T
® TOTIKO PEYIOTO YO, X = 3 to f (gj

® To7mKo gAdyioto yuo X = 0,10 f(0)=3

® claywoto Yo X =7, to f(7) =3—=.
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. 1.3
i) H e&icowon nux = 5 X— 5 YPAPETAL 1IGOSVVOLLL

Mw=x-3&2nux—x+3=0< f(x)=0.

Ao 1oV Topandve Tivaka eoaiveTot 6Tt

—Tw xe 0,1
3 3

3J§+9—n}

TO GUVOAO TIU®V NG f €ivat To dtdoTnpa {3,

670 omoio dgv mepiéyetat to 0.

—Ta X e{z,n
3

3

oto onoio mepiéyetar 1o 0. Apa n e&icwon f(X) =0 éxel pua pila oto didotpa

3J§+9—n}

,70 6Ovoo Tipdv g f eivar o didotnua {3 -,

[;,nj < (0,7)n omoia eivar ko1 Lovadiky, apod 1 T eivar yvnoiog pbivovca

T
o610 | —,7 |.
[3 }

2. i) Eivan f'(x) = 1 +1> 0, ya kG0 X € (0,+0). Enopévmg, n f eivar yvnoiong
x

av&ovoa 610 tedio opiopov ™e. Mo Tpopavig pile g feivarto X =1, ) onoia
giva ko povadikn, 6to dtdotnua (0,+0), agov 1 f eivar yvnoing avéovoa.
Enewon f(1)=0, Adéym g povotoviag g f, £xovue
f(x) <0,y x € (0,1) ko f(X) >0, y100 X € (1,+0).
ii) Etva
P'(x)=2Inx+2+2x—-4=2(Inx+x-1)=2/(x), Xe(0,+0).

To mpdono g ¢’ (0T®G TPOKVTTEL 07O 1)), 1) LOVOTOVIE KOL TO KPOTOTOL TNG
® PaivovTal GTOV TOPAKATE TIVOKC.

X 0 1 +o0

9'(X)

- 0 +
o(X) \ H?in /
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Apa, 1 ¢ Tapovctalet eddyioto yo X = 1, 10 (1) = 0.

iii) I'o va. Bpodpe ta kowd onueia tov C, kot Cg Movovpe v g&icoon g(x) =

h(x). Exovpe

g(x)zh(x)Qxlnx:—%xz +2x-2

3

< 2xInx+ x> —4x+3=0

& (X)=0.

H televtaio 6mwg npokvntel amd To ii) £xet povadikn pila to X = 1. Apa ot
C,, Cg &yovv €va pdvo kovd onueio to A(1,0).

Enedn g'(X) = Inx + 1 ko h'(X) = — x + 2, givon g'(1) = L xon h'(1) = 1. Apa ot
C, C 5 £XOLV KOWY EQUTTOHEVT GTO KOWO TOVG oTHElo A.

3.1) ) Apkei va deifovpe 6T1e" — X —1> 0, yi0, kKGO X.
Aswpovpe ™ cvvapmon f(X) =" —x—1, x e R.
Eivar f'(x) =€"— 1, onote

f'(x)=0c" =1 x=0.

H povotovia kot ta axpotata tng f eaivovrot otov mivaa.

X —00 0 +00
f'(x) - 0 +
00 | N 7

Y10 didotnuo [0,+0) 1 f givarl yvnoiog avéovoa. Apa, yio X > 0 1oydel

f(x) > (0), onéte € —x — 1> 0.

1
B) Apkei va deifovps 611 €* — Exz -x—-1>0.

1
Oewpobue T cvviptnon g(x)=¢" —Exz —-x—1, xe R, n omoia givat

cvveync 610 [0,+0) ko mopoyeyicym oto (0,+0) pe g'(x) =" —x—1>0,
vy X € (0,+00) ((o0) epdNUA). Apan g etvor yvnoing avgovoa oto [0,+0)

Kot EmopEVOS Yia X > 0 woyvet
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1
g(x) > g(0) omote €' —Exz —x-1>0.
.. , , . 1,
i) o) Apxel va dei&ovpe 6Tt cLVX + 5 X" —=1>0.

1
Bcwpovpe T cvviptnon f(x)= cn)vx+5x2 -1, Xe Rn omoia eivon
napayoyiowrn oto R pe f'(X) = —nux + X.
Emewdn ywo X # 0 eivan [nux| <|X|, éxovpe —|x| < nux <|x|, ondte yra x>0
woydeEL MUX < X KoL dpo — nuxX + x> 0.

Enopévac,
f'(x) > 0 y10 kGBe X > 0,

ondte M f eivar yvnoimg avgovea oto [0,+0).
Emopévamg, yio X > 0 wyvel f(x) > £(0)=0.
Apa

1
GUVX+5X2—1>0 v kKaBe X > 0.
; . . 1 s . .
pkel va detéovpe 6Tt NUX+—X — . Oepovle TN GUVEAPTNON
B)A dei x+6x Xx>0.0
L,
g(x)znp.x+gx -x, XeR.

1
"Eyovpe g'(x) = covx + Exz —1= f(x) (epdTnuQ O°).

Opwg f(X) > 0y kdbe X > 0, ondte g'(X) > 0 yia kéOe X > 0. Emopévaog n
g eivat yvnoiong avéovoa, oto [0,+0), omdte yio X > 0 woyvet g(X) > g(0)
1, 16odHvapa,

1
npx+gx3—x>0.

iil) o) Apxei va dgi€ovpe (1+X)" —1—vXx > 0. Oewpodue tn cuvaptnon,

f(x)=(1+x)" =1-vx, x=>0.
"Exovpe

F'(x)=v(1+x)" —v =v[(1+x)"" =1]>0, agov 1 +x>1,y1a x> 0.
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Emopévag, n f eivat yvnoimg avéovca oto [0,+%0), apov 1 f eivar kot
ovveyns oto 0.

Apa, y1o.X > 0 woyver f(x)>f(0) 7, wodovoua, (1+X)" —1-vXx >0, apod
f(0)=(1+0)"—1—-v0=0.

B) Apxei va dei&ovpe ot

> 0.

(1+x)" —l—vx—v(vT_l)x2

BOewpovLe TN cLVAPTNON

g(x)=(1+x)" _1_”_@)& x> 0.
"Exovpe
g'(x) :v(1+x)v’1 —y _M.zx

=v(1+X)"" —v-v(v -1x
=v[1+x)"" =1—-(v =1)x] >0, Xoy® ¢ 0.

Emopévog etvar g'(X) > 0, yia X € (0,+90) kot en€1dn 1 g lvat cuveyng oto
0, 1 g Ba givon yvnoing avovoa oto [0,+0). Apa yia X > 0 oydel g(X) >
9(0) 1, woodvvoua,

x* > 0.

v 1. viv=D
(I+x)" =1-vx -

4. Enedn n f nopaywyiletor o’ 6o 10 R, ta axpotate avthg o avalnmBbovv povo
petald tov pridv mg f/(X) =0. INa kdbe X € R éyovpe:

6(/ ()" f'(x)+6/'(x) = 6x" +6 = f'(D)[(f(x)" +1]=x" +1>0.

Emopévagn egicmon f'(X) =0 eivon addvarn oto R. Apan T dev éxer axpotoro.

5."Eoto a, f ovteTunpéves twv Kooy onueiov tov C, kar C .
Ocwpodue ) cuvaptnon A(X) =f(x) — g(x) ne X € [a, B1, n omoia mapiotdver TV
KatakopLEn omdctacn twv C, Kot Cg.
To onpeio ¢ eivar ecwtepticd onpeio tov [a,f]. £’ avtd 1 A Topaymyileton kot Exet
péyoro. Emopévag, coppova pe to Bedpnua tov Fermat Oa eiva:
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W) =0 f1(&)-g'¢E)=0 f'(E)=g'(&).

Apa ota onueia A(E, f(9)), B(E, 9(£)) orepantopéveg tov C, ko C o AVTIOTOTY®OG
etvat mapaAnAec.

6. H cuvaptnon f sivar mapaywyioyun oto R pe

[0 =20 -)(x =) (x =) +(x=a)" - 2(x = B)x—y)" +(x =)' (x= B)"2(x~7).
IIpopavag

f'la)=1'(p)=1f'(y)=0. (D
H ouvapmon f wavonoiei 11g vrobéoeic tov Oswpnpatog Rolle ota doothiuata
[o.,8] kaw [B,y], agpod
® cival CLUVEYNG O QVTA G TOAVOVLLLKY,
e napayoyiown ota (a,f) kot (f,y) ko
o fla)y="1(B)="F()=0.
Emopévog, vapyovv & € (o, B) kot &, € (B,y) tétow, dote f'(£) =0 kot
f'(&,)=0. Ao (1) ko (2) mpoxvmret 6t n f' éxer mévte TovAdyotov pileg Tig
a <& <p<¢ <y.Enedn novvépmon f eivon molvwvoun éktov Babuov, n
TopAywyog g eivar TéumTov Pabpov. Apan e&iocwon f'(X) =0 dev €xel dhdeg,
extog and tig a, &, B, &, y pilec oo R.

To npdonpo g f', n povotovia kot to axpotata g f eaivovial otov wivaxa.

X —0 a fl p 52 y +00
| |
f(x) - 0 + (I) - 0 + (I) - 0 +
T.M. T.M.
) \T.E. | e | e
Apan féyettpio tomkd eldyoto ta f(a), f(F) ko f(y) ko 0o Tomkd péyiota

ta (&) won f(E).

7.1)'Exovpe 3x + 4y = 4, omote




"Etot éyovpe:

2
3
E(x)=E, +E, :%wz

X3 +(4—3xj2

4 4

B x2\/§+16—24x+9x2
4 16

:%[(9+4\/§)x2—24x+16]

i) No kéBe X € (0,%) woyder E'(x) = %[2(9 + 4x/§) X— 24} , OMOTE

2 12(9-443) 4(9-443)
oral3  si—as 11

To mpoéonpo e £', n povotovia kot to axpotata g £ eaivovial 6tov
TOPUKATO THVOKOL.

E'X)=0< x=

4
X 0 X, 3

E'(X) ~ 0+
E(x) \ - /

Anhadn, o epPfaddv Tov oyfraTog Yivetot eAdytoto dtav 1 TAEVPE TOV

4
1GOTAEHPOL TPLYDVOUL Eival X = ﬁ(9 -43 ) =0,75m.

8. 1) 'Botw M(X, f(X)) To (ntodpuevo onpeio mg C,.
"Exovpe

(MA)zz(x—%) +(f(x))2:[x—%j +X.

H andéotacn MA yivetor ehdytot, otav yivet
€MAY10TO TO TETPAYOVO TNG, SNAadT| dTOV ThPEL
NV EAQYLOTN TN THG 1| GLVAPTHON

g(x)= (x —%j +x, Xe[0,+0).

|228 |



lNa kabe x €[0,+0) woyvel g'(x) = 2£x —%j +1=2x-8, ondte

gx)=0&x=4.

To mpdonpo ™ g’, N LovoTOVia Kot ToL 0KPOTOTA TNG § (POVOVTOL GTOV TOPOKATM
mivoko.

X 0 4 +00

g'(x) - 0 +
9(x) \ 17 /
4

Aniadn n g Tapovcidlet oto X = 4 ghdyioto o g(4) = % Enopéveg n

nocotTa (AMY ko Gpon (AM) yiveton edguotn otav X = 4. Apa 10 {Tovpevo
onpeio givon o M(4,2).

il) o ka0 X > 0 woyver f'(x) = omoTE 0 GLVTEAEGTNG devbuvong g

1
2Jx’ |
gpamtopévng ¢ oto onpeio M(4,2) eivan A, = f'(4) = s O ocvvteleotng
devbvvong e AM eiva:

2
—=-4.
L
2
. 1 o . .
Emopéveg, A, -4, = Z(_4) =—1, mov onuaivel 6TL | epomTopévn € givor

KkéOetn oty AM.

9.’Eoto (AB) = 2X kot (BI) = Y o1 d106TAGELS TOV
opboywviov ABIA. Tote ) mepipeTpog Tov otiffov
Oo eivarn ion pe 27zx + 2y Ko emopévas Ba 1oybdet

2rx+2y =400 < y =200—-7x.

To gpupadov tov opBoywviov ABIA givar

E(x)=2x-y=2x(200—7x) = —27x* +400x.
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2
To kdbe X (0, ﬁj glvat E'(X) = — 4xx + 400, omote
T

E’(x)=0<:>x:@.
T

To mpoonpo g £', N povotovia Ko ta akpdtata g £ gaivovral 6tov mopakdto
mivoko.

100
X 0 —_— 400
E'(x) + 0 -
max
E(x) / \
Anrodn N E mapovoidlel oto X = 100 péywotro 10 E (mj = 20'000.
T T T

Enopévag, o opBoydvio tunpa tov otifov yivetar uéyioto, dtav ot S100TUoEL

Tov givat:
100 200 100

(AB)=2-—=——mxu (BI')=200—7-— =100 m.
b b T
10."Ecto X(X > 100) o apBudg tov atopmv mov Oo dSnAdcovy cvppetoyr. Tote, to
1066 1oL Ba TANPpmGEL KABE ATopo TpokvTTEL o amd To, 1000 evpd apapécovyie
70 000 NG EKTTOGNG, TO 01010 avépyetatl o€ (X — 100) 5 evpd, dnrodn kabe
dropo Bo mAnpmost:
1000 —(x—100)5 =1000—5x+500 =1500 —5x evpa®.

Emopévag, o £0000 TG ETULPEING OO TN GLUUETOYT TOV X ATOU®V Ba lvat:
E(x) = x(1500—5%) = 5% +1500x.

TNo ka0 X > 100 xovpe E'(X) =—10x+1500, onote E'(X) =0 < x =150. To
npoon o TG £’ paivetal 6tov mapakdto mivaka, and Tov onoio tpocdiopilovpe
T0 SIOTALOTO. LOVOTOViaG TG £ Kot ToL aKpOTOTO OVTHG.

X 100 150 o0
E'(X) + 0o -

o | R
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Aniodn, n E mapovcialet oto X, = 150 péyiotn tipun v £(150) = 112.500.
Emopévacg, npémetl va dnidcouvv 150 dropo cuppetoyn otny kpovollépa yio va,
£€YOVLE TOL TEPLOGOTEPO. £5000.

11.'Eyovpe 7' (¢) = 0,05, omdte # () = (0,05¢)" xar &pa. 7 (f) = 0,05 +¢,. Opog
r,(0) =3, onote 7(1) = 0,05t +3. Opoing r,(¢) = 0,047 +5.
1) To gpPadov daktvAiov Ba pndevictei 6tav
rn(t)=n(t)<3+0,05t=5+0,04t < 0,017 = 2 < ¢ = 200.

Apa, votepa omd 200 S To epPaddv tov daktviiov Ba undevicrel.

it) To gpPadov Tov KuKAKo dakTVAIOV, WS CLVAPTNGT TOL XPpoVoUL L, etvat
E(t)=nr (t)—nmr (1)
=7(5+0,04t)* —(3+0,05t)".

"Exovpe
E'(t)=27(5+0,04t)-0,04—27(3+0,05t)-0,05
=27(0,20+0,0016t —0,15—-0,0025t)
=27(0,05-0,0009t).
Eivau

E'(t)=0<t~556s.

To mpdonpo ¢ E', n povotovia Ko o akpdtata g E eoivovtol otov mivaka.

t |o 55,6

E(t) + 0 -

Et) / max \

Apa, ) gpovikn otypn t = 55,6 s 1o guPfaddv Tov kukAkov daktuAiov Ba

peytotomomOei.

12. 1) H k&0etn Sotopr; ABIA givor oyfpotog tpameliov.
Am6 1o 1plywvo HBI épovue
HB =2nud xow HI'=2c0vv6.

Ene1dn 1o tpamédio ival 1cookeléc, 1oyvet
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A0 =TH =2cvuvl xon A= 2 + 2 ovvl + 2o0uvl = 2 + 4 cuvé.

To eupaddv tov tpaneliov ABIA givar

AB+TA _2+2+4GUV9.

E= HB 2npo

=(4+4cvvO)Muo
=4nub(l+covvo).

i) ®empove TN GLVAPTNHON

E(0)=4nu6(1+cvvh), 0 € (0,%}.

Eivau
E'(0) =4cvvO(1+ovvO)+4nub(-nuo)
=46VVv’0 —4np’0 + 4ovvo
=4cvv*0 — 4(1-cvVv0) + dovvh
=8cuvVv’0 +4cvvl -4
=4(206vVv*0 +cvvl —1).
"Exovpe

E'(0)=0< 200v°0 +ouvl —1=0
< ouvvl :% N oovl =-1

=0=" enedy 0 e(o,Z :
3 2

To mpodon o ¢ £’ kabdc 1 povotovia Kot to okpdtoTo e £ aivovial 6Tov
VoK.

0 0 /3 T
E'(0)

+ 0
£0) / max \

Emopévag, 6tav 0 = — 1o eufaddv yivetal péyloto, mov onpaivel 6Tt T0Te T0

KavoA Oa petapépet T PEYIOTN TOGOTNTA, VEPOD.
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13.1)'Eotw t, 0 ypdvog mov ypeidletor o KoAvpuPntmg yio. vo, KOAUTHGEL Ao TO
K 610 M xaut, 0 xpovog mov ypetdiletol yio va meprotfioet and 1o M oto X\

"Eyxovpe
- (KM) Vx* +100° oL 1 — (MX) 300-x
] L, 3 ? v, 5

Emopévag, o cuvolkdg xpovog yo va dtavocet T dtadpoun KM ivon

VX% +100? . 300—x
3 .

5

T(x) =

i) ®empovE TN GLVAPTNHON

2 2 _
T(x) = % 2100 +3005 X, xe(0,300).

Eivau

O piCeg g 77 (X) = 0 givar To 75.
To mpdonpo ™g 7' 1 povotovia kot ta akpdtata ™G 7 paivovtol 6ToV TapoKaTd

TivVoKo.
X 0 75 300
7' (x) - 0 +
(%) \ (75)
min

Aniadn, n ovvapton T mapovotdlet Eldyioto yio X = 75 ft.
Apa, 6tav X = 75ft, Td1€ 0 KOALUPN TS YPELGleTOL TO AlYOTEPO dLVOITO YPOVO
v va 04cEL 6TO GTTL TOL.

14."Ectm p, N TuKvOTNTA TOV KOATVOD OV EKMEUTEL TO £PYOGTAGIO £, Kot p,
TUKVOTNTO TOV KOTVOD OV EKTEUTEL TO EPYOCTAGIO £,
"Exovpe
8P
12

P
pl(x):k; Ko pz(x):k( el keR
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H mokvétra tov kamvov ot Béon 2 eivan

pP(X) = p,(X)+ p,(X)
P 8P
Sth———
X (12-x)

:kp[;Lj,
x* (12-x)

=k

H ovvapton
1 8
=kP| —+— |, xe(0,12
p(x) (xz (lz_x)zj (0,12)

glvol Topaywyiown pe

, 2x 16(12-x)
X)=kP| —+——F
P ( xt 12-x)* ]
-2t )

x (12-x)

"Exovpe
-2 16

'X=0 +——=

P X (12-x)

16X -2(12-x) =0
< 2x) —(12-%x)° =0
& 2x—(12—-x)=0
&3x=12<= x=4.

To mpdonpo g p’, N LOVOTOVia Kol TOL 0KPOTOTO TNG P POIVOVTOL GTOV TOPUKAT®
VoK.

X 0 4 12

p'(X) - 0 +
7 \ min /

Anradn, n TOKVOTNTA P YiveTon EAGYLOTY, OTAV X = 4.
Apa, 0 epYOLaPog Yia vo £xEL TN AMYOTEPT| POTTOVGT) TTPETEL VO, YTICEL TO GTITL TOV GE
andotacn 4 km ond o epyocticio E,.
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2.8 A’ OMAAAX

1. i) T xdbe X eR woyder

f'(x)=15x* =20x° xar £"(x) = 60x> —60x* = 60x>(x —1),
omoTE
") =0<x=0 dumAy)nx=1.

To mpdonpo g [ aivetal 6ToV ToPaKAT® TIVOKAL.

X —00 0 1 +00
(%) — 0 — 0 +
o | N N AN

Anhadn m f etvar koikn 670 (—0,0] kot oto [0,1] ko kvpti 670 [1,+0).
® To omnpeio 1 glvar Béon onpeiov kapmc. Eropévmg to onpeio A(1,0) eivor
onpeio koumng g C -

ii) T k60e X € R * 1oyveu:

6x* —3x*(3x* —2) _6— 3x*
- =

g'(x)= =
Kol
" -6x° —4x*(6-3x?) 6(x* -4
2"(x) = xs( ) _ (x5 )’
onote

g'x)=0x=-2 Nx=2.

To mpdonpo g g” paiveTal 6TOV TOPUKAT® VKA.

X —o0 -2 0 2 +00
g9"(x) - 0 + 0 +
o | N N Y\

AnAodn, n g oTpéeet Ta Kolda Tpog Ta Ave ota dStucthipata [—2,0) kot [2,+0),
€V TPOG Ta. KAT® 0T0 drotnpote (—oo,—2] kot (0,2]. Exedn n g” pndevileton

-5
ota onueia —2, 2 kot ekatépobev oAldlel Tpodon o Ta onpeic A| -2, ” Ko
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B (2,%) glvat onpeto Kopmlg g Cg.
2. 1) o xéfe X eR woyder
fl(x)=e —xe™ ka f(x)=e""(x—2),

omote
f"x)=0=x=2.

To mpdonpo g " paivetal 6Tov TapakdTe mivoka.

X —00 2 +00
S"(X) - 0 +
2
o | 7 N\
T K.

Anhadn), n T otpépet Ta Koika Tpog Ta kdT® 670 (—0,2] Kot TPog To. Ave
070 [2,+0).
Enedn n f" undeviletor oto onueio 2 kot ekotépmbev alAdlel tpdonpo, 1o

onueio A 2,% elvan onpeto kapmng g C =
it) ' kabg X € (0,+0) wydet:
g'(x)=2x(2Inx-5)+2x =4x(Inx-2)
Kot
g"(x)=4(nx-2)+4=4(Inx-1),
ondte
g'x)=0chx=lcx=ec

To mpdonpo g g” paiveTot 6TOV TOPUKAT® VKA.

X 0 e +00

9"(%) -0+

N N AN




Anhodn, 1 g oTpéeet Ta Koiho Tpog Ta kKaTm 6To dtdotnua (0,e] kot Tpog To Gved
070 [e,40) . Enetdn n g” undeviletal 6to onueio e kot ekatépmbev aAralet
TpdoNwo, To onueio A(e,~3e?) eivon onpeio kopmig e Cg.

iil) — TN k@0g X < 0 1oydeL h'(X) = — 6X.
— T k6B X > 0 1oyvet h'(X) = — 3x° + 6x
— Y10 X = 0 éyovpe:

p— — 2 p—
[ A =h(0) _ 3 411

=0 ko
x—=0" X x—0" X
_ 43 2 _
lim 2O =M _ iy AT (o) =0,
x—=0" X x—0" X 0"

Emopévmg, n h napaywyiletor oto X = 0 pe h'(0) = 0. Apa

) —6x, x<0
X) = .
3x*+6x, x>0

-0, x<0

T X # 0 éyovpe A"(x) = ,
#0epovpe K1) {—6x+6, x>0

omoTE
"(x)=0<x=1.

To mpodonuo ¢ h” paiveral otov mapakdtm Tivaka.

X —o0 0 1 +o0

h"(x) - + 0 -
o |7 Nk N\ sk )

Ankadn, n h otpéeet ta koika mpog ta kétm ot draotiuato (—o, 0] kot [1,+0)
Kot Tpog To. ave oto [0,1].

Emnedn 1o 0 givar eocotepixd onpeio tov mediov opiopod e h ko h'(0) = 0,1
C, &xerepantouévn oto onueio (0,1) ko enedn n " exarépwbey Tov 0 arralel
npoonpo, to onueio A(0,1) eivar onpeio kopmig g C,.

Enedn n h” undeviCetar oto 1 ko ekatépmbev avtod odldlel Tpoonpo, T0
onueio B(1,3) eivon onueio kapmg mg C,.
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i) T kaBe x e R woyder f'(x) =—-2x e at
S(x)=-2¢ —2x(e™ ) =2 (2x* ~1), onbre

f”(x)zO@x:g f x:%.

To mpdonpo g [ paivetal 6Tov TapaKaT® TivaKa.

V2 V2

X |- S == +o0
2 2
(%) + 0 0 +
0 [ NS e 7 Vg N/
> K. > K.
Aniadn, n f otpépet Ta koika Tpog Ta Ave ce KabEva amd To Sl0oTHUAT

V2 V2

(—oo, —7} Kot {7 , +ooJ, &V 0TPEPEL TOL KOTA TPOG TOL KAT® 6TO SIAGTNHA

44

2 2
Eneidn n f" undevileton ota onpeio e KoL ekatépmbev avtdv aAAACEL

, O B N
npdonpo, To. onpeio A _T’e 2 ,B T’e 2 | elvon onpeio KOG ™G Cf.

7 Ko

ii) Two k60 X e —f,ﬁj vl g'(x) =
22 cLV X

" 2cvvx(— 2
2'(x)=— (=nux) _ 2np

7 ——, OmoTE
oLV X oLV X
g'xX)=0Mux=0&x=0.
To mpdonpo g 9" poivetol 6ToV TOPAKATO TIVOKA.
X —7/2 0 /2
9"() -0
O A T N




Anlodn, N g oTPEPEL TO, KOTAQ TTPOG TO, KAT® OTO (—E,O}, EVO OTPEQEL T
KO{AO TPOG T AV® GTO [0,%}. Emedn n g” undeviletor oto onpueio 0 kot

ekatépmbev owtov aAralel Tpdonpo, To onpeio O(0,0) eivor onueio Kapmng
™mg Cg.

X3, x>0

—x*, x<0

iii) Eivaw A(x) = {

H cvvéptnon 4 givor cuveyng 610 R og yivopevo cuveydv.

‘Eyovpe:
2x, x>0 2, x>0
h'(x)= ko A"(x) = .
—2x, x<0 -2, x<0

I x, = 0 givan

— 2 —
lim M =AO) 220
x>0 X 0" x

_ _ 2
limM: lim = —o.
x—0" X x=>00 X

Apa h'(0)=0.
Amd 10 Tpdonpo TG A" mporvmtel 61 A givor kupt 610 [0,+90), KoiAn 6TO
(—0,0] a1 to onpeio O(0,0) eivor onpeio Kapmng.

iv) H ouvaptnon ¢ givar cuveyng 610 R og cbvBeomn cuveymv.

"Eyxovpue 1
—_ x>0
X, x20 , 2Jx
P(x) = . 9'(X)=
J-x, x<0 L sco
PN
-1
. x>0
] 4xy/x
Ko o"(X)=
1
X<0

o

H mapdywyoc g ¢ oto onpeio 0 B avalntndei pe ) forBeta Tov opiopoo.

[239 |



p(0-p(0) . Vx !

— T x>0, givon lim m— = lim — = +o0.
T XZ0 et X et X

. - . oN— .-l
— T x<0, etvar lim () ~¢(0) = lim X_ lim =—00
X—0" X—0 x>0~ X x>0 /=X

Apa, 1 ¢ dev mapayoyiletor oto 0. Opwg n Cw S&yETAL EQUTTOUEVT] OTO
0(0,0(0)), Tnv kataxdpven X = 0.

To npdonpo ™G ¢”, KaBdS To KOTAN KOt T0, KOPTE TG @ POIVOVTOL GTOV TIVOKOL.

X —00 0 +00
0w | - -

o0 | (N o N

Apa to onpeio O(0,0) dev efvar onpeio Kopmng g Cw, apov ekatépmbey TOV
0mn @" dev oALGLel mpdomLLO.

v) H ouvdpmon v yio X < 0 kot yia X > 0 givan cuveyng og ohvheon coveydv.
Ioyvet

lim y(x) = lim (—\/—x) =0,
X—=0" X—0"
lim y (x) = lim v/X = 0 ka1 y(0) = 0.
x—0" x—0"
Apa 1 i etvan cvveyng kot oto 0.
"Eyxovpue
1 1
yNES 4xa/-x
1 1

x>0 e x>0

2Jx’ 4xx’

210 X, =0 éyovpue

x<0 -

x<0
w'(X)=

fim YOOV O _ VX

.1
= lim —= = 4+ Ko

X—0" X x-0" X x=>0" \/;
lim YOV O VX i L e
X—0" X X—0" X x=0" /=X
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Enmopévagn y dev mapaywyiletar oto 0.

Emedn n v gival ocvveyng oto 0, M CW d€xeTal EQATTOUEVT GTO ONEio TG
0(0,0) v kataxdpven gvbeio X = 0.

To wpdonpo ™¢ " eaivetol otov Tivaka.

X —00
" (X) +

0
w(X) U 224. /\

Anhadn, n v etvan kopt 610 (—0,0] Kot KoiAn oto [0,+0).
Ene1on exatépobev tov 0 1w aAAalel mpdonpo Kot m CW OEYETOL EQOTTOUEVT|
oto onueio O(0,0), To onpeio avtd givor onpeio Kapmng ™e CW.

+00

4. e H f oto [-1,1] givar cvveyng o mapayoyioiun 6’ avtd kot woyvet f'(x) >0

v kade X € (1,1). Emopévag, n f eivar yynoimg adéovoa oto [-1,1]. Opoing

n f givar yynoiong pBivovoa 610 [1,4], yvnoing avéovoa oto [4,8] kot yvnoing
¢Bivovca oto [8,10].

e H f o710 [-1,0] elvan cuveyng ko 1 f'eivan yvnoiog advéovoa oto (—1,0).

Emopévmgn f otpépet ta koika mpog ta dvo oto [—1,0]. Opoing 1 f otpéeet

— 10 Kotha Tpog Ta kdtw oto [0,2]

— 10 Kotho TPOg T, v oTo [2,5]

— 10, Kothal TPOG T, KAT® 67O [5,6]

— 10 KoiAo TPOG Ta Aved 670 [6,7] Kot

— 10 Kotha TPog Ta Katw oto [7,10].

[Mbavég Béoelg Tomkmv axpotdtmv givat to onueia 1, 4, 6, 8 Tov givol ecmTEPIKE
onueia Tov mediov optopov g f ko ota omoio pundeviCetarn ', kabOdG Kot
to onpeio —1, 10 wov givar dkpo tov tediov opiopod g f.

Ot apBuoi 1, 8 eivar Bécelg Tomkmv peyictmv, evd ot apBpoi—1, 4, 10 eivan

0éceig Tomikmv ehayiotov. O apBuog 6 dev givat BEon Tomikod aKpoTATOL
apob n f’ dev alhaler Tpdomuo ekatépwbev avTov.
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® Télog, To onuein 0, 2, 5, 6, 7 eivar B€oeig onpeiov Kopmmg.

5. i) Eme1on n ovvdptnon S eivar yvnoiog edivovca oto [0,2,], T0 K1vnTd yio
t €[0,¢,] xwvettar kot v apvntikh eopd. Enedn 1 S eivar yvnoing advéovoa
670 [t,,+0), TO KIyNTO Yo ¢ = ¢, Kwveiton katd tn OeTikn gopd.

i) Eivar yvootd 6tin toydtnto Tov kivntoo givat v(z) = S'(¢) kot 611 Tig ypovikég
otypég A’ n C mapovoralet kopm.
Amo 10 oyfua TpokvmTEL OTL:
— Xto Sdompa [0,£,] 1 S oTpépet To koika kétm kar dpan S'(r) = v(7) givor
yvnoiong edivovoa 6’ anto. Aniady n Taxvtnta oto [0,z ] peidveror.
— X0 ddotpa [£,1,] N S oTpépet To koiha whve kot dpan S'(7) = v(t) eivor
yvnoing avgovco ¢’ avtd. Aniadh n toxdTnTa 670 [£,,4,] avElverol.

— Opoimg mpoxdmtel OTL 1) TOXOTNTO GTO [Z,,+00) HELDVETOL.

t |0 t A +00

o N

Anhodny, 1 TaydTnTe ToV Kivntod avgdveral 6to Sidotnua [z,,4,] Kot oto
dactipata [0, ] kou [£;,+0) peidverol.

2.8 B’ OMAAAX
1. T k6O X € R oyvet:
, ¥ +1-2x"  1-x7
S'(x)= 2 7 7y Kot
(x*+1) 1+x7)
_ 2\2 2 . 2 2
) = 2x(1+x7)" =2(x" +1)-2x(1—x") _ 2x(x" =3) .

x*+1)* (x> +1)7°
F'(x)=0x=0 9 x=—/3 { x=3.

To mpdonpo g f " paivetal 6Tov TapakdTe Tivoka.
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X | o -3 0 NE) +00
%) - 0o+ 0o - 0

+

LA ST YAt SN

Erednqn f " undeviletat ota -3 , 0 ko V3 kat eKoTEPBEY avTdV aAAGLEL
3 3

poomM o, To onpeion A [—f , —%] ,B(0,0) xou I” (\/5 ,%] etvon onueio Kopmng

mcC -

Ene1dn ta onpeion A ko I” éxovv ovtibeteg cvvietoypéveg Ba givatl GOUUETPIKA

®G TPOG TNV apyN TOV 0EGVEOVY oL givar To onpeio B.

2. T kéBe X € R 1oydet:
f1(x) =27 =2x xau f"(x)=2e"" —2=2("" ~1),
onote
f")=0e“=lox=a

To mpdonpo g f " paivetal 6Tov TapaKaTe TivaKa.

X —0 o +00

) -0+

f(x) mzazv

K.

Eredn n f" undevileton 6to onpeio a kot ekatépobev avtov aAldlel Tpdonpo,
10 onpeio A(a,2—a’), a € R eivan onpeio kapmig mg C,. To onpeio avto
Bpicketon otV Tapafor ¥ =—x> +2, agod 2—o’ = —a’ +2.

3. T ke x € R woyvet:
f(x)=4x" —60x” +12x+2 xou

f"(x)=12x" —12ax+12=12(x" —ax+1).

Hapotnpodpe 6t n £ eivar devtepoPaduio Tprdvopo pe 4 =a’ -4 <0, apod
a € (-2,2). Emopévac, f"(X)> 0 yio kabe X eR.
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Apan f otpéeetl ta koila mpog ta dve 6° 6A0 T0 R.

4. 1) T kdBe X € R woyder
f'(x) =3x> —6x =3x(x-2),

ondte

f(x)=0x=01 x=2
Ko

f'(x)=6x-6=6(x—1),
ondte

f"(x)=0=x=1.

To poonuo v f' kot £, Ta Tomikd axpdTaTa Kot Ta oTpeio Koumng eaivovtot
GTOV TTOPOKAT® TIVOKOL.

X —00 0 1 2 +00
1'% + 0 - | - 0 =
S"(x) - 0 -

- +
SRR Y

Anhodny,  f mapovoldlet:

® o710 onpeio 0 Tomikd péyieto o f(0) =2 ko

® o610 onueio 2 Tomikd eldyoto o f(2) =-2.

Enedn n f " undeviletar oto 1 kot ekotépwbev avtod alhalel mpdonpo to
onueio 7(1,0) eivor onpeio kopmng me C =

it) ' va dei&ovpe 6t Ta onueio A, B, I” elvar cuvevbetaxd, apkel vo dei&ovpe

o, =4,,.
"Exovpe:
-2-2 0-2
Apypg=——"="2FKu A, =——=-2.
20 -0
Apal,, =4,
5. Etvau:

2f(x)f'(x)-2f"(x)+2x=0
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omoTE EYOVE dLOSOYLK
S ()= f'(x)+x=0
S @)+ f)f (%)= f"(x)+1=0
(') + £ (x) =D +1=0.

"Ecto 611 t0 onpeio X, eivai 0¢on onpeiov kapmnig. Tote woydet
f"(x,)) =0, ondte

(/"G + () () =D +1=0 1 16080vapa (f'(x,))* +1=0
mov glvan drtomo.

Apan f dev €xetl onpelo KOPTAG.

2.9 A’ OMAAAX

1. i) Etvan

lim f(x) = lim
x—2

=—oo0 kot lim f(x)= lim
2" x—2 x—2"

=2t x =2

= +o0,

ondte M gvbein X = 2 givan katakopvEN acvurTe™ ™ C -
i) Etvo:
lim f(x)= lim epx

x> X

2 2
| ( 1 j
= lim | nux- = —00,
NN GLVX
2

aQov
lim =400 kot lim nux=-1.
xa—i GLVX xa—i
2

2

, T, . ,
Apamn X = —3 givan katokopLen acvuntT™ ™G C,.

Opoimg
lim f(x)= lim gpx = lim (TIWC' j: +o0,
PR . . cLVX
2 2
aQov
lim =+o0 kot lim nux =1.
(s GLVX T
2

2
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, T, . ,
Apamn X= 5 givon katakdpoen acdprtom™ Mg C,.

iii) Eivau
2 — — —
x =3x+2 i (x-D(x-2)

x—1 x—1

lim £ (x) = lim = lim(x—2) = -1,

Emopévag, n gvdeia X = 1 dev eivar katoxdpuen acduntom mg C, .
iv) Elvan

1
llm— = +0o0.

x—0

lim f(x)=1limx=0 kot lim f(x)=
x—0" x—0" x—0"

Emopévamg, n evbeia X = 0 givar katakdpven acopurtot g C =

2. i)’Eyovpe:
X +x+l x
o lim f(x)= lim ——— = lim — =1, ondte M gvbeia y = 1 eivon op1ldvrio
2 2
X—>+00 x40 x7 4] x40 x

acvunte e C, 010 +o0.

2
. .ox +x+1 , , . , ,
e lim f(x)= lim 71 =1, omdte M evbeia y = 1 etvan oprlovria acv-
X—>—00 X +

X—>—0

pntot g C, Kot oto —oo.
i) Exovpe:

e lim f(x)= lim (\/x2 +1 —x) Clim—— fim—
x>+ X—>+00 xX—>+0 [x2 +1 +x X—>+00 1
x| JJ1+—+1

. |1 1
=lim|———— |=0,

X+ | ¥ 1
[,/1+2+1J
X

omdte 1 gvleio y = 0 eivor opilovtio acvuntwt g C, oo +oo.

e lim f(x): 111’1’1( x2[1+izj—xJ: lim [—x(‘ 1+L2 +1j]:+oo’
X—>—00 X—>—0 x X—>—o0 X

omdten C, dev £xel oprlovTio AGHUMTMTN GTO —o0.
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3. i) Hovvapmnon f éxernedio opiopod to (—oo,1) U (1, +0).

IMLayES - 0prlOVTIEG ACVUTTMOTES

® H acvuntet g C, oto —o eivar tng popergy = Ax + f, 6mov

2 2
PG TIAC R TN, St e S TS I
X—>—00 x X—>—00 x _x X*)*wx
2 —_— —_— —_
= 1m X)—AX)=1IMm| ————X |= 1m —— =0,
B = lim (f(x)Ax) = I (x x-=2 J i 0
Xm0 X—>—00 X — x—>—0 y —]

Anhadn, etvar ) gubeiay = X.
Oupoing Ppickovpe 6111 gvleio y = X eivar acdpmtmT g C, 1Kol 670 +o0.

Kotaképoges aocoprtoteg
Eivau

2 2
—x=2 ) L X —=x=2
=+o0 kot lim f(x) = lim ——— = —oo,

x—>1* x—>1"

lim f(x) = lim >
x>l x—>1" x—1 X —1

x—
omote 1 evBeia X = 1 givar KoTtakopven acvurtot) g C =
i) H f éye1medio opropod 10 (—0,2) U (2,+0).
o ITAhdyieg - 0plovTIES ACVUTTOTES

H acdpntom mg C, 610 —o givar g popeng y = Ax + f, 6mov
S(x) X’ -3

A= 1lim ——= = lim

X—>—00 X X—>—00 X —41Xx

=1 ko

2 —_ —
— lim (f(x)=Ax) = lim | =2 _x | = 1im 2X=3 22,
ﬁ X—>—0 X—>—0 2

X — x>0 x -7

Anhadn, etvorn gubeiay = X + 2.
Oupoimg, n gvdeio y = X + 2 eivar mAdyio acountot g C, Kot 670 +0.

o Kataxképoeeg aoduntmteg

Eivau
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2

hm f(x)= lim X =3 = —00 Kot
x-=2" X —
x' -3
hm f(x)= hm = 400,

-2 x—

omoTe 1 €vBeia X = 2 givar KoTakOpveN acvurtot) ™ C =

iii) H f &ye1 medio opiopod A = (—0,—1) U[0,+00).
o IThayieg - opriovTIES AOVUTTOTES

— H aovuntom mg C, 610 —o givar tng Loperigy = Ax + f, 6mov
1
-
P f ( ) x| |x| * X

= lim = lim

.x‘—)foo xX—>—00 X xX—>—00 X

=—1 ko

B = lim(f(x)—Ax)= lim (\/x +x+x)— lim \71 *
X—>—0 X—>—0 X—>—0 x +x x

=lim————— X = lim — !

X—>—0 X—>—0 1
—x[ 1+— +1] 4/1+ +1
\/ X

1
Anhadn etvoun gvbeio y = —x — 5

1
Ouoimg Ppiokovpe 0t m gvbeio y = x + 5 gtvar acvpmtw TG C, 670 +00.
o Kataképvpes ao0pntmTeg
H C, dev £yel kataxdpuen acOuntm, apod oto —1 kot oo 0 eivar cuveyrg.

4. 1) Emedn ling(n ux) =0, ling In(x+1) =0 Ko

(ux)’ lim GLVX
X—0 (]n(x + 1))' X—0 1
X+1

= lin(}(x +1ovvx =1,

€yovpe
nux  _
x>0 In(X +1)
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i) Eme1dn lirr(}(l —ovvx’) =0, ling x* =0k

. (I-oovx®) X22x o Inpx® ]
hm( G\jv )zhmnu 3 zhm—ml2 =—.
x—0 (X )’ X—>0 4x x>0 2 X 2
€xovpe:
. l-ocuvvx® 1
lim———=—.
x—0 X 2

iii) Eme1on lin(}(x —nux) =0, lin(}(l —ouLvX) =0 kot

im (X—=mux) :hml—cuvx —lim (1-ovvx) —lim X

=0
x>0 (1— GUVX), x>0 X x—=0 (nux)’ x>0 FUVX
€yovpe:
lim XX
x>0 | — GLVX
2.9 B  OMAAAX

1. 1) Apkeiva deiéovpe 6L
}irgo(f(x)+x+l) =0.
pbypatt Eyovpe 1
lim (f(x)+x+1) = Ylig(\/mHﬂ)

X H2XH2—(X+1) 1
= lim = lim
o X+ 2X 42— (X +1) H°°_X\/1+2+2_X_1
x X
:limi-lim ! =0-—=0.

1

X==0 X X—>-0 2
\/1+2+2+1+1
X X X

Apxel va dei&ovpe 6tTL

lim (f(x)—(x+1))=0.
pdypatt Eyovpue

lim (£ ()~ (x+1)) = lir&(\/xz +2x+2—(x+1))
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X2+ 2X+2—(x+1)° 1

= lim = lim
SX 2%+ 2+ (x+1) X{ .2
X

:liml~lim ! =0-

1

X400 X X—>Fo0 2
/1+2+£+1+l
X X X

X4+ 2X+2> X +2x+1=(x+1)°.

i) Exovpe

Enopévac:
— Kovtd oto —oo givor

) =N +2x+2 > J(x+1)* =[x +1| = —x—1 (apov x <— 1)

nov onpaiver 6tin C, Bpioketon mhvo omd Ty acduntom y =—X—1
— Kov1d o610 +00 givan

) =V +2x4+2 > J(x+1)> =[x +1] = x+1 (apov x<— 1)
nov onuaiver 6tin C, Ppicketor mévo omd v acdpnto y =X + 1.
2. i) H ovvapmon f éyet nedio opiopod 1o R.
o ITAdyiec - oprlovTies aoOpPnTOTEG
— Eneidn

2
A= tim L9 _ i X —limizlim(%-sz—oo

x>-0 oy x——0 x.Q* x>0 Q¥ X—>—0

Aoy
1 X
lim —=1lim|—| =+ kot lim X = —o0,
x—>-m QX x—>-»| D X—>—0
nC 88V ExeL TAAY10l AGOUTTOTT GTO —o0.

— H aobpntom mg C, 610 +00 givar mg popeng y = Ax + B, 6mov

PRI LC) BT SRS SRR C) U

= lim — = lim =
oo x P RPARE S AR S XA AR 1 W)

=0 o
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2x
B= 11m (f(x) Ax) = 11m [_ - 0] - Xllwo (2" ) xl,rf}o 2°In2
—gim - =0.

= lim im
w40 (2% 1n2) x>+ 2’2
Anrodn, eivorn gubeiay = 0.

i) H cuvaptnon f &yer nedio opropod to (0,+0).

o TTLayieg - 0p1lovTIES AGVUTTOTES

H acountotm e C, 610 +00 givar mg popeigy = Ax + f, 6mov

1
A= tim L9 i IF gy @y x iy L
x4y x40 X X—>+o0 (x )' x40 Dy xotw Dy
B = lim (f(x)~Ax) = lim (lnxJ A CLE 0 Y
x X+ (X)' x40 X

Aniodn, eivorn gubeiay =0 .

o Kotoképueg aoOumtmTeg

Eme1dn
lim Inx = lim (ldn Xj = —0o0,
=00 X x0T (X

H gvbeio X = 0 elvar katakOpLEN AGOUTTOTY TNG C ”

3. Apykd Oa mpémen f va etvan cvveyfig oto X, = 0, dnAadh o mpémet vo 1oyde:
lim f(x) = lim f(x) = f(0).
x>0 x—0"
"Eyxovpe
lim f(x)=lim(MMw+a)=«a, llm f(x)= hm e’ =1 ko f(0)=a.
x—>0" x—>0"

Emopévac mpénet va givar a = 1, dnradf n ovvaptmon f Oa givor g popeng

np.x+1 x<0
x>0

J(x)= )
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I a # 1 n cvvaptnon dev eivar cuveyng, dpa dev eival napaywyicun oto X, = 0.
E&etalovpe tdpa, yia moteg Tinég Tov S 1 ovvaptnon (1) eivar mapoywyicyn
oto X, =0.

SX)=f0) mpx+1-1 mux

—TNa X <0 épovpe = =——, OmOTE
x—0 X X
n{OO_ iy
x—>0 X — x=00  x
— Bx _
— T x> 0 éyovpe S = /(0 =¢ 1, omoTE
x-0 by
Bx _ Bx _ 1\ Bx
limf(x) /) = lim & 1:lim(e D = lim pe =p.
x—0" x—=0 x>0t x x—0" (x)' x=0" ]

Enopévag, n f mopaywyiCetrar oto X, =0, av kar pévo av f=1 kora = 1.
4. ) —Tw0<x#1n f eilvor cuveyng og TNAiKo GLVEXDV GUVOPTHCEDV.

— T x=1 éyovue

XIn x lm(xlnx) limlnXH

=-1 xonf(l)=-1.
x>l =X x—1 (1_)()’ x—1 ( )

Emopévagn f eivarl cuveyng oto nedio opiopod mg.

i) ' 0 <x # 1 éyovpe:

xlnx+1
S)-fAO) 1-x = xlnx+l-x
x—1 x—1 —(x-1?* ~
onote

limf(x)—f(l):liml—x+xlrzlx:hm(l—x+x1121x)
x—1 x—1 x—l —(.X' — 1) x—l (—()C —_ 1) )’

. —l+Inx+1 . In X

=1lim =1lim

ol 2(x=1) 1 =2(x—1)

1
X" i X~
-1 -2

xlal( 2(x—1)) 9’
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Apa f/(1) =1
p >

5 i) eTwx#1n f givar cuveyne wg cuvheon kot TnAiko cuvexmv.
Mo x, =1 éovue

2_ 0
lim £ (x) = 1@M (uopcpﬁ 6}
2X-=2
g X =242 g, 27D
x>l 1 x>l X2 —2X+2

Enedn f(1)=0= lirrll f(x), n T eivar cvveyng oto 1.

e Eivat
In(x* —2x+2) ~0
hmf(x)_f(l):hm x—1
x—l1 X — x—l1 x—1
_lhnhmx2—2x+2) ( o ,QJ
\m —(x—l)z HopoM 0
2X-2
— imX2_2X+2=hm Z(X_l) =1.
ol 2(Xx—=1) 1 2(X=1)(X* —=2X+2)
Apa f'(0)=1.

Emopévogn f eivon cuveyng ko mapaywyiown oto 1.
i) Etvon
. .9 . . In x
limg(x)=1limx" =1, limg(x)=lim|1+— |=1+0=1
x—>1" x—>1” x—>1* x—>1* X
karg(l)=1°=1.
Apan g givon cvveyng oto 1.

— T x <1 éovpe

p— 2_
lim 08D X ey =2,

o1 x—1 ol x—=1 xol

— T x> 1 érovpe
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PRLE
lim 808D i x _, In (uop(pﬁ 9)
xolt x—1 xolt x—1 xolt _x(x — 1) 0
1
—lim—X = lim— =1,

ol X=14X ol X(2X—1)

Emedn
lim &0 —8M _ . 8()— g(l),
x>l x—1 x—1" x—1
N cvvaptnon g dev eival tapayoyion oto X, = 1.
6. 1) — Emedn ling(l —e)=0 ko ling x =0, &ovue

im =% —fim% =1,

x—0 X x—0 1
— Eme1om| lirr(} x =0, Kot ling In X = —o0, éyovue

lim (xIn x) = lim 2% (uop(pf] ﬁ]
x—>0" x—0" l +00
X
1
= lim —%— = lim (-x) = 0.
x—>0" 1 x—0"
X
i) Exovpe
. . - . 1=e
lim £(x) = lim(1-e*)Inx = lim —<— (xInx)
x—0" x—0" x—0" X

. 1-e”
= lim .
x>0 X

lim(xInx)=1-0=0
x—0"

GULLPOVO LLE TO EPATNUA 1).

Eneidn f(0)=0=lim f(x), n f eivor cuveyng oto 0.
x—0"

iii) Etvon
fim =SSO _p (A=eDnx=0 1= = o,
x—0" X x—0" X x—>0" X x—0"
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2.10

f(x)-f0) _

Emedn n cuvaptnon f eivar cuveync oto 0 ko lim =———————= = -0, 7

x—0" X
déyetar epantopévn oto O(0,0) tnv evbeia pe e&icoon x = 0.

C

f

2.10 A" OMAAAX

1. i) @ H féye1nedio opiopod 1o A=R.
e H f givon cuveyng og ToAvovuikn
e I ké0e X € R woydet £'(x) =3x> —6x -9 =3(x* —2x—3), ond1e
f'x)=0=x=31 x=-1.

To npdonuo tng f' diveton and tov mapaxkdto wivaka, ond TOV 0moio0
pocdopilovie Ta SGTHHATO LOVOTOVIOS TNG f KO TO TOTIKA AKpOTATO AVTNG.

X —0 -1 3 +00
/(%) + 0 - 0+
16
f(x) / T.M. \ _16 /
T.E.

E&GAhov yio k6Oe X € R wyver f"(x) = 6x—6, ondte

f"x)=0=x=1.

To mpdéonuo ¢ /" paivetal 6ToV TAPAUKAT® TiVaKe 0O TOV 07Toi0
npocdilopifovpe ta Sactipata ota onolan C, otpépet to kolha Tpog Ta

GV M TPOG T KATM KOL TO OTLLELD KOUTNG.

X |- 1 +00
f7(x) - 0 +
0 | (N 0\ 4

e Eivor lim f(x) = lim (x’ —3x* —9x+11) = lim x’ = +oo,

X+

lim f(x)= lim (x* =3x* =9x+11) = lim x* = —o0.

X—>—00

H C, dev el acduntoteg 610 +00 kot —o, 0pov n f eivor molvwvopkr
Tpitov Pabuov. Zynpotiovue tov mivaxa petafoimv g f kot yapdocovpe

™ YPOPIKY] TNG TAPAGTACT).
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2.10

X —0 -1 1 3 +00
f(x) + 0 - - 0 +
J"(X) - - 0 + +
16 0 +00
f(x //>TMfR\ 16 /}
| 4 K\

ii) ® H f opiletat 610 A = (—0,1) U (1,+0)
e H f eivat cuveyng oto A, og pnti.

o o kGBe X € A woydel f'(x) = omotTE

(x=1)*"
f'(x)#0 ykabe X € A.

To mpdonuo g ' paiverar otov Tapaxdte wivaka, omd Tov 0noio Tpooc-
dropifovpe Ta Stowotnpata povotoviog g f .

X |—o0 1 +00

£/ (x) - -

00 | S| TSN
2(x-1) 4

4 4 " —_
lNoxabe x e A wyder f"(x)=-2 = T
(x=D"  (x=D
To mpdonuo ¢ 1" eaivetol 6ToV TOPUKAT® TivaKa, 0o TOV 0Toio TPOG-
Sopilovpe ta Swotipata ota omoia | f otpéeel Ta koida Tpog Ta dvo M
TPOG T KATM KOt ToL OTUElR KAUTNG.

X —o0 1 +00
f"(x) - +
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2.10

e Eiva Xlirgc fx)= XIEEOX_T =1, omote 1 gvbeia y = 1 givar oplovtia
acvprtom g C, oto —oéc. B

Opoing XIEEC f(x)=1, onoten y=1 eivar op1{6VTIO AGOUTTOTN KO GTO +0.
Emiong llr? f(x)= llr? x—+i =—00, linl} f(x) =+o0, omote M gvbeia X = 1 eivan
Karaxég;;(pn acl')u;:o)rq ;ng C o -

o XynuatiCovpe tov mivaka petapordv g f ko yapdocovue ) ypopikn
¢ Tapdotao.

X —0 1 +00
f(x) - -
J"(X) - +
1 +00
() »\_«w N

iii) @ H f opiletar oto A=R.
e H f givan ouveync oto R w¢ moAvmvopuk.
o I kéBe X eR woyver f(x) = 4x° —4x = 4x(x* —1), omodte
f()=0x=0Ax=-171 x=1.

To mpdonpo g f’ eaivetor otov mopakdto wivoka, and Tov omoio
TPocdopilovpe Ta SIOGTHUOTO LOVOTOVIOG KOl TOL TOTKA akpoTata g f.

X —00 -1 0 1 +o0

fr(x) - 0 + 0 - 0 +

0
0 \ o /' TM. \ N /'

— TN kéBe X eR oyver f"(x) =12x" —4 = 4(3x” —1), ondte

f"(X)=0©x=§ﬁ X=—?.
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2.10

To mpoéonpo g f” eaivetal 6Tov TAPAKAT® TivaKd, ard Tov omoio
npocdiopilovpe to Swotipata oto omoio n T otpépet Ta koo Tpog Ta Gve
N TPOG T KAT® KO TO, GNUEIR KOUTG.

X —00 \/5 ﬁ +00

S + 0 -

3
0
5 5
i | N 5 7 Ny L/
K.

>.K. z.

e Eivor lim f(x) = lim (x* —2x") = lim x* = +o0.

X—>—0

lim f(x)= lim x* = +oo.

X—>+0 X—>+00
H C, dev éxel aohuntoteg 610 —o0, +00, apoD efvol TOAV®VLUIKT TETAPTOL
Bobpov.
® Yynpotifovpe Tov Tivako petafordv g f kot xapdocovpe T ypapikn
g TapdaoTao.

. |0 V3 0 V3 1 o0

f (%) - 0 + + 0 - - 0 +
S0 + + 0

%) L>—1,_/

Xy6\0
Emedn yua ke X € R oyder

f(=x)= (2" =2(=x)" =x" =22 = f(x),
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2.10

n feivar dptio, omdTe N YPAPIKY TG TOPACTACT EIVOL GUUUETPIKN OG TPOG
Tov a&ova TV Y.

2. i) e H fopiletar 610 A=R*.
e H 1 eivat cuveyng oto R*, g pnt).

2
X

. , -1
o [0 kdbe X € R *1oyder f'(x) =1-— = ——, ondte
X X
ff(x)=0=x=11x=-1.
To mpdonpo g ' eaivetal otov Tapakdte mivaka, ard ToV 0T0i0
1pocdopilovpe Ta S1GTAROTO OVOTOVIaG Kot To akpotata TG f.

X —00 -1 0 1 +00
/() + 0 - - 0o+
-2
f(x) T.M. \ \ ’ /
T.E.

2x° —2x(x* 1)
x4
f"(X) # 0y kéBe X eR*.
To mpdonuo g f” PaiveTal 6ToV TOPAKAT® TIVOKO, 0T TOV 0T0{0 TPOs-
dropiCovpe ta Srouotpata ota onoia C; otpépet ta kolha Tpog o Gve 1
TPOG T KAT®.

— TN kGbe X eR* woyvel f"(x) = =—, omotE
x

X —o0 0 +00
) - +

(o | 7N |\

o IThdyieg - 0plOvTIES ACVUTTOTES

H acountom me C, 610 —o0 givar g popeng Yy = Ax + B, omov

A= limf(—x): lim (IJFLZj:l Kot

X—>-0 oy X—>—0 X

X X0 x

B = lim (f(x)—Ax) = lim ()H—l—x]: lim + 0.

Anhodn, etvor n evbeiay = X.
Opolwg, amodeucvietorl 6tin gvdeia y = X eivan acdpmtm g C, 610 +00.
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2.10
o Kotaxépoeeg aoOpntmTeg
. . 1
Eivor lim f(x) = lim (x + —) =—00 KOl
x—0" x—0" X

lim f(x)=lim (x+ l] = +00,
x—0" x—>0"

X

Apan gubeia X = 0 gfvar katakdpven acvurto g C,. Eniong éxovpe:

X—>—0 X—>—00

2
lim /(x)= lim (x ”] = lim x = —0 Kot
X—>—00 X

X2 +1

lim f(x)= lim = lim x = +oo.

X—>+0 X—>+00 X X—>+00

o YynuatiCovpe tov mivaka petafordv g f kol yapdocovue ) ypoeikn
™G ToPAEoTACT).

X —00 -1 0 1 +00
£(x) £ 0 - -0+
f(x) - - + +

) +0 +00
(%) . |
- -® T.E.

X6 0
Enedn yua ke X € R* woyvet
(—x)* +1 _ x’

f(-x)= ALY
X
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2.10

N f etvol TepTTi], OMOTE 1) YPOPIKN TNG TOPACTOCT) EIVOL GUUETPIKT OG TPOG
mv apyn O.
ii) @ H f opileton 610 A = (—00,1) U (1,+0)
e H f givar cuveyng oto A, g pnri.
® [0 kGOe X € A 1oy0eL

Qx-D(x-1)—(x*—x-2) B x*—2x+3
(x=1)° (x=1?
ondte f'(X) >0 yio kGbe X € A.

To npdonuo g f’ eaivetal otov TapokdTom wivaka oxd Tov 0moio Tpoo-
dropilovpe ta dractnuato povotoviag Kot to okpdtate g f.

/()=

>

X —o0 1 +00

f'(x) + +

w|

I'a kabe x € A woyoet:
Q2x-2)(x—1)" =2(x = 1)(x* —2x+3) 4
(x-1* (x=1""
0TOTE TO TPOOTO NG f " PAIVETOL GTOV TOPUKAT® TIVOKOL, OO TOV 0TO{0
npoodiopilovpe o Sraothuata 6to onoion C, oTpépel Ta koika Tpog To Ve

S =

N TPOG Ta KATW.

X —0 1 +00
I -

i | \ 2| 7Y

o ITAayies - opriovTiES AOVUTTOTES

H acdpntom mg C, 610 —o0 givar tng popeng Y = Ax + f, 6mov
2
f(x) i Y 2

A= lim =1 kot
X—>—00 x X—>—00 x _x
2 — — —
B = lim (f(x)—Ax) = lim Yox=2 N ym =2 o,
xX—>—0 x—>—0 x—1 P |
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Anadn, etvor n gubeiay = X.
Oupoimg, n Y = X efvar acdpntot g C, oto +oo.
o Kotaxépoeeg aoOpntmTeg
2
Etvon lim f(x) = lim X ox=2 =400 KOl
xo1" -l o x—1
2
lim £(x) = lim *>—* =2 _
x—1"

x—>1" X —

Apa, n evbeio X = 1 eivol katoxopven acvpntet g C..

Eniong éyovpe:
¥ -x-2
lim f(x)= lim 1 - -0 kot lim f(x) = 4oo.

® Yynpotifovpe Tov Tivako petafordv g f kot yapdocovpe T ypapikn

¢ TapdoTao).
X —00 1 +00
(X + +
/") + -
) )j +00 /_, +00
—00 —00

3. e Elvaw A=[ —m,7]
e H 1 eivau cuveyng oto A ¢ GOPoIGHO GUVEXDY GLVOPTHCEDV.
o [No kGbe X € A woyvel f'(X) = 1+cuvX, omdte
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f(x)=0&x=—-1 N X=r.
To mpdonuo ¢ ' eaivetar otov Tapokdto Tivaka, amd Tov 01oio Tpocdiopilovpe
ta SrooTApaTe. povotoviag tng f ko ta akpdtato ovtic.

To k@Be X € A woydel f"(X) = — nuX, ondte

X -7 +
7] 0 T 0
f(x) /

f"x)=0x=—7 AX=09X=m.

To wpoéonpo ™g f" eaivetol oTov TOPOKAT® TivaKa, ATd TOV 0Toio
npocdiopilovpe to Swotiuata oto omoia n T otpépet Ta koila Tpog Ta Gve
N TPOG T KAT® KO TO, GNUEIN KOUTTHG.

X |- 0 T
1) [0 + 0 0
0| \_t % N
e Eivaw f(—7)= —7 xou f(n)=7=

o Yynuotiovpe tov wivaxa petaforav g f kol yapdooovpe t ypoagikn

™G ToPEoTACT).

X -7 0 T
S0 o+ |+ 0
1) o + 0 0

f(x)

I'ENIKEX AXKHXEIX 20v KEGPAAAIOY I'" OMAAAX

1. i) Twkdabe X € (0,+0) wyvet:

J'(x) =

2
X

|263 |
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omoTE
f'(1)= -1k g'(l) = 1.

To onpeio A(1,1) givor koo onpeio Twv C ko C . apov f(1)=1xarg(l)=1.

Enedn woyoer f'(1)=g'(l), o1 epantopeveg tov C 1 Cg o710 (1,1) Towrifovrot.
ii) ' va. Bpodpe ) oyetikn 0éon twv C, kot Cg Bpiokovpe to mpdonpo g

Swpopdig

_1\3
0(1)=g()~ f(x) = 3x+3-2 =D
X X

"Exovpe: p(x) <0, yio kabe X € (0,1)
Kot o(X) > 0 yio k60g X € (1,+00).
Enopévag:

—n C, eivar névo omd tv Cg, otav

X € (0,1) ko

—n Cg glvar Tavo and v C i otav
X € (1,+%) (oyfua).

2.@copovpe ™ ocvvaptnon @(x)= f(x)—g(x). I'a kadbe XxeR 1oydeL
o'(x) = f'(x)— g'(x) >0, ondte N ¢ givon yvnoing advEovoa 610 R. Eropévag:
— T x> 0 Ba eivar:
?(x)>9(0) = f(x)-g(x)> f(0)-g(0) & f(x)>g(x),

apov f(0)=g(0) kot
— T X <0 Ba givon

P(x) <p(0) = f(x)—-gx) < f(0)-2g(0) = f(x) <g(x),
agpov f(0)=g(0).
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3. Amb 10 opBoymvio tpiyvo OBM éxovpe:
(BM) = 1 nud ko1 (OM) = 1- cuvé.
Eivan 6pog (BIN) = 2(BM) = 2npd ko
(AM) = (OA) + (OM) = 1+ouvl
ondte
E=E@©)= %2nu9(1 +ovvl) =nud(+ocuvo).
TNo k60 0 € (0,7) woyder:
E'(0) = owvd(1 + ovvl) — np’d
=ow’l — N’ + ovvl
= ovv26 + cuvé,

omoTE
E'(0) =0 < ocvv20 = —cvvl

< ovv20 =covv(r —0)

< 20=n1-6, agov 6 € (0,7)

<:>0:£.
3

To mpdonpo g E' paivetor 6Tov mapakdte nivaka ( E ’(%j >0k E '(%J <0),

amo Tov omoio Tpoodiopifovpe Ta SacThaTa LovoToviag g E kot ta akpoTata

TG,
0 0 /3 T
E'(0) + 0 -
W3 \
£(9) / 4
max

, . , .33 . . T
Apa, 1 LEYIGTN TN TOL EUPadov eival e Kot TopovctaleTal otay 8 = 3
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4. I'vopilovpe 6t1 to unikog to&ov O rad givar L =r -0 evd 10 guPfaddv KoKAKOD
1
topéa G rad eivon E = 5 r’e.
Enmopévamg, n mepiperpog Tov kukAikov topéa ivat:

2r+r9=20<:>9=20_2r

,0<r<10

Kot 1o epPaddv Tov givat:
1 ,20-2r
_r -
2 r
INa kade r e (0,10) woydet E'(r)=10 — 2r,ondéte E'(r)=0<1r =5.

To mpdéonpo g E'(r), n povotovia kot ta akpdtata s E paivovtal otov
TOPUKATO TIVOKO.

E(r)= =10r—r*, re(0,10).

r |o 5 10
E'(n)

+ 0 —
E(r) / nfg’x \

Anadn n E mapovordlel oto r =5 péyioto 1o E(r) = 25. Emopévag o avBoxnmog
&xeL TN HeYoAOTEPT] SLUVOTN EMPAVELD, OTOV 1] OKTIVA TOL KOKAOL givalr =5 m.

5. 1) Ano6 ta opBoydvia tpiyova OAI kar OAB éyovpe:

GUVH:@:— mmw:@:;
(0A)  (0A) (OB) (OB)
omote
1 1 b4
(OA) = g kot (OB) —m, 0<0 <E
ii) (AB):(OA)+(OB):L+ !

nué ocovvo

iii) @ewpodue ™ cvvapmon f(0) = L +

o R— 1N omoia givat opiopévn 610

(0,%) Kot cvveyng oto ddotnpa. Emmiéov, yio kabe X € (0, %j oYOEL:
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. —Guvo 0 ’0 —ouvio
£/6) = AL T]HZ :nu2 as
nupe ocovl nuo-ocoveo

omotTe
f'0)=0 <P’ —cvv’ =0 < nub =covvh < 0 :%,

T
opov O €| 0,— |.
? [2j

To npdéonpo tg ' eaivetar otov Topaxkdto wivaka, and Tov omoio
npoodiopilovpe ta draotipata povotoviag g f kot to axpdTota avtie.

0 0 T v

4 2
f(6) 0o+

f(0) \ 2.2 /
min

Aniadn, n foto O =% napovoldlel eldyioto f (%j =22.

Enopévac, 1o peyaddtepo Suvatd pikog TG 6KAAS, TToV UTopel, ov petapepdel

opovtia va otpiyel 6t yovia, givat 232m = 2,8m.

6.1) ® H cuvaptnon f &ys1medio opiopon 1o A = (0,+0)
o H f eivat cuveyng oto A.

, , 1-Inx ,
e [0 kOe X > 0 1oy0eL f'(x) = ———, ondte
X

f()=0chx=1x=ec

To mpoonpo g f' eaivetal 6TovV TAPAKATO Tivaka, ard Tov 0moio
npoodiopiovpe Ta SloTARATO LOVOTOVIaG Kot Ta TomKG axpotoTa g f.

X |0
f'(x) +

f(x) / e \
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—x—2x(1-lnx) 2lnx-3
- 3

o [ kGBe X > 0 1oyver f"(x) = ; , OTOTE
X

X
” 3 3/2
f(x):0<:>lnx:5<:>x:e .

To mpdonpo g f” eoiveTol GTOV TOPOKAT® TIVOKE, 0TO TOV 0010 TPOGOLopi-
Covpe ta dractiuata ota omoia n C; etvar kupth 1 koikn kot Ta onueio kopmmg
™me.

X |0 e” +00

Sl -0

3
10 | 7 N 27\
> K.

o IThayieg - opriovTies AOVUTTOTES
H aodpntom mg C, 610 +wo givor g popeng y = Ax + £, émov

In x (%j !

. . . 1
A=lim — = lim X = lim — =0 xat
X—+0 X X—+0 DX X400 DX

1
B = Tim (/(x)—Ax) = lim "X = fim % =0.
xX—>+00 X+ x X—>+00

Apa, n evbeio y = 0 eivor opiiovtio acvpmtm g C, oT0 +00.
. .1 . (1

Enedn, emmiéov, hrr(} f(x)=lim Y fim (— -In xj =—oo, N evbeia x=0
x> x=0" X x—0"\ X

glvan kataxdpven acvuntot TG C /-

o YynuotiCovpe Tov mivaka petafordv g f kot yapdocovpe ™ ypapikn g

TOPACGTACT.
X 0 e e’ +00
) r0 - -
1) - -0 +

1 3
f(x) r) € . 2632 k}o
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ii) Eivar "' > (¢ +1)* < Ina®"' > In(a +1)”

< (a+)na >aln(a+1)

- Ina . In(a +1)

a a+l
< f(a)> f(a+]).
H te)levtaia avicdmra (dpa Kot 1 TpdT) ivar oAndng, apod e <a<a+ 1
xoun f eivan yvnoiog pbivovoa oto [e,+w).
iii) [ kGO X > 0 €yovpe:
2=x*<mh2*=nx’ < xn2=2Inx
In2 Inx
<:>—=7<:>f(2)=f(x)o
Anhadh n ekicoon 2° = X €xe1 t6oeg Avoeg 610 (0,40), 6oeg eivar oL TIéG
7oV X > 0 Y10, T15 omoieg ) cuvaptnon T maipver v Tipn
In2
5

Enedf) 2° = 2° kou 2° = 4%, 1) e&iowon 2" =X éxet oo (0,+90) MoEC TIGX = 2
ko X =4. Oa amodeifovpe Todpa 0Tt avTég efvar povadikés. Ipdypott chppovae
e TO PO 1):
—n foto (0,e] eivor yvnoing avéovoa. Apa v tun f(2) Oa v maper o
©opad, yio X = 2.
—n foro [e,+0) givoryvnoing eBivovoa. Apa v tun f(4) 6o v ndpet
pUévo po opd.

f(2)=
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Enopévac, ot Moeig g 2" = X eivan axpiBdg 500, ot X, =2 Ko X, = 4.

7. 1) Oewpodue ) cvvaptnon f(x)=a’ + B, n onoia opileton oto R Kot givar
napaywyioyn ¢’ avtd.
Eneidn f(0) =2 &yovue:

f(x)= £(0) yioxébe X R,

mov onuaivel 6111 f oo X, = 0 TOpovsLalel EAGyI0TO, OMOTE GOPP®VE LIE TO
Bedpnua tov Fermat woyver f'(0) = 0.

Eivat dpog f'(x)=a” Ina+ B In B, onodte
f'0)=0cha+lnf=0<In(ef)=0<aff =1.

i) ' kGO X € R oydetl. Oewpovpe, Tdpa, T cvovaptnon f(x)=a’ —x—1,
n omoia opifetal oto R kot givar mapayoyiown ¢’ avtd. Emedn
f(0)=a’—-0-1=0, &ovue

f(x) > f(0) ywoa x6be X €R.

Apan foro x; =0 napovoidlel eldyoto, omdte cHPMVA Le TO BedpnpLa TOV
Fermat, ioybet f'(0) = 0. Eivot dpog:

f(x)=a"Ina-1
ondte
f(0)=0=a’ha-1=0=ha=1<a=e.
8. 1) —Tw kdbe X €R woyder
f'(x) =e"kar £"(X) =" >0 y10 xé0e X €R.

Apan feivor kopt) oo R.

— T kdBe X € (0,+00) 1oyveL:

g'x)= 1 kot g"(x) = —Lz <0.
X x

Apan f eivar koikn oto (0, +00).

ii) H e€iocwon g epantopévng mg C, oto onueio A(0,1) eivo:
y-1=/'0)(x-0)= y-l=x< y=x+1,

|270 |



TENIKEX AXKHZEIS 2°° KEQANAIOY ' OMAAAY

EVO TNG Cg oto onpeio (1,0) eivau:

y=0=g'(D(x-1) <= y=x-1.

iii) a) Exe1dnq n f eivor xvptiy oto R 7
gpantopévn g C, oto onpueio (0,1)
Bpioketor kitw amd v C,. Apa oyveL:

e" 21+ x yakébe X eR.
H 10610 1oydet povo dtov X = 0.

B) Eredn n g eivan koiAn oto (0,40) 1
EQATTOUEVT TNG Cg oto onpueio B(1,0)
Bploketal v omd TNV Cg. Apa,
oYVt

X—1>InX yakdbe X € (0,+c0).
H wo6mto oy0et 6tav X = 1.

iv) [No kdBe X € R wydet
X—1<X+1,

omoTE, AOY® TOV EPMTHLOTOG iii), Eyovpe
Inx<x-l<x+l<e’, x>0.
Apa
In X <€, yi0. k60e X > 0.
9. i) H ovvépmon f(x) =& — Ax eivon mapayoyicyun ctoR pe f'(x) =e* —A.

Eivar
f'x)=0e"-A=0<x=InA.

To mpdonpo g ', n povotovia ko ta axpotate g f eaivovior otov Tivoka.

X —0 Ind +00

' (x) - (:) +

f(x) \ i /'

Emouévag, n f mopovoialel ehdyiotn tunf yuo X = In A v
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fnA)=e™ —AlnAi=A-2AlnA=A(l-InA).

it) Ioybovv ot t1coduvaytieg

(e"2Ax,xeR)=(e"-Ax20,xeR) = (f(x) 20, xeR)
< min f(x) >0
< A(1-InA)=0
<1-InA20
< InA<l

< A<e

Apa, 1 LEYOADTEPT TIUT TOL A, Y10, TNV OToia IoyVeL e* > Ax Yo kdbe X € R,
glvauni=e.

iii) o va @dmteTon 1) gvdeio y = eX g ypagikhc mapdotaong e g(x) = €7,
apkel va vmdpyet onueio X, 161010, MOTE N EPATTONEVN TNG Cg oto A(X,,9(X,))
va tavtiletan pe v y = ex. ['a va ioydet auto, apkel

{g(xo) =e X PN {e"o =eX%

< x, =1

g'(x,)=e e =e

Emopévagn y = ex epdmteton g Cg oto onpeio A(Le).

g:1y—e =e"(x—x,). (1)
10. 1) I'ia X # 0 givan
P
x)— 10 ¥ 1
f-fo My 1
x—0 X X
. 1 .
Enredn xmu— S|X| &yovpe
X
1
—[X < xnu—==<|x.
X
Opawg

lim |x| = lim (~[x|) = 0.

x—0 X—0
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Apa

)

lim| xnu— [=0.

X—0 X
Emopévag f'(0)=0.
Agov f(0)=0wxa f'(0)=0,nevbeioy = 0 eivan epamtopevn g C, oo O(0,0).

ii) Ta kowd onueia g C, kot g gvbeiag y = 0 mpokvmTOLY AIO TN ADOM TNG

e€iowong f(x)=0.

o [l X # 0 giva
, 1 1
f)=0=xnu—=0nu—=0
X x

@l:mr, KeZ*@X:L, Kel*. €8
X KT

e I'lax =0 givon f(0)=0.

Apa, ta kowd onpeio etvon drepo to O(0,0) kot To. VEOLOTO £XOVV TETUNUEVES
7oV divovtat, yuo Tig d1dpopeg TG Tov K € Z* and ) oyxéon (1). (Eivar
TPOPAVES OTL Y10 LEYOAEG KOT’ OOAVTI TULY TOV K, Ol TIES TOV X ELVOIL TTOAD
pikpég Kot tAncialovy to 0).

iil) Apkei va deiovpe 6TL

lirIL(f(x)—x)zo Ko lirEO(f(x)—x)=0

® 'Eyovpe:

lim () ~x) = lim (xznui - xj

=1 ! t—l Oéca st—l
=um t—QnM 7 u .
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e Opoimg, &rovpe
lim (f(x)—-x) =0.
11. A. i) H cvvdptnon y eivor mapoayoyicun oto R pe
') =29'(X)9"(X) + 20(X)¢'(X)

=2¢'(X\)(¢"(¥) + (X))
=2¢'(X):0 (a6 vdOeom)
=0.

Emopévemg, n w eivan otabepn oto R. Enedn

w(0) = (@'(0))’ +(p(0)* =0+0=0,
glvon

w(x)=0, xeR

ii) Emedn w(X) = 0, givan (¢'(X))* + ((X))> =0 y10. k60 X € R. Apa ¢'(X) =
0 kot o(X) = 0y kéOe X € R, omoTE
o(X) =0, Y10 kG0 X e R.

B. Eivan
¢'(x) = f'(x) —ovvx ko
@"(x) = f"(x) +npx.
Apa
@"(xX)+p(x) = f"(x) +npx + f(x) —npx
=/"(x)+ f(x)
=0 (amd vdBeon)
Eniong
@(0)=f(0)-mpo=0
KoL

0'(0)= f'(0)—ouv0=1-1=0.

Emopévag ¢ wkavorotel ti¢ vrobéoeig (1) tov epatuartog (A).
Opoiwg, &govpe:

w'(x) = g'(x) +nux
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Ko
v"(x)=g"(x)+ovvx.
Apa,
v"(x)+w(x)=g"(x)+ovvx + g(x) —ocuvvx
=g"(x)+ g(x) =0 (omd vdbeon).
Eniong

v(0)=9g(0)—ocvv0=1-1=0
v'(0)=9'(0)+nu0=0.
Emopévac, n cuvdptnon y ikavormotei tig vrodéoeig (1) Tov epmthipatog A.

i1) AoV o1 GUVAPTAGELS @, I IKaVOToloOV Tig vrobéaelg (1) Tov epmTApATOg
A, cObupava pe 1o gpdtnuo (A), wydet p(X) = 0 kot w(X) = 0 yio. kdbe X € R,
onote f(X) =nux ko g(X) = ovvx y1o kGBe X € R.

12.1) O1 vaewyueveg OV cnuetov M givor (covOnud). Ta dwavocpata
PM = (cvvl —x,Mub) ko PN = (1-x,0) &ival cuyypopLUKA.

Emopévac,
—_— cuvl—-X nuo
det(PM,PN)=0< =0

1-x 0

< 0(cvvl —X)—Muo(1-x)=0

< Oovvl —Mub = x0 — xnuo
_ 6covvo —nuo — X(0).

6 —-nmuo
i) Exovpe

Ocvvl —muo ( , OJ
11mx0 =lim—— | po —
(0) =lim PR, Hopen

cvvl —Onub —covo

=lim
00 1-ocvve
. —Onuo ., 0
=lim—————— o) —
0-0]1—-cuvl (u pen O)
_ i ~NRO —0ovvO (uop(pf] 9)
60 n“e 0
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im —cvvl —covvl +Onpb
-0 cuve
_2_

= 2.
1

13. A. i) —To pnxog s tov 16&ov AlT givan

S= 27Tpi =0p =260, onodte
2r

0=2.
2
—Av OA L AIl, and to tpiyovo OA4 épovpe

0_As_12 ]

l/LZ 2 2 4

omoTE
0
| =4npu—.

nuz

ii) Ene1dn o melomdpog Padiler pe tayvnta v = 4 km/h, m ypovikn| otiypn ¢
|
Ba £xel dravooel drdotua S = 4¢. Apov 0 = > glvar
4¢ 2t
0 =—=2f ko [ =4np— =4nur.
2 2
B. Eivau /'(¢) = 4cvvi, omote:
o) Otav 0 = 2—”, glvan

2w

t:izz Ko |’(£j=400v£:4~ =2 km/h.
2 3 3 3

B) Otav 0 =7, elvan

N | =

t:E rat |’ z =4GUV£=0 km/h
2 2 2

v) Otav 6 = 4?”, givan
t= 2 Ko I'(z—ﬂj = 4GUV2—7T =-2 km/h.
3 3 3
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14.’Eoto 671 0 aypdtng O mpocsAdfet X epyateg, Kol TOV EMGTATH Kl £0TM OTL
ypewlovtat f dpeg Yo va palevTohv Ol VIOUATES.
A@o0 kaOe gpydng paledetl 125 Kihd VIOpATES TV OpO., OE F DPES OL X EPYATES
Oo paléyouv OAEC TIC VIOUATEC.
100

Apa 125xt =12500 © xt =100 = t = —. )
X

Av K givatl cuvoAkd KOGTOG Yo TNV PG, TOTE EXOVLE
K =6t-x+10t+10(x+1).

‘Etot, Moyo g (1), etvan
K(x)= 6-@-X+10-@+10(X+1)
X X
dniodn

K(x):600+@+10x+10.
X

H ovvapmon K eivar mapoaywyiowyn yuo X > 0 pe

2 _ 2
K'(x):—10(2)0+10:lox 2IOOOZIO(X 2100)'
X X X

Eivoar K'(X) =0 < x* =100 =0 < x =10, agod X> 0.

To mpdonpo g K', kabdg n povotovia ko ta axpdtata g K gaivoviol 6tov
VoK.

X 0 10 +00

K'(x) — 0 +

Ki K(10
) \ (10

Apa, yio X = 10 n cuvdptnon €xet Erdyioto, To

K(IO):600+%+10~11:810.

Emopévamg, o aypdtng mpénet va mpocidfet 10 epydrec. To pikpdtepo dvvatd

100
Kk0070G givorl 810 evpm, evd yperalovral = — =10 dpeg yia vo palentodv
01 VTOULATEG, x
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KE®AAAIO 3

OAOKAHPQTIKOX AOT'TEMOX

3.1 A" OMAAAX
1."Eyovpe:

i) I(x3 + MU + GLVX)dx = jx3dx+jnuxdx+_[csovxdx

4
X
:T—GUVX‘FT”,UC'FC

ii) sz +xx+1dx=.[xdx+jldx+jidx
2

X
:—+x+ln|x|+c
2

3
+1 5

.X'E 6 2
+c=—x%*+c

3

—+1

2

iif) [ 3xxdte =3[ =3

iv) ji:jdx=jx2dx+zjxdx+j4dx
=x?3+x2+4x+c

V) J.(e" —%+ Gov2xj dx = Ie"dx —3[% +_[Gov2xdx
= J.ede—3J.%+%j(nu2x)’dx

=e" —3ln|x|+%nu2x+c.

Vi)j[ L1 jdx:'[ L dv— | P
cLV'X MNuUx CLV X ne x

=ePX+0oQPxX+cC
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vii)jj:; j“z“d j1dxj

x+2

=x+1n|x+2|+c.
2. Eneion j f'(x)dx = f(x)+c, &éxovue dradoyikd

—dx— f(x)+c
I

J‘x_idx =f(x)+c

T_f(x)+cs
2
f(x)=2Jx—-c.

Enedn f(9) =1, égovpe 249 —c =1, ondte ¢ = 5. Enopévag
f(x)=2x-5.
3. Eneidn I f"(x)dx = f'(x)+c, éovpe dadoyikd:

j 3dx = f'(x)+c,
f'(x)=3x-c.

Eneidn f'(1)=6 &yovue 3 —c =6, ondte ¢ =— 3. Enopévog

f'(x)=3x+3.
Eneion j_f "(x)dx = f(x)+c, &ovpe dodoyiKd:

j Bx+3)dx = f(x)+c
3.,
f(x)==x"+3x-c.
2
Eneidn f(0) =4 &yovue %-O+3~O—C1 =4, ondte ¢, = —4. Enopévag
' 3 2
f(x)=5x +3x+4.

4."Eyovpe 01080y 1Kd.:
[£Co)de = f/(xr)+c
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j (12x* +2)dx = f'(x)+c
4%’ +2x = f'(x)+c,
f(x)=4x"+2x-c.
Enedn f'(1) =3, épovue 4 +2—c =3, ondte ¢ = 3. Emopévag
fl(x)=4x" +2x-3.
Eniong épovpe Sradoykd
[1/de=r(0)+¢
j (4x° +2x=3)dx = f(x)+¢,
¥ +x?=3x=f(x)+c,
f(x)=x'+x"-3x—c,.
Emedn to A(1,1) eivar onueio g ypoaeikng mapdotaons g f, Exovpe:
fO=l<1+1-3-¢ =1 =-2.
Emopévag
f(x)=x*+x*-3x+2.

1 =
5. Eneidq N'(¢) = %ezo , &yovpue dradoyikd

j N'()dt =N (t)+c
jie’/”dz =N()+c

e =N(@{)+c
N(@)=e" -c
Emopévag, n adénon tov tAnbucpov oto tpmdta 60 Aentd, sivol ion pe:

N(60)=N(0)= (" —c)—(e’ —c) =€’ —1=19 skatop.

6. Av K(X) 10 k6010€, GE £V, TNG EPSopadiaiog Topaywyng X, Tote K '(X) = X* +5X,
omoTeE £yovpe
IK'(x)dx:K(x)+c

J.(x2 +5x)dx = K (x)+c,
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omoTE
K(x) —x—3+§x2 —c
32 '
Amd ta dedopéva tov TpoPAannatog Exovpe K(0) = 100, ondte — € = 100 ko pa

¢ =-100. Eropévac, n cuvaptnon k66toug g efdopadiaiog mapaymyng sivat:

3 2

K0 =242 1100,
3 2
7. Eyxovpue S0d0ykd:
jR'(t)dt =R(t)+c

I(20+101—%t2jdt =R()+c,
R(t) =20t + 5¢ —iﬁ -c.

1
Ipogavag R(0) = 0, omdte ¢ = 0 ko pa R(7) = 201 + 5¢° —Zt3.
Emopévag ta Bapéiia mov Ba avtinboldv otovg Tpdtovg 8 pives eivat:

R(8)=20-8+5-8’ —%83 =160+5-8 —2-8 =352 yubdec.

3.1 B OMAAAX

1. Enedy T'(t) = —koe™ éxovpe Sradoyikd:
jT'(z)dz =T(t)+c
_[—kae’k’dt =T()+c
o j (e*Ydt =T(t)+c,
T({t)=ae ™ —c.
Enedn T(0) + a xar T(0) =ae ™’ —c=a —c, éovpe

Iy+ta=oa-c<c=-1,.

Emopévac
T(t)=ae™ +T,.
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2."Eyovpe dodoyd
j P'(x)dx = P(x)+¢

‘[5, 8e72(;°° dx=P(x)+c

X

5,8-(~2000) j (e 2)'dx = P(x)+c

P(x) =—11.600e 2% —.

To cvuvolikd képdog mov ogeiletarl oty avénon g enévovong and 4.000.000
o¢g 6.000.000 giva:

6000 4000

P(6000) — P(4000) = —11600e 2% — ¢ +11600e 2% + ¢

—11600(e —e™) :11600(e_1j

g
~11600-0,086 =997,6 yhddeg vpd = 997.600 gvpd
3."Eotw P(f) to képdog g stoupeiog otig npdteg ¢ nuépec. Tote
P(t)=E(1) - K(1),
omoTE
P'(t)=E'(t)— K'(#) =1000+0,3¢ —800+ 0, 6¢ = 200+ 0, 9z.
"Etot éyovpe Srodoyka:
jP'(t)dt =P(t)+c
j(zoo +0,9/)dt = P(t) +¢

2

t
P(1) =200t +0,9—+¢,.
2
To cvvohikod képdog Tn¢ etarpeiog and v 3" éog Tv 6" nuépa eiva:

2 2
P(6)=P(2)=200-6+0,9 +¢ ~200.2-0,9% —¢,
2 2

=1216,2-401,8 =814,4 cvp.
4. i) And myv wotnta f"(X) = g"(X) éxovpe Sradoyikd
/() =g'(x)+¢
J(x)=g(x)+cx+c,. )
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TN x =0 givan (0) =g(0) + 0+ c,, ondte ¢, = 0, agov f(0) = g(0).
Enopévag

J(x)=g(x)+cx. 2

Mo x =1, and mv (2), &xovpe f(1)=g(1) +c,, ondte c, = 1, apod f(1) =g(1)
+ 1."Etot amd 1 (2) mpoxdntel

S(x)=gx)+x
it) H f(x) eivon cvveyng oto [a,f] kot 1oydet
fl@)=g(a)+a=0+a=a<0
J(B)=gB)+p=0+p=p>0.

Apa, f(a) f(B) <0, ondte, cOpPwVO pe to Bedpnua Bolzano, vrapyet
TovAdytotov pia pila oto (a,p).

3.2 A" OMAAAX
1.'Eyovpe

i) J‘xze’xdx = —sz (e) dx

=—x’e" + I 2xe dy =—x"e" — 2.[ x(e™)'dx
=—x’e " —2xe " + ZI e dx=—x’e" —2xe " —2¢ " +c¢
=— (¥’ +2x+2)+c.

ii) (32 ~2x+ D dx = % (G~ 204 1 ydh

1 2 2x 1 2x
= (" ~2x+1e —Ej(6x—2)e dx
= l(3x2 —2x+1)e™ 1 j (6x—2)(e") dx
2 4
= 1 (Bx* =2x+1)e™ — 1 (6x—2)e™" + lJ.6ezxdx
2 4 4
= %e“(&c2 —4x+2—6x+2)+%e“ +c
1

:Zez’”(6x2 —10x+7)+c
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Y
iii) | x* Inxdx = || — | In xdx
111)Jx n xdx I[4j n x
4 4
=%1nx—f%(lnx)'dx

4
=lx4 lnx—lj)fdx:lx4 lnx—x—+c
4 4 4 16

iv) IsznuZxdx I x*(cLv2x)'dx

—x200v2x+j2xcov2xdx

—x’cuv2x + I x(Mp2x) dx

—x*GUV2x + xNu2x — I Nu2xdx

1
—X"GUV2X + xNU2X + 3 GLV2X +c

(—xz + %j GULV2X + XNU2X + ¢

V) j4xcuv2xdx = j2x -(Mu2x)'dx
=2xnu2x - I 2nu2xdx

=2xnu2x+cvv2x+c

vi) jln xdx = j (x)' In xdx

:xlnx—jldx:xlnx—x+c

vn)jlnx - j( jlnxdx——llnﬁjidx:—m—x—lw

viii) [ = je"cov2xdx =e'ouv2x+ 2‘[ e nu2xdx

=e'ouv2x+2e nu2x — 4I e'ouv2xdyx.
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Apa
I =¢"(cuv2x+2nu2x)—41

51 =e*(cuv2x+2nu2x)

1
1= gex (ocvv2x +2nu2x) +c.
. 1
2. 1) @étovpe U = 3X, omdte du = 3dX ko dpa dx = gdu. Emopévac,

1 1 1
3xdx =— udu = ——covvu +c=——cvv3x+c
fnu 3 fnu 3 3
ii) @¢tovpe u = 4x* —16x+7, ondte du = (8x —16)dx = 8(x —2)dx. Emopévog

1 1u
4x* —16x+7) (x—2)dx = — |’ du = ——+
j(x x+7) (x—2)dx 8'[“”846

=i(4x2—16x+7)4+c.
32

iii) ®@étovpe U =X + 6X, omdte du = (2X + 6)dx = 2(x + 3)dx. Emopévac,
-3

J' x+3 —ljduzlju_4du:%%+c

F+6x) 234t 2
11 -1
:———3+c:ﬁ+c.
6u 6(x” + 6x)
iv) ©étovps U =2 + X, omote du = 3x°dx. Emopévac,
2 L 1 1
Jx—dx:ljﬂ:l u 2a’u:%uz+c:z(2+x3)2+c.
V2+x° 39 u 3 3 3

v) @¢tovpe U= X + 1, ondte du = dX ko1 X = U — 1. Emopévac,

jxﬁdx = j(u—n\/Zdu = J.u%du—_[u%du



3
Z(x+1)2Bx-2)+c¢
15( )2 ( )

i) @étovpe U = €*, ondte du = €'dx. Enopévac,

Ie nue“dx = Inuudu =—0ULVU +C =—-cVve' +c¢
ii) @étovpe U =e* + 1, ondte du = *dx. Emopévac,

I

dx J.— 1n|u|+c =In(e"+1)+c
F+1
NN . 1 .
iii) ®¢tovpe u = In X, ondte du = —dx. Emopévag,
X

1

L 2

e [ et
Inx 1
2
=2u+c=2lnx+c

iv) ©&tovpe U = In(e* + 1), onote du = —

dx. Emopévac,
+1

e.\’
=

dx —
(e" +1)In(e" +1)

—J‘@:In|u|+c
u

=In[in(e” +1)|+c

=In(In(e” +1))+c¢
a@o® In(e* + 1) > Inl = 0.
v) @étovpe u =—, ondte du = L dx. Emopévag,
X
1
ny .
dx —
J=—

—Inuudu =0LVU+C=0CLV—+cC

X
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3.2 B OMAAAX

1. i) @étovpe u =1+ oLV x, omdte du = — 2nuxcvvxdx 1 du = —nu2xdx. Emopévac,

J. MH2x dx:—jﬂ:—1n|u|+c:—1n(l+0'UV2x)+c
1+cuv’ix u

nux
GLVX

i) ®¢tovpe U = In(ovvX), omote du = — dx = —e@pxdx. Emopévag,

2

J.s(px In(cvvx)dx = —I udu = _u? +c= —%[ln(m)vx)]2 +c

iil) @étovpe U = nuX, onodte du = cuvxdX. Enropévac,
.[Guvxem”dx = J.e“du =" +c=e"+c.

3

. |
2.1) Oé¢tovpe u = X

3

_[\/mld = j\fdu_——j S

—+]

3
1 u? 1u? 2( X +1)?
:——1 +C:—§?+C:—§ = +c
37_'_1 3 X
2 2

32 =3 (41 _
X -x x(x+)d_

3 .
, omoTE du = - = Fdx. Emopévac,

.. 2
i) @tovpe u =~x* +1, omdTE du = — ey = —— dix. Emopéva,

WKt +1 Jxt +1

dx:jdu:u+c:\/x2+1+c.

J' X
Vx?+1
iii) ®étovpe U =X +1, omdte du = 2xdx, omdTe Exovpe

len(xz +1)dx = %jlnudu =%‘[(u)'lnudu
=lulnu—ljdu
2 2
—lulnu—lu+c—l(x2 +1) In(x? +1)—l(x2 +1)+c
2 2 2 2 '
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3.1) Exovpe: N
J.xz lnxzdxzf(x—j Inx*dx
3
X X1
=—Inx’ - | —=(x")dx
3 "-3 xz( )
3 2
:lx3 Inx* —zszdx: X Inx? 2
3 3
3
=X—(1nx2 —Ej—i-c
3 3
i) Exovpe

j (Int)’dt = j ()(Int)*dt = t(Int)’ —jtzlnz(ln 1)dt

=t(Int)’* -2 j Intdt = t(Int)> -2 j () Intdt
, 1
=t(In?) —2t1nt+2j.t;dt

=t(Int)* - 2tInt+2t+c¢

iii) ®tovpe U = €", ondte du = e'dx. Emopévag

x

Iezxcuvexdx = Ie"cove“ e'dx = Iucs\)vudu

= J-u(nuu)'du =unpu — J.nuudu

=unpu +ovvu +c =e'nue’ +cove' +c.

4. 1)'Exovpe ,
J'g(pxdx - J'n_”xdx - _J'de
GLVX cLVX
=—In|ovvx|+c
Kot

J p— dx = Jx(sxpx)'dx = XEQX — ja(pxdx

= xe@x + In|ovvx|+¢,.

ii) @étovpe U = npX, onote du = cuvxdx. Emopévag,

cLVX du 1 1
I > dxzj—zz——+c:——+c.
nux u u nux
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Eniong éyovpe

1 1
J‘ +6;)Vx dx :j . dx+‘[0'l);/x dx
nu'x nu'x nux

=—cQx — € +c.
e n w
iii) Eyoope
jnpﬁxdx = Inuzxnuxdx = I(l —ovvix)muxdy.
Oétovpe U = ouvX, omote du = — nuxdx. Emopévaog,
Jmﬁxdx = —j(l —u’)du = J.uzdu —J‘ldu

u’ ouvix
= —u+c=
3

—GLVX +C.
Eniong épovpe
jcov3xdx = ‘[GUVZ)CGUdex = I(l —nu’x)cvvxdx.

Oétovpe U =nuX, ondte du = cuvxdX. Enopévac,

3

3
IGUv3xdx:I(l—u2)du:u_%+c:n“x_1’]jv; x+c.

5.'Exovpe
i) Imﬁxdxz .[de Z%x—%IGUVZde
:%x—inu2x+c
ii) J'csuvzxdx = I%dx :%x+inu2x+c

1
eee 2 2 _ 2 2
iii) Inu Xouv-xdx = 4J.np 2xdx

lj-l—csov4x dx
4 2

= lx —ljcuv4xdx
8 8

—lx—L 4x+c
g T3 T
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6. Eyovpe
Djnmnmﬂmh:%ﬁnmﬁﬂ+mﬁﬂw

= —%J‘npxdx+%fnu3xdx

1 1
=—0oLVX——0oVV3x+c
2 6

ii) j GLV3X GLVSxdx = %j(cmvzx +GLV8X)dx
= l I oLvv2xdx + l .[ ocLvv8xdx
2 2
= l 2x+ i 8x+c
7 M2+ e

iii) In p2xnudxdx = %I (ovv2x —cVV6X)dx

1 1
=—nu2x——nubx+c.
4TW lznu

7. 1)'Eyxovpe:
_ 2_ ’
_[ 22x 3 abc:j(x2 3x+2) dx:1n|x2—3x+2|+c.
x =3x+2 x°=3x+2
i) Exovpe:
3Xx+2 3X+2

ﬁ-3x+2=(»4xx-m’X€R_ﬂ2}

Avointodpe mpaypatikods apBpovg 4, B €161 doTE:
3x+2 __A N
(x-D(x-2) x-1 x-2
Me amololpr] TOPOVOLUCTMV EYOVUE TEMKAL:
(A+B)X—(2A+B)=3x+2,y0 kabe x eR —{1,2}

, Yo kébe x e R —{1,2}.

H (1) wyderyuo kdbe x e R —{1,2}, av kot povo av
{A+B =3

< A=-5 kB =8.
-2A-B=2

[291



Enopévag

3x+2 -
Ix2—3x+2dxzjx—1

= —51n|x—1|+81n|x—2|+c.
iii) A ) dripeon (X — 2X):(x* + 3x + 2) Bpiokovpe:
X —2x = (X> +3X+2)(X=3)+5x+6

omoTE
X —2X 5X+6
v, XYoo,
X" 4+3x+2 X" +3x+2
E&dAov éyovpe:
5X+6  5X+6

X2 =3X+2  (X+1)(x+2)
Avolntodpe mpaypatikods apBuovg A, B €161, ®oTe

5x+6 A N
(X+D(x+2) x+1 x+2

Me amolo1pn TOPOVOLUCTMV, EXOVLE TEAKA
(A+B)X+2A+B =5x+6.
H (2) woyver yua kabe X eR —{-1,-2}, av ko poévo av

A+B=5
< A=1xuB=4.

2A+B=6

Emopévac Aoym kot g (1) éxovpe:

j(x 3)dx+j—+j

J-x +3x+2 x+2

2
:%—3x+ln|x+l|+4ln|x+2|+c.

iv) 'Eyovpe

2 A B
1 = X_1+ 1 v kéOs X e R —{1,-1}.

Me amolo1pr TOPOVOLUCTTMV EYOVLLE
(A+B)x+A-B=2.
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H (1) wyder yia kabe X e R —{1, -1}, av kot povo av
A+B=0
A-B=2

S A=1 xuB=-1.

Enopévac, éxovue

2 1 1
Ixz—ldx:'[ dx—.[ +1dx:ln|x—l|—1n|x+1|+c.

3.3 A" OMAAAX

1. 1) H e&icmon ypaopetat dtadoyikd:

i) H e&iowon yphopetan

y=~c+x*, apody>0(ceR).
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iii) H e&iowon ypapetat dtadoyikd:

1d_,

Xy dx
Q:2xdx
y

J‘idy :I2xdx

1n|y| =x’+¢

y=e
p=ever
y=te e

2
y=ce", 6mov ¢ =te.
iv) H e&lomon ypaeetat Stadoykd.:

d
Y e rouvx
dx

e’dy = cuvxdx
je"’dy = quvxdx

e’ =nu+c
y=Inmux+c), ceR.

2. i) Mio mapdyovca g a(X) = 2 givarn A(X) = 2x. [ToAhamhaoidaovpe kot o 500
e e eElomonc pe e kat Eyoupe drodoyucd:
yler + 262xy — 362x
(yer)v — 362):

I (ve™) dx = j3e2'”dx
2x

e —Eezx +c
YTy
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y:%+ce’2x, ceR.

ii) Mio mapéyovoa g a(x) = 2 eivar n A(X) = 2x. IToAkomhaoidlovpe pe e
omoTE £YOVUE BLOOOYLKE.

Ve +2ye” = e
ey =¢'
J.(yezx )'dx = Ie"dx
ye™ =e +c¢
y=e +ce™, ceR.

iii) Mio mopdryovoa mg a(X) = 1 sivon 1 A(X) = X. HoAkamhooidlovps pe €, omote
£yovpe d1ad0y KA

ye +yet =e-2x
(ye*) =2e"x
j(ye‘”)'dx = 2_[6" - xdx
ye' +c =2xe" —ZIe"dx
ye' =2xe" —2¢" +c
y=2x-2+ce”", ceR.

iv) Mio mopéyovoo tng a(X) = 2x sivor 1 A(X) = X°. IToAkomhaoiélovpe e,
omoTe EYovpe d10d0) LK

2

2 2
y'e" +2xe" y=xe
2 2
(ye* ) =xe*
Xz Xz
ve' +¢ = Ixe dx

X2 X

e’ =—e" +c
7Ty
1 +ce™, ceR
y > > .
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3. H e&lomon ypdoetat dtadoyucd:

dy 2.2
—=2x

dx Y
d—); =2x%dx
Yy

J.y’zdy = 2! x’dbx

1 2,
——=—Xx+¢
y
1 _2x3+3c1
y 3
3
7 2x  +c¢’

Enredn y(0) =—3, éyovpe =3 =-3, ondétec=1.Apa
c

-3

T

4. H e&icmon ypaopeton y' + 3y = 2. Mo tapdyovsa g a(X) = 3 givorn A(X) = 3X,
omoTe Eyovpe d10d0) K

1 3x

Y& +3ye’ =2e
yre3x +y(e3x)r — 2e3x
(ye3x)l — 263){

.[(yebC ) dx = 2_[ edx

2
yet = Ee“ +c

[

e3x :

2,
73

2 2 2 ¢
Enedn y(0) =— éyovue —=—+
M y(0) 3 frovme ===

2
— > omote c=0.Apa y=—.
e 3
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. 1
5. 1) M mapdyovsa g a(X) = — eivoun A(X) = epX. [ToAhamlooialovpe
GLV X

ue €™, omotTE EYOVE FABOYIKA:

1 _epx £Qx 1 1

Ve +e —y= > e
cLV X oLV X
1
EPX\/ __ AEQX
(ye™”) =" ——
cLV X
i i 1
ye'™ +c, = J‘e“” 5 dx
oLV X

ye'™ +c, = J‘ew (eqx)'dx

£Qx

ye'™ =e"™ +¢

y=1+ce ™.
Enedn y(0) =—3, éyovpe —3 =1+, ondte c =—4. Apa
4

epx

y=1-
e

i) Ene1dn X > 0, efvar X + 1> 0, ondte ) e€lcmon ypdpeton

1 1
yV+—y=—-"Inx.
x+1 x+1

1
Mio napdyovoa g a(X) = o1 givarn A(X) = In(x + 1). TToMomlacialovpe
X+

PUCE)

ue =x+1, omote £xovpe S1AB0YIKA

y-(x+D)+y=Inx
(y(x+1) =Inx
y(x+D)+c, :Ilnxdx
y(x+l)=xInx—x+c

_xlnx-x+c
x+1 ’

Exeidn y(1) = 10, &rooue ———% =10, omote ¢ = 21. Enopévo

_xlnx-x+21
x+1
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33 B OMAAAX

1. Mia napdyovoa g a(f) = 1 eivar n A(¢) = ¢. [ToAhomhoctalovpe to LA ™G
eEicmong Le &' kot £govpe Sadoyikd:

I'(t)e' +1(t)e' =emue

(I(t)e') = emur

I(0)e' +¢, = je’nuzdt (1)
E&dAAov éyovpe
J.e’n wedt = e'mut — Ie’covtdt
=e'nut— [e’cuvt + Ie’n ptdt} ,
ondte
2.[ emptdt = ' (Nt —ovvi) +¢,.
Apa

1
Ie’nptdl =3 e’ (nut —ouve) +c,
omote and v (1) TpokdmTel OTL
1
I(He' = 5 e (nut —ouvir) +c.
Tot= 0 éyovpe
1
1(0)e’ = 3 e"(Muo0—ovv0) +c

0=—l+c
2

1
C=—.
2
"Eto, tehikd sivon

1 1
I(t)e' = —¢é' (nut —ocvvt)+—
) 2 (Mu ) 2

1 1
I(f) ==t —ovvt)+—e .
() 2(mt ) >
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2. H e&iowon ypapetat dStadoyucd.:

2 dy 5
e’ — =¢"
’ dx
ye"’2 dy = e*“dx
Apa
J.yey dy = J.ez“dx
e = lezx +¢
2 2

2 2
e’ =e” +12¢

2
V

e =e*+c,ceR.

2

Enedn y(2) =2, égovpe €' = e* + ¢, ondte ¢ = 0. Enopévarg ¢@ =™, omdte Y’ =

2xX Ko apo. y =+/2x, a@ob mepvdet and to onueio A(2,2).

1
3. Mia mapdyovca a(X)=—= givor n A(X)=—InXx. IMoAlonroocialovpue pe
X

—Inx 1 ’ 4 z
e " =e ¥ =—, ondte £(0VLE SLUOOYIKA
X
BN
x 7 X
1 ’
(y.—j :1
X
1
y-==x+c
X

y=x"+cx, ceR.

4. Ioyoery'=xy, y > 0, ondte Egovpe Sradoykd:

Q=xdx
Yy
J.%zjxdx

2
lny=%+cl, y>0
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5. i) Mio napdyovoa g a(f) = a givar n A(f) = at, omdte yovpe 1080y IKA
y!eat +aem‘y — ﬂeflr e
(year)l — ﬁe(a—/l)t

ye” +¢ = J.ﬁe(“’“’dt

ot ﬂ (a-A)t
e =—07=e +c
7 oa—-2
B
= e + —
YT a2 e
Apa
1
y(t) —%7"1‘7, ceR.

.. , , o1 . ,
ii) Eneidn o> 0, 1> 0 woydet lim — =0 ko lim — =0, ondte
>0 oM t—>+0 %!

lim y(¢) = 0.
t—>+0

6. Eneidn 0 — T> 0 n e&lomon ypaeetot S1ad0yucd.:

0-T
do
I—:—Kt+cl,
0-T

In(6-T)=—xt+c
0 T = e—chl
0@)=T+ce™, c=e".
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E&aAlov
0(0)=0, >0,=T+c-e" <c=0,-T.
Apa
0)=T+(,-T)e™.

7. 1)’Ecto P, (1) 0 mAnBvucudg Tg xdpog, av v vanpye N LETOVAGTEVCT KoL
P.(#) o minBucpuog mov £xel petavaoTteboel péxpt m xpoviky otryun £ Tote o
TNOvoudS T™C YOpOg ival

P(r)=FR(1)-P(1)
omoTE

P'(t)=F (1)~ B, (1). €]
Eivar 6pog
P (t)=k-P(t), k>0,

agov £yovpe puOUO avénong tov P, (f) avdioyo tov P(7).
Emiong elvan Pz' (¥) =m, ondtem (1) yphopeton

P'(t) = kP(t)—m,

N 1odvvoLL
P —kP=-m.

Mia napéyovoa g a(f) = — k eivon  A(f) = — kz. TTolamhaociélovpe pe e
Ta PéEAN g €lcmong, omdTE £OVLLE SLOBOYIKA:

—ki —ki —ki
Pe™ —ke™ P =—me™
(Pefkl)! _ _mefkt

P +¢ = —mje""dt
Pet =Ty c
k
m Kt
P(t)=—+ce".
0=
Enedn P(0) =P, &xovpe F = n +c, ondte ¢ = F, s Apa
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P(1) :%+(PO —%jek’, k>0
iii) Etvon
P'(t) = (kB, — m)e"
—av m <kP_ t6te P'(£) > 0, ondte 0 minbuopdg av&dvetor.
—av m> kP t6te P'(£) <0, ondte 0 minbuopdc petdverat.
— av m = kP, t6te P'(1) > 0, omdte 0 mAnbuopog eivar tabepoc.
8. 1) O 6ykog tov vepo g deEopevng T YPOVIKN GTLyUn ¢ etval
V(t)=nr’y(t) = (@),
Omov I = 1m 1 axtivo Tov KVAIVEpOL, 0TdTE

V'(t)=ny'(1).
E&dAhov éyovpe

—a\2gy = - -0,12 /20y =—0,027\/5y.
"Etot 0 vopog tov Torricelli ypdpeton
ry' =-0,0274/5Y,
N 16odvvopLo
y=-3y )
it) [Ipopavag to y = 0 amotehel Avorn g (1). Ty > 0 n e&icwon yphpetan

dy NG

ﬁ = —%dt,

omoTeE Eyovpe dlodoyLKdL:

N5
—I/Zd — t
Iy y 50 +c

2 NS c

=——1+
100 2
5 Y

y=|—1t+=—1|.
100 2
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2
Onog woyvet y(0) = 36 dm, onote 36 = (%j , OLVETMS C = 12. Apa

(5,
y(l) = (_ﬁt+6J

ii1) H de&apevn adetalel tedeime, otav y(f) = 0. 'Etot £xovpe:

y(t)=O<:>—£t+6:0<3t:@:@\/gzlmﬁsec.
100 N

9. H E = 0 anotehel pia mpopavn AVor g d10.popikng eElcmong.
INo E > 0 n e&lomon ypapetat d1adoyucd.:

d_E :—idt
E RC
1
InE=-——1+¢
RC
E(t)= einC”l

t
E(t)=k-e *, k=e".

E&drrov
E(t)=E, = E, = ke 7 e k = Eoe%C.
Apa
E@) = Eoe%.
10. 1) a) Av avtikatactioovpe Tig Tinég Tov R, L kat E, kavévag tov Kirchhoff
ypbhoeton
41"+121 =60,
N 160dbvopo
I"=31+15. €))

Mio napdyovoa tng a(f) = 3 givoun A(f) = 3¢. IToAomloctalovpe ta puéA
(1) pe ”, omote Eyovpe drodoyucd:
I'e" +3e”" =15¢"

(Ie") =15¢"
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Ie" +¢ = 5]3e3’dt
le" =5¢" +c.
1) =5+—.
e
B) Eivan
lim 7(7) = lim (5 +%} =5,
1>+ 1—>+0 e
Amd v wotta lim /(7)) =5 coumepaivovpe 0Tt yio «LEYAAES) TULEC TOV £ 1)

évtaon yivetar otabepn kot ypapiky mapdotaon gy = I(f) éxet achunto
v evbelay = 5.

i) Av E = 60npu3¢ o kavovag tov Kirchhoff ypapetar dtadoykd:
I'+31 =153t

I'e +3e 1 =15¢"mu3t
(1) =15e"u3t
I +¢ =5 j 3¢ Mu3tdt. ©)
@étovpe J = I3e3’n u3tdt, omote
J= J-(eS' Ynudtdt = e’ u3t — 3J. e’ ouv3tdt
=e’'nudt - I (") cuv3tdt
=e’'mudt— [e3’csuv3t + 3I e3’nu3ta’t}

=" (Nu3t—ovv3t)—3J.

Apa
J = %e”(nu3t—cov3t)+cl, ¢ eR.
Aoym ¢ (2) éxovue
Ie" = %eS’ (nu3t —ovv3r) +c
Apa

1) = > (3t — cov3n) + -
4 e
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3.4 A" OMAAAX

1.’Exovpe
) [ e =[ f(dv=-11

ii) [ (e = [ f(yde+ [ f )=~ fod+ [ fx)de=-9+13=4
iii) "/ Codv= [ f)de+ [ f (e =9~ L“ f(x)dx=9-11=-2
iv) jj S = | 34 f(d+ | ; F(x)dx + jf F(x)dx

=11 [ f()dr+13=24-9 =15,

2.'Eyovpe
11 1 1 €
[ In-dr = [ (n1=tno)dr = [ ntdr = [ "nsd,

x2—4 X—J.
x*+1 kx? 41

3. H woétnta Jlk dx =3 ypapetot SodoyIKa:
kx*—4 k5

L gy x+J‘l mdx:?a

J~k xP—4+5
I

5 dx=3
x+1

Lk ldx =3

(k-1)=3
k=4.
4."Eyovpe

) [ 12/ ()~ 6g()dx =2[ f(x)dr 6] g(x)dx=2-5-6-(-2) =22
ii) [ 1200~ g()dx =2 f()dx~ [ g(x)elv

=2 f )+ [ g(x)x
—2.5-2=-12.
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3.5 A" OMAAAX

1.’Exovpe

i) j:(sx2 —2x+Ddr =[x —x* +x =[2° =2 +2]-[0° — 07 +0] =6

I)J‘ x+1 J' x+1 _ _+ lex%dx

iii) ‘[0E (cvvx —2nux)dx = J? (Mux + 2cvvx)'dx =[Npx + 2csuvx]05

=nu%+2cov%—np0—2cuv9=1—2=—1
. 2 1 2 2, 1 2, 2 2
iv) .[1 X+— abc:J'I X +—+2 dx:I] X a’x+jl X dx+.[1 2dx

T [x'T T 17
:|:?:|1 +|:__1:|1 +2(2_1):|:?:|1 _|:;:|1 "2

3 3 \2
2."Eyovpe
sz +7xdx Zj 2)c dx_J~2x2+7xdx_2 2 2x i
U x"+5 X +5 Uoxt+ Lx"+5
2
:J-2x2+5xd Py = | X :i_l
1 x"+5 1 2 2
3."Eyovpe:



2[" 0y = [ 270 f Gy = [T )Y T
[/ )L =SB ~(f (@)’

4. Eneidn n ypagun mapdotoon g f iépyeton anod to onpeio (0,0) ko (1,1) £xovue
f(0)=0xo f(1)=1. Eropévog chupwva pe to Osuehddeg Oedpnuo givor:

[ red =17, = 7~ f(©)=1-0=1,
5. 1) ®étovpe U = GuvX, omdTE, £XOVLLE:

F'(x)= (.[IGWX\/I —tzdt)
=+v1-6VV’X - (cLVX) =Vl —cLV’X - (—MuX) = —T]uX-|T]}1X|.

NS
if) H F(9 ypdgerar F(x)=—[ oWl g
"Exovpe
, GUV\/; !
Flay=——1 (Vx)
X
_ cn)v\/;. I —ouv/x
o2 2x
6. 1) Eyxovpe:
' 2x VX' +1+x
x+Vx’ +1 I+
) = N R | 1

x+vVx? +1 - x+vVx2 +1 - x+vVx2 +1 _\/x2+1

i) Av xpnctuononﬁcovus TO EPAOTNUA 1) Eovpe:

[[< JT = [ /'@)dx =1/ ()]} = /D)~ £(0)
~In(14v2)~In(0+) = In(1++2).
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3.5 B OMAAAX

1.’Eyovpe drodoyika:
i(j‘tg(t)dz) = i(x“ +x%)
dx \°0 dx
xg(x)=4x> +6x°.
Emopévac, yia x =1 éyovpe 1-g(l) = 41’ +61°, omote g(1) = 10.

2. H f(X) ypaoeron:
0 ot x x+1
f(_x) = J. ecvalr/dt_"_J.O ecuvZﬂldt — _J.O ec\)vZﬂldt_,’_J‘o ecvarrzdt’
OTOTE EYOVYLE!

fl(x) — _ec\)v27rx + ecuvZn(xH) — _eo'uv2nx +ecuv(2nx+2n)

GLV27TX Guv2Tx
=—e =0.

+e

Avtd onpaiver otin T eivon oTabepn.

3."Eyovpe:
, x=2
S (xX)=—3
e
KOlL TOV TTIVOKOL
X —00 2 +00
S - 0o+
0|, o
min

H f givar yvnoiog pbivovca oto (—»,2], yvnoimg adéovoa 6to [2,+%0) Kat
Tapovctélel ErdyioTo 610 X, = 2, 70 f(2) = 0.

4. Eivan
F'(x)= (x j; f(t)dt),
= [, f)dt+f (x).
5.'Eyoupe:
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F'(x)= +
*) L+x? 1
x2
1 1
S S )
1+x* x*+1

Avt6 onpaivet 6t m cvvaptnon F eivar otobepn.
F(x)=c, x € (0,+).

——dt =0. Enopévag

Eivar 6poc, o

F(x)=0, x e (0,+00).

6. Eyovpe:
NS+ dt
llm \/5+t dt —lmgj. ; (

h—>0

opoen —
HP(PT]OJ

(J'2+ V544 dt)
zlim—
Ty
= lim 5 +(2+ )’
=J9=3.

i) @étovpe u = x* —4, omdte du = 2xdx. Ta véa Op1o. oOAoKANPOGEMS Eivat
4=12 xa1 U, =6 —4 =32. Enopévac,

(xavovog De L Hospital)

u =4 -
32

u —32-J12=4y2-23

1
2 Je

6 X 2du 1
| de=—[ Z===
SN 292 fy 2

i) Exovpe
‘P[n p(ovvx + x)nux —nu(covvx + x)]dx = JOE nu(cvvx + x)[ux —1]d
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®étovpe U= cuvX + X, omote du = —(mux —1)dx. To véa opia givar U, = cuv0

+0=1xo u, —oov i+ BT Enopévac,
2 2 2

jfnu(covx + x)[nux —1]dx = —J‘fnuudu

T

- T
=[ovvu]? =cvv 3 ovvl = —cuvl.

8. 1)'Eyxovpe:
_[ (x —|x 1| J-(x +x— l)dx-i-J- (x* =x+1dx

il) H f etvon ouveyng oto [—z,7] omdte Epovpe

J:: f(x)dx = J-i xdx + J.On n “xdx = |:§:| — [O'UVX]g

2 2
= —ﬂ——(cmwr —ovv0) =T 42
2 2

iii) To Tprdvopo X* —3x+2 éyet pilec Toug aptOpode 1 kot 2 kot 1o TpdOGNUd Tov
QoiveTon oTOV TivaKa:

X —o0 1 2 +00

X* —=3%x+2 + 0 - 0 +

Emopévac éxovpe:

[T =3x+2]dr = [ (=34 2+ [ (-2 +3x-Ddn+ [ (¢ ~3x+2)dh

3 1 3 2 3 3
X e hax| o =X 3o+ X3k ok
3 2 R 132 )



9. 1) Me oAokAp®OT KOTE TOPAYOVTEG EXOVLLE:

j lnxdx 2je lnxdx 2}( )lnxdx
=2[\/§1nx]]"2—2j1€2\/}%dx

=2e1ne2—21n1—4f BRI

1 2\/;
=4e—4[\/;]162 —de—4(e—1)=4.

i1) Me oAOKANP®OOT KOTA TOPAYOVTEG EYOVLLE:
! -x _ ! —x\/ ] —xql 1 —x
Lxe dx——J.Ox(e ) dx = —[xe ]O+‘[Oe dx

iii) ®étovpe U =9 + X, omdte du = 2xdx, U, =9 ko U, = 10. Emopévag:

1 1 10 1 c10 ,
joxln(9+x2)dx:5j9 lnudu=EL (u)' Inudu

10
:[ulnu} —ljm 101n10_91n9__(10 %)
2 2 2

:51n10—2ln9—l.
2 2

iv) Mg oAokApmon Kot TopayovTes EXOVLLE:

z 1=
I= .[02 e‘ouv2xdx = E.[oz e"(Mu2x)'dx
= l[exn p2x]§ - lJ'%m,ﬂx -e"dx
2 VRl
=0+ ! J% e" (ouv2x)'dx
470

= [l e’”cuva} 21 J.E e*ouv2xdx

4 , 47
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T

z 1 1
=—e2ouvr ——e’ouv0——1,
4 4 4
onote
5 121 a

Zl=——e? - 1:—1(eE +1).
4 4 4 5

10.’Eyovpe:

I+J= J‘OE anp’xdx + J'OE xoLv xdx = J'OE x(Mu’x +cov’x)dx

La 2 % 2
=_[2xdx: =
0 2 8

Emiong
I-J= J.zx(npzx—csovzx)dx = —IExGUVZde
0 0
= —lj%x(mﬂx)'dx = —l[xnu2x]§ + l‘[%nuExdx
27 2 ¢ 2
l|n 1 z
=—| —mur -0 |= —[cvv2X]?
2{ L } n I
1 1 1
=——(ovvr—ovvl)=——(-1-1)=—.
4( ) 4( ) >
2
[+J=""
Av MG0ovLE TO GUOTI L 18 Bpiorkovpe
I-J=—
2
2 2
l=—+— xou J 1
4 16 4
11. Ene1dn 1" cvveyng éxovpe:
J £ Comuabe+ [ £ (oympavedy = 2. (1)

Opwg etvau:

[ FrComprde =/ Geynu; = [ £/ (r)(npex) e
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= —I: 1 (x)ovvxdx
= L/ oowx; + [ f(x)(ovv)'d
= f(ﬂ)+f(0)—J:f(x)nuxdx

=1+ £(0)= [ f(x)mpreix
‘Etot, m oxéon (1) yphoeton

Jo S Comurdr 1+ £(0) = [/ (e =2,
omdte f(0)=1.

12. Enewdn ot f " ka1 g" sivar cuveysic éxovpe
1= [ (f@g"@) - " @)g()dx
=" rg" e[ gy
[/ O [ £ 0 0de— L gL+ [ (g (x)d
= [(B)Z'(B) - f(@)g' (@) ~L1"(B)g(B) - f'(@)g(@)]

=/ (B)g'(B)= 1" (B)g(B). (agod f(a)=9(e) = 0)

= f(B)g'(B)-g'(B)g(h), (apov f'(B)=g'(B))
=g'(B)(f(B)—g(P).

3.6 A" OMAAAX

1.’Eyovpe:
0= (f()=Dev=[ f(x)dx— [ 1dv = f(x)x-1,
omoTE
! 1 ¢ _
_[Of(x)dx—lQEJ.Of(x)dx—laf_l,

2.'Eyovpe:
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0=[" (s -k =" rerde~[ kv =" (e~ k(p -a0).

onoTE

jﬁf(x)dx:k(ﬁ—a)@Lj’}f(x)dpk@i:k.
o ﬂ_a a

3."Eotw 1 ouvapton f(X) =X, X €[a, B]. Tote n péon iy X tov X o70 [a,f] sivar:

27 2 2
- 7 1 B 1 x| 1 ﬁ__a_
x=/= —aLXdX_ —a{xl ,B—a{Z 2}

p-a 2 2
3.6 B OMAAAX
1.’Eyovpe:
33 2 2
17: 1 jpxzdx: 1 B -« _a +af+ B .
B—a’ f-a 3 3
p
zo_1 jﬂ%dx: 1 {—_1}: (1 1
pf—oar x p-al x|, P-ala p
1 B—a_L
p-a aBf  ap’
omote

]—,___a2+aﬁ+ﬁ2 1 _a’+af+p’

18 3 afp 3ap )
"Eto, €xovpe va dei&ovpe Ot

a’+af+p’

>lea’+af+ B >3ap
3af

Sa’-2af+p> >0 (a—p) >0,
7oV 1oyVel. Emopévog eivan f -g>1.

2. o) 'Exovpe:
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R P

_—_ I I 2
o= ju(r)d =l g( )dr_—j (R> —r*)dr
T
P I prooy-| X
4Rn/ 3 .
:i R3_R_3
4Rn! 3
__P 2R PR
4Rnl 3 6nl’
B) EEaAov éxovpe:
U(F)——( ~2r) = — €<0 Y10 k60 7 € (0, R).

Opogn v =o(r) givar cvveyng oto [0,R], ondte Ba eivar yvnoing edivovca
010 [0,R]. Emopévac n péyiom taydnra gival:

PR®
v, =v(0)= .
ey =0(0) 4nl
[Ipopavag woydet v, > 0.
3."Eyovpue
1
[ fGde = fa). (1)

EmimAéov, coppova pe 1o Osodpnpa Méong Tiung vapyet Eva TovAdylotoV
£ €(0,1) tétor0, doTE

[ rdc=r@). @)

A6 (1) kot (2) mpoxvnter 6t f(E) = f(1), omdte oto didotnpa [ 1] 1ydovv ot
npotmobioelg Tov Bewpniparog Rolle. Apa, vrdpyet tovAdyiotov éva X, € (£,1)
tétoto, wote f'(X)) = 0. Emopévagn C, &xet tovrdyiotov pia opiiovio epamtopévn.

3.7 A" OMAAAX

1. To tpidvopo f(x) =x” —2x+3 éxel Swoxpivovca 4 = — 8 < 0, omd1E 1GYVEL
f(x) > 0 yia k4Be X € R. Enopévag to gufaddv mov (nrdue givar:
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2

8

3
E :IOZ(x2—2x+3)dx:{x?—x2+3x} :§—4+6:% TETP. LOV.

0

2. 1) o k@b X €[0,+0) woyder f(x)= Yx=o0. Emopévog to epfaddv mov dntdpe

givat:
4

e B R B S e G
E—IO Yxdx=| — =—[x*]; ——( 27) —Ir.u.

[SSHIFN
(=]

. 1
i) ['o kGbe X € [O,Z} woyvel f(x) = -— > 0. Emopévag 1o eupadov mov
oLV X

ntape eivon

g

E :jg ! dx:[sq»c]oE =8(|)%—8(p0=\/§ T.WL.

0 guvix

3. Ot tetpunpéveg tmv onpeiov topng g C, kot tov dova x'x eivar ot pileg g
e&lomone X — 3x = 0, dnhadn ot apidpoi 0 ko 3.

Eneon f(X) <0 yuo kd0e x €[0,3], éxovpe:

"t y=x"—3X
3 3
E = |f()|de==], f(x)d
3
3 P 2 >
Z—I (x* =3x)dx=—| —-3— 0 3 ¥
0 3 2],
3 3
TSN O O
2 3, 2 302 e

4. Ot tetpnuéveg Tov onpeioy Topng Tov Ypaeikay nopoctdoeny C. kat Cg glvan
ot pilec g e&lowong f(X) = g(X), mov ypdoetar:

f(x)=g(x) o x’ =2x-x
S XX +X%x=2)=0

SX=0x=1x=-2.
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To mpdonuo NG Sropopdic
F()—g(x)=x"+x —2x=x(x—1)(x+2)
QOIVETOL OTOV TOPUKATO TIVOKaL.:

X -0 2 0 1 +00

f(x)—9(x) -0+ 0 -0 +

Emopévac 1o eppaddv mov {ntaye eivat:

E=[[/()-g(x)|dr
= [* (f@) - g+ [ ()~ £ ()l

= _[i (x° +x* =2x)dx + J: (2x—x* —x")dx

:—4+§+4+1—1—1=Q—1=£T~H~
3 3 4 3 4 12

5. Ot teTunUéVeS TV OMUELDV TOUNG TOV YPUPIKADV
TOPACTAcEDY TV cuvaptioeov f(X) = 4 — X% ko

g(X) = x — 2 eivar ot pilec g e€icwong f(X) = g(x),
OV YPAPETOL

f()=g(x) = 4-x"=x-2
S X +x-6=0
S X=-31Xx=2.

To mpdonpo g S10popaig

f(x)—g(x)=—x"—x+6
QOIVETOL GTOV TOPUKAT® TIVOKOL.

X -0 =3 2 +00

f(x)—g(x) -0 + 0 -

Emopévac 1o eppaddv mov {ntaye eivar:
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E =[]/ (0-g(]dx
= ’[i(—xz —Xx+6)dx = {—%3—)62—2+6x} 3

= _§_i+12 - 2—2—18 :20+§:g .U
3 3 2 6 6

3.7 B OMAAAX

1. 1) Enedn f'(X)=6x épovpe f'(1) =6, ondte 1 e&icwon tng epamtopévig oto
A(1,3) glvar:

e:y-3=06(x-1)< y=6x-3
i1) H & tépvet tov d&ova x'x oto onpeio
1
B [E , OJ. Enopévag, to eufaddv mov {ntaue
etvau:
L |
E =g +& =[23xdr+[,(3x" ~6x+3)dx
2

1
=X +[x’ —3x% +3x],
2
:l+1—3+3—[l—z+zjzl T.WL.
8 8 4 2 4
2. Enedn
lim f(x) = lim f(x) = f(1),
x—1" x—1*

M cuvaptnon f eival cGuveyng Kol 6To onueio
1, omote ot eivan cuvexnc og 6A0 T0 R.
Etvon avepo, emmhéov, 61t f(x) > 0 yio kdBe
X €[-1,2]. Eropévag 1o {ntovpevo gpfadov
etvau:
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E=[" fds=] (-x*+3)dx+ [ 2xdr
3 1 :
2
= —X—+3x +2| — X
3 . §
2 |

:_§+3 [5—3J (J_ i)

2

=4+§\/§ T.U.

3. Ot teTpunpéveg TV oNUEIDY TOUNG TNG
C, wxou tov dEova x’x eivoun ot piCeg g
g&iowong f(x) =0, dniadn ot apbpoi 1

5 5 , ,
Ko 5.21:0 1,5 n f eivon kan cvveync
Kot toyver f(x)>0. Emopévog to
roduevo euPadodv sivat:

E= j? f(x)dx

5
_ Lz (=% +4x=3)dx+ [ (-2 + 5)dx

X’ ’ B
= {——+2x2 —3x} +[—x2 +5x]2
3 1 2

=—§+8—6—(—l+2—3j+£ 25 25) (-4+10)=— 1 T.1.
3 3 4 2 12

4.01 teTunpnéveg TOV
onuelwv toung tov C,
kot C . glvan o1 pileg g
e&lowong f(x) = g(x),
OV YPAPETOL
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f(x)=g<x)©dx—1="7”
_(x+1?

< x-1

& X =Tx+10=0
&S X=2 1 X=5.

E&iAdov, yio X > 1 €xovpe:

f(x)Zg(x)@x—lZ(xTHj

& X =T7x+10<0
< 2<x<L5.

Emopévamg, To intodpuevo eufadov siva:
1 1
E = r(\/x—l —i)dx = IS\/x—ldx——r(x+ I)dkx.
2 3 2 3 2
Z10 1° ohoxMpwpa Oétovpe U =X — 1, omdte du = dx, U, = 1, U, = 4 Kot £TG1 £OVUE:

4
3

1 2 > 2
E:J“tuzdu—l x| =4 1L §+5—2—2
! 31 2 5 312

1

l\.)\wl

:z(ﬁ—ﬁ)—l(éJrlj 1 T.U.
3 302 6
5. 1)’Eyovpe f(e)=1=g(e). Apa 10

onpeio A(e,l) eivar kovd onueio

TOV YPOPIKOV TOPUCTACEDV

C, ka1 C Twv cvvapmoenv f

ko g. Eneidn n f eivan yvmoing

¢Bivovoa, evd 1 g yvnoiwng

avgovoa, ot C, kat Cg £yovv

éva povo kowod onpeio to A.

Enopévag to {ntodpevo epfadov

E(2) woovton pe
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EG) = Inxde+ [ Lax.
3

Etvon opog
JT In xdx = Le (x)"In xdx
=[xlnx]; J dx
=elne—-(e-1)=1.
Apa

E(A) :jflnxd”jjgdx =1+ ¢[lnx]’

=l+elni—-elne=1+e(lnA-1).

ii) Emopévac,
lim E(1) = 11m [1 +e(lnA-1)]

A—>+0

= (1-€)+e lim (in 1) = +.

6. H tetpunuévn tov A eivar n Avomn g
géicwong 3" = 3, mov eivan o apdudg 1.
H tetunpévn tov B gival 1 Avon tov

=X
GULOTNLLOTOG {y , TOVv glval o apt-
. =3
Opog 3.

To Intovpevo epPaddv givar ico pe:

[ e+ [ G- x)v = j;3*dx—[x—22} +{3x—x—22}

0 1
:LBX]:) _l+[9_2_3+1}
In3 2 2 2

=L[3—l]+6——:i+E T
In3 n

[321]



7. Htetunpévn tov onpeiov A givor pia
g e&icmong
X —2x+2=x" -1,

. , 3 .
mov gfvon 0 apBrdS X = 5 Emopévag,

70 {nrovpevo gpPadov givat ico pe:

3
5o ‘fol (3~ D+ [2(5° ~ )+ [; (@ 20+ 2)ar
2

8. 1) O1 e£16MOEIG TOV EPATTOUEVOV &,
kat g, g C, ota onueio O ko1 A
avTIoTOlY MG Elvat:

& :y—=f(0)=f'(0)(x-0)
Kou &, 1y = f(n) = f(m)(x— 1)
Enedn f'(X) = cuvx épouvpe:
f'0)=1xou f'(r)=—1,
ondte
EIY=XKOLE, ! y=—X+T.
ii) H tetpnuévn tov onueiov topng B tov &, ko &, elvar n piCa mg e&iomong X

=— X+, nhadn o opBudg X = % Emopévag 1o {ntodpevo euPadov etvar:
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E :If(x—npx)dx+j§(—x+7r—np.x)dx
2

T
— T
x> 2| —x?
=| 2+ ouvX| +| —+7mX+0cVVX
2 2 x

0

2 T 77,'2 ) 2 2 T
=—+06VUV——06LVV0——+ 7" + 0oLV +————CLV—
2 2 8 2

=L 2
4

9. a) 'Exouvpe

f'(x)=zi, X & (0,4),

Jx
. , 1 .
omote f'(1)= 5 Ko e&lowon g
EQOTTONEVNG € elvan:
1 1 1
“l=—(x-Deoy=—x+—
yol=s@-hey=-

2

H & tépvet tov d&ovo x'x 610 onpeio pe tetpunpévn —1. Eropévog to ntovpevo
guPaddv sivar:

B) E&etdlovpe apyikd av vdpyet evbeio X = a pe o € [—1,0] n onoia ywpilet to
xopio (A) Tov (a) Ep@TMHATOC G€ dVO 160eUPadikd ywpio. ANAad1 av vdpyet
T tov o €[—1,0] té€tota, dote va 1oyvEL:

o1 1 E [ x| 1
f —xt—|ldx==|—+=| ==
2772 2 42|, 6
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@a_+g_l+l=l<:>3a2+6a+l=0.
4 2 4 2 6

H tehevtaia eicwon £yet pileg Toug apBupovg o, =

3+6 -3-6
Kot o, = .
3 3
Am6 avtodg povo o a, aviketl 6to diaotnue [-1,0]. Eropévag n (nrodpevn
evbeia éyel e€lomon;:

3+46
3
Av gpyactoipe avaroya yio o €[0,1], Bpiokovue 6t dev vdpyet dAAN gvbeia

X = a Tov va yopilel 1o yopio A og dVo oepuPadikd yopia. Avtd, GIAA®OTE,
NTAV OVOLEVOLEVO.

10.’Eyovpe
g(x)=Inl-Inx=-Inx,

7oL onpaiver 6tin C . etvan GLUPETPIKT
¢ C, o¢ npog tov dova X'X.
H tetpunuévn tov A givan pifa tng

1
e&lowong In—=1In2, mov eivar o
X

1
apOudg X = 2 H tetpunpévn tov B

givar pifa ™ e&lcwong In X = In2,
mov givat o aptBude X = 2. Emopévog
t0 {nrovpevo epPaddv givat:

1 1 2
E:I] In2-In— abc+jl (In2 —In x)dx
5 X
1 1 2
:ln2[1——j+_[1 1nxdx+1n2(2—1)—j In xdx
2 3 1
:%ln2+[xlnx]} —Illldx+ln2—[xlnx]12 +j121dx
2 T2

:lln2+1lnl—llnl— 1—l +In2-2In2+1In1+2-1
2 2 2 2
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:lln2+lln2—l—ln2+1
2 2 2

11. 1) 'Exovpe f(0) =2 xon f'(X)=2x-3.
And tov Tomo j f'(x)dx = f(x)+c épovpe dodoyikd

j (2x—3)dx = f(x)+c
x> =3x=f(x)+c

f(x)=x"-3x—c.
Eivar 6pog,
f0) =2 —<c=2cc=-2.
Enopévac,
f(x)=x>=3x+2.
it) Ot TeTUNPEVES TV ONUEI®V TOUNG TNG
C, e tov afova x'x eivar ot pileg tng
eliowong X’ —3Xx+2=0 dnhadn X,
=1 Ko X,=2. Enedn X’ —3x+2<0,

otav X € (1,2), to inrodpevo epPaddv
glvau:

3 2 2
E=-[(x —3x+2)dx:—{%—3%+2x}

1

=—(§—§'4+2~Zj+(l—é+2j=l T.W.
3 2 3 2 6

12.1) H C, téuvel tov dEova tov X ota onpeio A(1,0) kar B(3,0).
Enedn f'(x) = (x* —4x+3) =2x—4, éovue
fr(1)y=-2«xom f'(3)=2.
Emopévac, n e€iowon g epantopévng oto A(1,0) sivor:
y=f)=fHx-1) = y=-2x+2
eva 1 e€lomon g epantopévng oto B(3,0) siva:
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TENIKEX AZKHZEIX " OMAAAX

y=7f3)=f'B)(x-3) = y=2x-6

i) H tetunuévn tov onpeiov tounc I tmv gpantopévav givat Aven g e&lomong
—2X+2=2X—6 drodn o apBudc X = 2. Emopévag to onpeio Topung tovg
glvaito 1(2,-2).

Adym ™ ¢ ovppeTplog TOL GYNUATOG EXOVLE:

2
g = —2.[1 (x* —4x+3)dx

X’ ’
= —2{— -2x* + 3x}
3

1

— (¥ 54430t 3]
3 3 3

Ko

2 2 2 2
o =2j1 (x —4x+3+2x—2)a/x:2j1 (x* = 2x+1)dx

3 2
—2| X ey :2[§—4+2—1+1—1}:z.
3 N 3 3

I'ENIKEX AXKHXEIX I'" OMAAAX

1. i) @étovpe U =7 — X, omdte du = — dx, U, = 7, u, = 0.'Etot éxovpe:
n 0
1= xf (e == G —u) f (np(e —u))dl
0 0
=~ m S (anyd+ [ uf (nparyd
= 7TJ.: f(Muu)du —1.

mouévag 21 =1 ’ nuu)du, ondte I =— i X)) dx.
Eropévog 21 =z | f(nuu)d 1’2”0f( )d
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TENIKEX AXKHZEIX ' OMAAAX
i) Zoppwva pe 1o epotnua (i) £ovpe:

= ”L“’de—”j"“—wdﬁﬁj””—“xdx.
0 34+mux

T 20 34y 270 4-cuvix
Oétovpe U = ouvX, omote du = — nuxdx. Emopévaog:

T -l du T -l du
I =—— > =— > .
29 4—ym 270 um -4

Avalntodpe o, B €R této10, dote va oydet:

2 =+ P
u'-4 u-2 u+2
wwodvvapa, (a+ Bu+2(a—pB)=1, yiukabe ue R —-{-2,2}.

n,

H te)levtaia woydet yio kabe U € R —{-2,2}, av kot uévo av

{a+ﬁ=0 1 1
Sa=— ko f=——.
2a-p)=1 4 4

Enopévag
1 1
11=£ = du+£‘rl 4 du
29 yu-2 29 u+2
T ooz -1
:§[ln|u—2|l —§|:11’1|U+2|]I
T T
=—(n3-Inl)——(In1-1In3
8( ) 8( )
=Zm3+Zm3="s.
8 8 4
. . . , 1 a B . ,
2. i) Avalnrodpe a, B 1étol0 dote ——— = + 1, 16odvvapa,
x =1 x-1 x+1

1=(a+B)x+(a-PB), yokéde xR —{-1,1}.

H tehevtaia woyvet yio kabe X € R —{-L1}, av ko uévo av

{a+ﬂ:0 1

1
Sa=—xum ff=——.
a—-p=1 2 2
"Etot tehkd €xovpe:

— 2
0 x2—1 290 x—1

I% de 1 dx _%J‘é dx :%[1n|x_1|]§—%[ln|x+1|]§
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TENIKEX AZKHZEIX " OMAAAX

:l(lnl—lnlj—l(lni—lnlj
2 2 2 2

_L lnl—lnE :llnlz—lnl
2) 2 3 3
2
lnL——ln\/g
N .

i) Exovpe:

3 Ny npx
J.jm Lnuxdx I 1- covxdx

. . T 1 T
Oftovpe U= GuvX, omdte du = —nuxdx, U, = GUVE = 5 Kot U, =ovv—=0.
Enopévag

J'Edez_jg duzz_‘[;udbi =In~/3 (om6 i)).

3.To u #-1, -2 avalntovpe o, B € R 1101006, BoTE:

1 o« B

= +
U+DHUu+2) u+l u+2

1, wwodvvapa,
Il=a(u+2)+ Bu+l), yio kdbe u#-1,-2

(a+pu+2a+p-1=0, yuukabe u#—-1,-2

H tedlevtaia woyver yia kdbe U € R —{-1,-2}, av kot povo av
a+f=0 oa=1
= .
200+ B =1 B=-1

-[(u+1)(u+2) J‘u—i-l J‘u—i-2

Emopévac

=1n|u+l|—ln|u+2|+c
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TENIKEX AZKHZEIX " OMAAAX

i) ®¢tovpie U = npXx, ondte du = cuvxdx. Emopévog

GLVX
J =
(Mux +D(npx +2) (u+D)(u+2)
=Infu+1]-Infu+2|+c
:1n|npx+l|—1n|np.x+2|+c

ii) @étovpe U = e*, ondte du = €*dx. Etot &yovpue

j e dx:‘[ du =In e"+2|+c
(e" +1)(e" +2) u+)(u+2)

=In(e* +1)—In(e” +2) +c.

4. 1)’Eyovpe:
lt2v+1 lt2v+3
Iv +Iv+l :J.Omdt‘f‘.l.omdf
2v+l
- wdt Iltz"“d[

o 1+£ 0
B 2 1_ 1

v+2 | 2v+2
1
i) 1, = I + )
ol+¢ o (£ +1)

1 1 1
= E[In(t2 +1)]; :E(ln2—ln1) :51n2.

1 1
E&drdov amd 1o epotnuo i) Eyovpe |, + 1, = =—, OmoTE
g pompai) ovpe |y +1, =———— ==
1 1 1 1
ll=——1l,=——=In2=—(1-1n2).
2t 2 2 2( )
Eniongeivon I, +1, = ! omoTE
s P 20427
1 1 1 1 1 1
L=—-l,=———+-In2=—In2-—.
4 4 2 2 2 4

5. ®étovpe g(X) to 1° péhog kar 4(X) to 2° péAog Kat EYOuE:
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o g'(x)= (x on F(u)du — J.Oxuf(u)du)

= [, S @du+xf (x) =3/ (x) = [ f (u)elu
Kot

o W(x)=[" /().
Anhadn woydel g'(X) = A'(X) Yo kéBe X € R. Emopévac, vmapyet otabepd C t€To10
wote g(X) = A(X) + € 1), 1ooddvoua,

[ F )=y = jo( X f(t)dz)du te, yaxade xR
T x =0 éyovpe:
0 0 u
[ Fao-ud = | (jo f(t)dt)du+c S 0=0+cec=0
OmOTE EYOVLLE!

J; == [} ([ forc ).

6. i) @ Houvvapmon g(u) =~u’ —1 éye1medio opiopod o chvoro
A = (—oo,—1]U[1,+0).
Apa, v va opiletoun f wpéner ta dxpa 1, £ vo ovijkovv 610 1810 dtdotnua
0V A. Apa nipénet ¢t € [1,+00), omdte 10 medio optopov g f eivarto [1,+00).
INo va opiletar, tdpa, n F mpénel ta dxpa 1, X va avijkovv 6To dtdotno
[1,+90) mov gival To medio optopod TG f. Apa tpénet X € [1,+9), ondTe T0
nedio optopov g F eivat to [1,+00).

ii) @ Eyovpe
F'(x) = f(x)= | Nu ~1du

omoTE
F'"(x)= f'(x)=Vx" 1.

Enedn F'(X) > 0 oto (1,+) xar F"(1) =0, F' elvar yvnoiog avéovea cto
[1,400), omdre:
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TENIKEX AZKHZEIX " OMAAAX

® 1) F givon kuptn o710 [1,4+0) Ko

o F'(X)>F'(l) =0 yun kb X € (1,+). Apa n F givar yvnoimg advéovca oto

[1,+00).

7. ) F(x)+G(x) = [ ¢ (covt+nu’nde = e* ~1,
Kot
F(x)-G(x) = jo ¢’ (cuvit —mu*t)dt

= H e'cuv2tdt = K (x).

Ouawcg, etvon
K (x)=[e'cuv2s]; + JOY 2e'u2tdt
=e'ouv2x—1+2[e'nu2s]; - 4J': e'cuv2edt
=e'ouv2x—1+2e'Mu2x—4K(x)
omote
5K (x)=e"(cuv2x+2nu2x)—1.
Apa

K(x) = F(x) - G(x) = % (GUV2x + 2np2x) —%.
Me npdcbeon tov (1) kot (2) katd péAn TpokdmTet OtTi:
e’ )
2F(x) = r (ovv2x+2Nu2x)+e* — 3

e’ et 6
F(x)=—(cuv2x+2nu2x)+———.
(x) 10( nu2x) 210

Amd tig (1) xan (3) €xovpe

e e 6
G(x)=¢e" —1—-—(cuv2x+2nNu2x)——+—
(x) 10( nu2x) 0

x

e’ e 4
=———(cuv2x+2nu2x)——
2 10( K2 10

ii) Eneidn F'(¢) = e'cuv’t, éxovpe
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TENIKEX AZKHZEIX " OMAAAX

2n 2n 6 en e 6
I=[F)” _¢ ouvér +2nudr +e -————(cuv2 +2NuU27) - —+—
[F(x)], 10( nu4r) 10 10( nu2r) 5 70

s

e27r

+
10 2 10 2

3
==e"(e" -1).
s ( )

Eneidn G'(1) = emu’t, éovpe
2n 27 T

¢ _ (GUV477.'+21”||.l47'[)—%+f—0(6\)v27l'+21”|u27'[)

2 10

J =[G =

= ———e—+e—:%e”(e”—1).
2 10 2 10 5

8. O tetunpévec tov onueiov A ko B givon
ot pitec g ekiowong X +1 = 5, dnhadi ot
appoi X, = —2 kar X, = 2. Ot tetpnpéveg
tov I ko 4 givon ot pileg g e&icmong
X+ 1=0a’+1, 5nhadn ot opidpoi X, =—a
KoL X, = a.

To gpfadov E tov yopiov 2 mov
nepikheietat oo v evbeio y = 5 ko
Ypopikh mapdotoon ey = X + 1 givar:

3 2
_(Ps_y2_ |-
E_L(s X l)dx—{ 3+4x}2

=_—8+8—§+8:£.
3 3 3

To epfodov & Tov ywpiov mov Tepucheietan amd v evbeia y = o’ + 1 kar
YPOPIKN TAPAGTOOT TG Y = X’ + 1 ivon:

P :ji(az -y —1)dx=j:(a2 —x)dx =’ (a +a)—{§}

3 3
VI (AN B R Y N e
3 3 3 3
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TENIKEX AZKHZEIX " OMAAAX

To Q ywpiletor and vy = o’ + 1o€ V0 1600epfaducd yopia, av Kot Hovo ov

e=L ot 32 iy 6o
2 3 32

9. )AvO<i<1,16te

E(/"t):J:xl—zdx:J.;x'zdx

AvA>1,16te

,11
1
E(2 —d Py = =——1.
()= [ —dv=] x?dx {_1} -
AvA>1,16te

E(L) = j—dx j -de=[_—1T: —%.

i) Av0<A<1,tote
E(/I)=lc>l—1=l<:>k=%.
2 A 2 3
Avi>1,1o1e:
E(A)=l<:>l—l=l<:>l=2
2 A2
iii) 'Exovpe:
11mE(/1)— hm (%—1]— lim (l—lj +00 Ko

A—0" A

1
lim E(A)=1 1-—|=1.
im E(1) 1m( lj

A—>+0
10. 1) Ioybver f(x) —g(x) >0, yio kabe X € [a, B], omdTe Eyovpe Sradoykd:

[ (7 -gnax=0
j’j f(x)dx—jf 2(x)dx >0
[" reodr> [ g
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TENIKEX AZKHZEIX " OMAAAX

i) T k@0 X €[a, B] woyverm < f(X) <M, ondte yovpe Sradoykd:

["mav<[" feodr <[ Max

m(p-a)< [ f()dv< M (B -a)

iii) Eivau
XGLVX —MUX _ X —EQX
(%)= — <0
x’ x
LV X

XZ
a@ov X — epX < 0 Kot >0y XE(O,EJ.
GLVX 2

Emopévagn T eivon yvnoiong pdivovca oto (O,%j.

a) Mo Xe[%,%} lGXUSlg<X<g onoref[ )>f(x)>f( j apov

n f eivar yvnoiog edivovoa.
‘Etot,

f f MK

> X > —— 1 1oodvvape, — < —.

3
T X X T

B) Zopewva pe to epdnua i) Ba wydet

2 ]2

iv) Etvan
f'(x)= 2xe™ < 0, yuo X € (0,+00)

emedn N f eivar ko cuveync oto [0,4), n f Oa givar yvnoing pdivovoa
010 [0,+00).
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TENIKEX AZKHZEIX " OMAAAX

’ r . r 2 ,
o) Ao v avicdmta e > 1+ x, av Bécovpe 6oV X T0 — X, TPOKVITEL

e’ 21-x. (1)
E&GAov, emedn 1 f elvan yvnoing eBivovsa oto [0,+0), yo X €[0,1]
Bo woyvet

FO)<FO) e <1. 2)

And (1) kot (2) TpoxvmTet 6Tt

1-x* <e™ <1,y X e[0,1].

B) Ao v tedevtaio avicOTHTA TPOKOTTEL

I;(l—xz)dx < J‘Ole’xzdx < Iolldx

Esjle*xzdxg.
3 0
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BdaoeiTou v. 3966/2011 Ta d100KTIKG BIBAia TOU AnuoTiKoU,
Tou lNupvaaiou, Tou Aukeiou, Twv EMA.A. kai Twv EMA.Z.
TuTtovovTal aTto 10 ITYE - AIOPANTOZ kai diavéuovral
dwpedv ota Anuooia xoAcio. Ta BiBAia ptropei va
diaTiBevTal Tpog TTwANGN, 6tav @Epouv aTn OeCId KATW
ywvia tou gutrpocoBO@uUAoU évdeiEn «AIATIOETAI ME
TIMH NMQAHZHX». K&Be avritutto 1Tou diaTiBeTal Tpog
TTWANGCN Kal OV QPEPEI TNV TTAPATTAVW £VOEIEn Bewpeital
KAEWITUTTO Kal O TTapafAaTng OIWKETAI CUUPWVA HE TIG
dlatageig Tou Gpbpou 7 Tou vopou 1129 Tng 15/21
MapTiou 1946 (PEK 1946, 108, A").

ArmrayopeusTal n avarmrapaywyrn orroioudnNIToTE TURUATOS
autoU Tou PiBAiou, TTou kKaAdmrerar améd  OIKAIWUATA
(copyright), i n Xpnon Tou o€ OTToIAdNTTOTE HOPPH, XWPISC
N ypamty ddeia Tou Ymoupyegiou [aibeiac Kai
Opnokevudrwyv / ITYE - AIOPANTO:Z.



VOTITOUTO
“AIOGANTOE" [ t% EXVOAOYLAC
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